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Abstract

Differential equations with both stiff and nonstiff parts can be solved efficiently by
implicit-explicit (IMEX) methods. There have been considered various approaches in
the literature. In this paper we introduce IMEX peer methods. We show that the
combination of an explicit with an implicit peer method, both of order p, gives an
IMEX peer method of the same order. We construct methods of orders 3 and 4 with
respect to stability requirement of fast-wave-slow-wave problems. Numerical tests and
comparisons with other methods for problems from weather prediction show the high
potential of IMEX peer methods.

Keywords. Partitioned peer methods, IMEX peer methods, stability.

1 Introduction

Many problems in engineering, physics, chemistry and other areas involve the numerical
solution of time-dependent partial differential equations (PDEs). By spatial discretization
the PDEs can be transformed into large systems of ordinary differential equations which can
include both stiff and nonstiff parts:

y′ = f(t, y) + g(t, y), y(t0) = y0. (1)

Here f is the stiff and g is the nonstiff part. An appropriate strategy is treating the stiff part
by implicit methods because the step size is not limited by stability requirements and the
nonstiff part by explicit methods because of their low cost per step. IMEX methods have
been considered intensively in the literature [1, 6, 7, 24, 25]. Here we treat the stiff part with
implicit peer methods [14] and the nonstiff part with explicit peer methods [18]. For more
details and properties of implicit peer methods see [2, 3, 5, 11–13] and properties of explicit
peer methods can be found in [18, 20].

First we introduce partitioned peer methods and derive order conditions for such methods.
Then with the help of partitioned peer methods we introduce IMEX peer methods. This
paper is organized as follows:
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In Section 2 we introduce s-stage partitioned peer methods, derive order conditions and
consider zero stability and convergence. On the basis of partitioned peer methods in the
third section we define IMEX peer methods following the approach of Ascher et.al. [1]. We
investigate order of consistency, zero stability and convergence properties. In Section 4, we
discuss the stability properties of IMEX peer methods with respect to typical test equation
from weather prediction [21] and another linear test equation which is frequently used in the
literature [24, 25]. Furthermore we construct special IMEX peer methods of order p = s,
where the implicit part is A-stable and give the coefficients of two methods of order 3 and
4 used in the numerical tests. At the end of the fourth section, we investigate the stability
properties of the derived IMEX peer methods with respect to the above mentioned test
equations. In the fifth section, we compare our methods with other methods on problems
from weather prediction like two dimensional nonlinear gravity waves and the cold bubble
downburst benchmark example.

2 Partitioned peer methods

Suppose that the system of differential equation is partitioned as follows:

y′ =
(
u′

v′

)
=

(
f(t, u, v)

g(t, u, v)

)
, (2)

where y is separated into two components u and v. Here u′ = f is the stiff and v′ = g is
the nonstiff part. The stiff part will be treated by an implicit and the nonstiff part by an
explicit peer method. Then an s-stage partitioned peer method is given by (for simplicity of
notation for scalar equations):

Um = BUm−1 + hmAF (tm−1, Um−1, Vm−1) + hmRF (tm, Um, Vm),

Vm = B̂Vm−1 + hmÂG(tm−1, Um−1, Vm−1) + hmR̂G(tm, Um, Vm).
(3)

with matrices A, Â, B, B̂, R, R̂ ∈ Rs×s, c = (c1, c2, . . . , cs−1, 1), Um = (Um,1, . . . , Um,s), Vm =
(Vm,1, . . . , Vm,s) and

R =

⎛⎜⎜⎜⎜⎝
γ
∗ γ 0∗ ∗ γ
∗ ∗ ∗ γ
∗ ∗ ∗ ∗ γ

⎞⎟⎟⎟⎟⎠ , R̂ =

⎛⎜⎜⎜⎜⎝
0
∗ 0 0∗ ∗ 0
∗ ∗ ∗ 0
∗ ∗ ∗ ∗ 0

⎞⎟⎟⎟⎟⎠ ,

Fm = F (tm, Um, Vm) =

⎛⎜⎜⎜⎝
f1(tm,1, Um,1, Vm,1)
f2(tm,2, Um,2, Vm,2)

...
fs(tm,s, Um,s, Vm,s)

⎞⎟⎟⎟⎠ , Gm = G(tm, Um, Vm) =

⎛⎜⎜⎜⎝
g1(tm,1, Um,1, Vm,2)
g2(tm,2, Um,2, Vm,2)

...
gs(tm,s, Um,s, Vm,s)

⎞⎟⎟⎟⎠ .
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Here tm,i = tm + cihm and the stage solutions Um,i, Vm,i are approximations to the exact
solutions u(tm + cihm), v(tm + cihm), i = 1, 2, . . . , s. We always assume that the nodes ci are
constant and pairwise distinct. Note that the coefficients will depend on the step size ratio
σm = hm/hm−1 in general.

