Arnold, M.

A pre-conditioned method for the dynamical simulation of coupled mechanical multibody systems

In the integrated design of complex technical systems the coupling of highly developed specialized simulation tools gets more and more important (“co-simulation”). The associated mathematical problem are coupled differential equations that have to be solved numerically. In the present paper we consider a waveform relaxation method for coupled mechanical multibody systems and use a pre-conditioner to guarantee convergence. The method has been applied successfully to the coupled simulation of pantograph and catenary.

1. Co-simulation

Traditionally, the components of complex technical systems have been designed and optimized more or less separately. Powerful specialized simulation tools have been developed for the computer aided model setup, for the automatic generation of the model equations, and for the post-processing of simulation results. Typically, these tools make use of very efficient numerical methods that are carefully tailored to the specific structure of the model equations.

The increasing computing power makes it nowadays possible to substitute more and more the traditional analysis of isolated system components by the integrated design of complex technical systems. A promising and frequently used approach to the simulation of such complex systems is based on the coupling of specialized simulation tools for the individual system components. During simulation the specialized tools run in parallel and exchange data at discrete time instants (co-simulation).

E x a m p l e 1. The system pantograph/catenary is the most critical part in the power supply of modern highspeed trains. New design concepts for the pantograph are considered to reduce wear and aeroacoustic noise. These investigations are essentially based on computer simulations [1],[4]. Veitl et al. [5] combine a mechanical multibody system (MBS) model for the pantograph with a beam model for the catenary and connect both models by the contact condition between pantograph head and contact wire. The simulation results are obtained by co-simulation coupling the industrial MBS package SIMPACK with the catenary simulation package PrOSA of Deutsche Bahn AG.

2. A numerical method for coupled MBS models

Example 1 illustrates that the typical mathematical background of co-simulation is given by coupled differential equations that have to be solved numerically coupling the numerical methods of the individual specialized simulation tools. In the following we consider the dynamical simulation of two coupled MBS. The equations of motion are

M_i(q_i)q̈_i = f_i(q_i, q̇_i) − G^T_i (t, q_1, q_2)λ , (i = 1, 2) , 0 = g(t, q_1, q_2) (1)

with the position coordinates q_1, q_2 of the first and second subsystem, respectively. The mass matrices M_i are supposed to be symmetric positive definite, the vectors f_i represent forces and momenta. Both subsystems are coupled by n_λ holonomic constraints g = 0 that result in constraint forces −G^T_i λ with G_i := ∂g/∂q_i and λ ∈ IR^{nλ} . Eqs. (1) form a differential-algebraic system of index 3. Initial value problems for (1) are under reasonable assumptions uniquely solvable on a finite time interval [0, T ] ([2]). Example 1 results in equations of motion of the form (1) if the beam model is semi-discretized in space by finite elements or finite differences. In this application the subsystems are pantograph and catenary that are coupled by the scalar contact condition g = 0 [1].

For the numerical solution of (1) we introduce a discrete time grid 0 = T_0 < T_1 < . . . < T_N = T on [0, T ] and continue stepwise from t = 0 to t = T . In step T_n → T_{n+1} the numerical solution is already known on [0, T_n] and has to be continued on [T_n, T_{n+1}]. Generalizing waveform relaxation methods [3] to the index-3 system (1) we set

q_i|_{[Tn,Tn+1]} := q^{(kn)}_{n,i} , (i = 1, 2) , λ|_{[Tn,Tn+1]} := λ^{(kn )}_n with some given k_n ≥ 1 and functions q^{(k)}_{n,1}, q^{(k)}_{n,2}, λ^{(k)}_n that are defined iteratively by the initial value problems

M_1(q^{(k)}_{n,1})q̈^{(k)}_{n,1} = f_1(q^{(k)}_{n,1}, q̇^{(k)}_{n,1}) − G^T_1 (t, q^{(k)}_{n,1}, q^{(k−1)}_{n,2} )λ^{(k−1)}_n , q^{(k)}_{n,1}(T_n) = q_1(T_n) , q̇^{(k)}_{n,1}(T_n) = q̇_1(T_n) (2) and M_2(q^{(k)}_{n,2})q̈^{(k)}_{n,2} = f_2(q^{(k)}_{n,2}, q̇^{(k)}_{n,2}) − G^T_2 (t, q^{(k)}_{n,1}, q^{(k)}_{n,2})Λ^{(k)}_n , q^{(k)}_{n,2}(T_n) = q_2(T_n) , q̇^{(k)}_{n,2}(T_n) = q̇_2(T_n)

0 = g(t, q^{(k)}_{n,1}, q^{(k)}_{n,2}) . (3) The new iterate λ^{(k)}_n is computed from Λ^{(k)}_n using a pre-conditioning matrix A_n ∈ IR^{nλ ×nλ} that has to be chosen such that I − A_n is non-singular:

Λ^{(k)}_n = (I − A_n)λ^{(k)}_n + A_nλ^{(k−1)}_n . (4)

The iteration starts with k = 1 and initial guesses q^{(0)}_{n,2}, λ^{(0)}_n that are obtained extrapolating q_2|_{[0,Tn]}, λ|_{[0,Tn]} to [T_n, T_{n+1}]. Then q^{(1)}_{n,1} is computed as solution of (2). With this function q^{(1)}_{n,1} we get q^{(1)}_{n,2} and Λ^{(1)}_n from (3) and λ^{(1)}_n from (4) such that the iteration may be continued with k = 2 in (2) and so on. Method (2)–(4) is tailored to co-simulation since both subsystems are decoupled and may be solved separately by any standard method [2].

Eq. (4) would be simplified if A_n := 0, i. e., λ^{(k)}_n = Λ^{(k)}_n . But this choice of A_n results in exponential instability if the method is applied to Example 1 with the catenary as first and the pantograph as second subsystem. Extending results from circuit simulation [3] it may be shown that the contractivity condition α < 1 with

α := sup_{t∈[0,T ]} ‖ I − (I − A_n)^{−1} ( I + (G_2M^{−1}_2 G^T_2 )^{−1} (G_1M^{−1}_1 G^T_1 ) ) ‖

is necessary for convergence of the waveform relaxation method. (A more refined analysis shows that this condition is also sufficient for convergence, but this analysis is outside the scope of the present paper.) An optimal rate of convergence is achieved with the pre-conditioner A_n = −(G_2M^{−1}_2 G^T_2 )^{−1} (G_1M^{−1}_1 G^T_1 ) that results in α = 0.

3. Application to the coupled dynamical simulation of pantograph and catenary

The waveform relaxation method has been tested for the benchmark problem “pantograph/catenary” of [1]. If the pantograph is chosen as first subsystem then there is no need for pre-conditioning since the contractivity condition is already satisfied with α < 0.04 if A_n := 0. Using time steps T_{n+1} − T_n in the range of 10^{−4} . . . 10^{−2} s we found that typically k_n = 1 or k_n = 2 iterations in the waveform relaxation method give sufficiently accurate results.

In the decoupled numerical solution of (2) and (3) order and stepsize are adapted independently to the two subsystems. For stability reasons stepsizes Δ_t < 10^{−4} s are necessary in the subsystem catenary since the solution has nearly undamped oscillatory components. Up to 100 times larger stepsizes may be used for the pantograph such that the overall computing time is reduced by more than 70%. Similar savings have been obtained in the application to real technical systems using the waveform relaxation method in the co-simulation of SIMPACK and PrOSA.

Acknowledgements

The author is grateful to Dipl.–Ing. A. Veitl (DLR) for implementing and testing the waveform relaxation method (2)–(4) in the framework of co-simulation of SIMPACK and PrOSA such that it may be used now also in industrial applications.

4. References

1 Arnold, M., Simeon, B.: The simulation of pantograph and catenary: a PDAE approach. TU Darmstadt, Department of Mathematics, Technical Report No. 1990, June 1998.

2 Hairer, E., Wanner, G.: Solving Ordinary Differential Equations. II. Stiff and Differential-Algebraic Problems. Springer- Verlag, Berlin Heidelberg New York, 2nd edition, 1996.

3 Lelarasmee, E., Ruehli, A.E., Sangiovanni–Vincentelli, A.L.: The waveform relaxation method for time domain analysis of large scale integrated circuits. IEEE Trans. on CAD of IC and Syst. 1 (1982), 131–145.

4 Poetsch, G., Evans, J., Meisinger, R., Kortüm, W., Baldauf, W., Veitl, A., Wallaschek, J.: Pantograph/catenary dynamics and control. Vehicle System Dynamics 28 (1997), 159–195.

5 Veitl, A., Baldauf, W., Kortüm, W.: Simulation als Werkzeug der Auslegung neuer Stromabnehmer. Eisenbahningenieur Heft 2/98, 49 (1998) 2, 70–73.

Addresses: Dr. Martin Arnold, DLR German Aerospace Center, Institute of Aeroelasticity, P.O. Box 1116, D - 82230 Wessling, Germany. email: martin.arnold@dlr.de