Explicit and implicit peer methods were studied in a series of papers and adapted to spe-
cial properties like parallelism or application with Krylov techniques for high dimensional
problems e.g. [2, 3, 5, 11–13,20].

2.1 Order conditions

Order conditions can be derived by substituting the exact solution into the method and
making a Taylor expansion of the residual Δmi.

Theorem 2.1. If the coeffcients of the partitioned peer method (3) satisfy the conditions

AB(l) = ÂB(l) = 0, where

ABi(l) = cli −
s∑

j=1

bij
(cj − 1)l

σl
m

− l

s∑
j=1

aij
(cj − 1)l−1

σl−1
m

− l

i∑
j=1

rijc
l−1
j ,

ÂBi(l) = cli −
s∑

j=1

b̂ij
(cj − 1)l

σl
m

− l
s∑

j=1

âij
(cj − 1)l−1

σl−1
m

− l
i∑

j=1

r̂ijc
l−1
j ,

for all l = 0, . . . , p and i = 1, . . . , s, then method (3) is consistent of order p.

Proof. By Taylor expansion, we get

Δmi =

(
u(tm,i)

v(tm,i)

)
−

s∑
j=1

(
biju(tm−1,j)

b̂ijv(tm−1,j)

)
− hm

s∑
j=1

(
aiju

′(tm−1,j)

âijv′(tm−1,j)

)
− hm

i∑
j=1

(
riju

′(tm,j)

r̂ijv′(tm,j)

)

=

(∑p
l=0

(
cli −

∑s
j=1 bij

(cj−1)l

σl
m

− l
∑s

j=1 aij
(cj−1)l−1

σl−1
m

− l
∑i

j=1 rijc
l−1
j

)
hl
m

l!
u(l)(tm)∑p

l=0

(
cli −

∑s
j=1 b̂ij

(cj−1)l

σl
m

− l
∑s

j=1 âij
(cj−1)l−1

σl−1
m

− l
∑i

j=1 r̂ijc
l−1
j

)
hl
m

l!
v(l)(tm)

)
+

(
O(hp+1

m )

O(hp+1
m )

)

and therefore we have order p if AB(l) = ÂB(l) = 0 is satisfied for l = 0, . . . , p.

Remark 2.2. For l = 0, we get 1−∑s
j=1 bij = 0 and 1−∑s

j=1 b̂ij = 0, i.e. B� = B̂� = �,
implying preconsistency.

Remark 2.3. The residuals of all stages are of the same order. Therefore the stage order q
of peer methods is equal to the order of consistency p.
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Corollary 2.4. The partitioned peer method (3) is consistent of order p = s if B� = B̂� = �

and

Am = (CV0 −RV0D)D−1SmV
−1
1 − 1

σm

B(C − I)V1D
−1V −1

1 (4)

Âm = (CV0 − R̂V0D)D−1SmV
−1
1 − 1

σm

B̂(C − I)V1D
−1V −1

1 , (5)

where V0 = (cj−1
i )si,j=1, V1 = ((ci−1)j−1)si,j=1, D = diag(1, . . . , s), Sm = diag(1, σm, . . . , σ

s−1
m )

and C = diag(ci).

This means that for arbitrary coefficient matrices R, R̂ and B, B̂ satisfying the preconsistency
conditions B� = B̂� = �, the computation of Am and Âm by (4) and (5) guarantees order
of consistency p = s.

Definition 2.5. The partitioned peer method (3) is called zero-stable if there exists a constant
K > 0 such that for all m, l ≥ 0 holds∥∥∥∥∥∏

l

(
Bm+l · · ·Bm+1Bm 0

0 B̂m+l · · · B̂m+1B̂m

)∥∥∥∥∥ ≤ K.

We will consider constant matrices B and B̂. In this case the peer method (3) is zero-stable

if the eigenvalue λi and λ̂i of B and B̂ have modulus less or equal one and all eigenvalues of
modulus one are simple. If λ1 = λ̂1 = 1 and λi = λ̂i = 0 for i = 2, · · · , s, then the method
is called optimally zero-stable.

Theorem 2.6. Let B, B̂, R, R̂ in (3) be constant matrices, h := maxmhm, maxmσm ≤ σmax.

Let B� = B̂� = � and let the method be zero-stable. Let the error of the starting values
satisfy ε0 = O(hs

0) and let Am and Âm be given by (4) and (5). Then the method (3) is
convergent of order p = s.

Proof. Without loss of generality, we consider the autonomous case. Let �m =
(�m
̂�m

)
. The

global error can be written in the form:

εm =

(
εm
ε̂m

)
=

(
U(tm)− Um

V (tm)− Vm

)
=

(
U(tm)− BUm−1 − hmAmF (Um−1, Vm−1)− hmRF (Um, Vm)

V (tm)− B̂Vm−1 − hmÂmG(Um−1, Vm−1)− hmR̂G(Um, Vm)

)
=

(
Bεm−1

B̂ε̂m−1

)
+

(
hmAm(F (U(tm−1), V (tm−1)))− Fm−1) + hmR(F (U(tm), V (tm))− Fm) +�m

hmÂm(G(U(tm−1), V (tm−1))−Gm−1) + hmR̂(G(U(tm), V (tm))−Gm) + �̂m

)
.

By zero-stability there exist vector norms ‖·‖a and ‖·‖b such that in the induced matrix
norms

‖B‖a = �(B) = 1 and ‖B̂b‖ = �(B̂) = 1. (6)
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Then with the norm ∥∥∥∥(uv
)∥∥∥∥ = max{‖u‖a , ‖v‖b}. (7)

we get

‖εm‖ =

∥∥∥∥(εmε̂m
)∥∥∥∥ ≤

∥∥∥∥(εm−1

ε̂m−1

)∥∥∥∥+ hm

∥∥∥∥(Am(F (U(tm−1), V (tm−1)))− Fm−1

Âm(G(U(tm−1), V (tm−1))−Gm−1)

)∥∥∥∥
+ hm

∥∥∥∥(R(F (U(tm), V (tm))− Fm)

R̂(G(U(tm), V (tm))−Gm)

)∥∥∥∥+

∥∥∥∥∥
(�m

�̂m

)∥∥∥∥∥ .
By (6) and taking into account the Lipschitz conditions for f and g follows∥∥∥∥(R(F (U(tm), V (tm)))− Fm

R̂(G(U(tm), V (tm))−Gm)

)∥∥∥∥ ≤ 2max{‖R‖a L ‖εm‖ , ‖R̂‖bL̂ ‖εm‖} = d1 ‖εm‖ ,

and ∥∥∥∥(Am(F (U(tm−1), V (tm−1)))− Fm−1

Âm(G(U(tm−1), V (tm−1))−Gm−1)

)∥∥∥∥ ≤ d2 ‖εm−1‖ .

By (4) and (5) we have
∥∥�m

∥∥
a
≤ d3h

s+1
m and

∥∥∥�̂m

∥∥∥
b
≤ d4h

s+1
m which imply

∥∥∥(�m
̂�m

)∥∥∥ ≤ d5h
s+1
m .

We finally get

‖εm‖ ≤ ‖εm−1‖+ hm−1d6 ‖εm‖+ hm−1d7 ‖εm−1‖+ d8h
s+1
m−1

and in standard way follows

‖εm‖ ≤ d9h
s
max + d10 ‖ε0‖ .

This completes the proof.

3 IMEX methods

Suppose now that our system of ordinary differential equations is modeled as follows:

y′ = f(t, y) + g(t, y) y(t0) = y0, (8)

where f is the stiff part and g is the nonstiff part. Without loss of generality, we suppose
that our system is autonomous. The stiff part will be treated by an implicit peer method
and the nonstiff part by an explicit peer method. The system (8) can be transformed into a
componentwise partitioned system (2) following the idea of [1, 24] via the transformation

y = u+ v,

u′ = f̃(u, v) = f(u+ v),

v′ = g̃(u, v) = g(u+ v).
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We choose B = B̂ and solve this system with the partitioned method (3). Then we get (for
simplicity for scalar equations):

Um = BUm−1 + hmAF (Um−1 + Vm−1) + hmRF (Um + Vm), (9)

Vm = BVm−1 + hmÂG(Um−1 + Vm−1) + hmR̂G(Um + Vm). (10)

This yields

Ym = B(Ym−1) + hAF (Ym−1) + hRF (Ym) + hÂG(Ym−1) + hR̂G(Ym). (11)

Method (11) is called IMEX peer method.

The order conditions follow directly from Theorem 2.1.

Corollary 3.1. The IMEX peer method (11) is consistent of order p = s if B� = � and if

(4), (5) hold with B = B̂.

This means that for arbitrary coefficient matrices R, R̂ and B satisfying the preconsistency
condition B� = �, the computations of A and Â by (4) and (5) guarantee order of consistency
p = s. As a consequence of Theorem 2.6 we obtain

Theorem 3.2. Let B,R, R̂ in (11) be constant matrices, h := maxmhm, maxmσm ≤ σmax,
ε0 = O(hs

0), let B� = � and let the IMEX peer method (11) be zero-stable. If additionally

Am and Âm are given by (4) and (5) then the method given by (11) is convergent of order
p = s.

4 Stability investigations and construction of IMEX

peer methods

In this section, first we discuss the stability properties of IMEX peer methods with respect
to typical test equation from weather prediction (fast-wave-slow-waves) and another linear
test equation. In fact we applied (11) to the acoustics equations as in [21]. These equations
were also used for the optimization of the coefficients in the method search. Furthermore
we discuss the stability properties of the IMEX peer methods with respect to the linear test
equation considered in [24,25]. Later we construct special IMEX peer methods of order p = s
and give the coefficients of two methods of order 3 and 4. For these derived methods, we
investigate stability properties with respect to the above mentioned test equations and give
the stability region with the help of figures.

Our special interest is the application of IMEX peer methods in acoustics equations used
in weather prediction models. We therefore here investigate stability properties for this
problem class and consider the application of the IMEX peer methods to the acoustics
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equation, discretized in space by third order upwind (advection) and central differences on
a staggered grid (sound wave terms), cf. [21–23]:

ut = −cspx − Uux

pt = −csux − Upx,

where u is the wind speed and p represents pressure. The two parameters cs and U are the
sound speed (≈ 340 m/s ) and constant background wind speed respectively, where for this
application cs is much greater than U . For later reference, we recall the Mach number which
is defined by the quotient of U/cs. The common von Neumann stability idea is used for
discussing the resulting Fourier modes separately; see [21] for more details of this procedure.
We consider the first 20 Fourier modes and obtain for each mode the following split test
equation:

ẏ = Ly +Ny. (12)

Here N ∈ C
2,2 is a diagonal matrix representing the advection part and its eigenvalues are

in the left half-plane with comparable imaginary and real parts. The matrix L is an anti-
diagonal matrix coming from the fast part of the linear test equation and its eigenvalues are
purely imaginary. Therefore A-stability of the basic implicit method is necessary.

The stability matrix of the IMEX peer method applied to (12) is

M(hL, hN) = (I − hLR− hNR̂)−1(hLA+ hNÂ+B).

The test equation (12) is based on the special properties of the acoustics equation. For the
application of IMEX methods to general problems with stiff and nonstiff parts, the following
test equation is more appropriate:

y′ = λy + βy. (13)

This equation is frequently used in literature, see e.g. [24, 25]. Here λ represents the eigen-
values of the Jacobian of the stiff part, and β of the nonstiff part.

Applying the IMEX peer methods to this equation gives

Ym = M(z, ẑ)Ym−1, M(z, ẑ) = (I − zR− ẑR̂)−1(zA+ ẑÂ+B),

where z = λh and ẑ = βh. Note that M(0, 0) = B.

Suppose that S ⊂ C and Ŝ ⊂ C are the stability regions of the implicit and the explicit peer
method, respectively. The stability region for the IMEX peer method is then defined by

{z ∈ S, ẑ ∈ Ŝ : ρ(M(z, ẑ)) ≤ 1} ⊂ S × Ŝ.

Now we construct IMEX peer methods with the following properties:

• Order of consistency p = s, i.e Am and Âm are computed by (4) and (5).
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• Constant coefficient matrix B satisfying B� = � and to have optimal zero-stability.

• Constant coefficient matrices R and R̂ with rii = γ.

• A-stability of the implicit method for constant step sizes.

• Appropriate stability for the linear acoustic equations with a given Mach number. In
our case 1/6 which is typical for numerical weather forecasting.

We consider the following strategy to construct IMEX peer methods. First we try to find
a good implicit method with appropriate properties (optimal zero-stability, A-stability) and
establish a proper explicit peer method in way that the combined IMEX peer method has
appropriate stability for the linear acoustic equations (12). To find suitable A-stable implicit
peer methods we used the Matlab function fmincon with different objective functions and
constraints. For example we used order conditions and bounds for ρ(M(∞)) as constraints
and the angle of A-stability as an objective function, but this was too expensive. In another
search we added the A-stability condition as constraint and used ρ(M(∞)) as our objective
function. After finding a suitable A-stable implicit peer method, its coefficient matrix B and
nodes c are used to find an explicit peer method in a way that the combined IMEX peer
method has appropriate stability for the linear acoustic equations. Similar to the implicit
part, we used the Matlab function fmincon and we tried different strategies. For example,
we used order conditions as constraints and stability of the combined method with respect
to acoustic equations (12) as an objective function. At the end, we choose the best explicit
peer method such that the corresponding IMEX method has appropriate stability for the
linear acoustic equations with Mach number 1/6.

We give the coefficients of 2 methods obtained in our search, which have been implemented
and tested in Matlab:

Method 3a: p=s=3, A-stable, optimally zero stable
c1 = 0.15946593963643907 c2 = 0.54558601055976386 c3 = 1
b11 = −0.81662611177702749 b12 = 0.21923402764359148 b13 = −0.3757141646588873
b21 = −1.4739080635641988 b22 = 3.4081212175550637 b23 = −0.93421315399086491
b31 = −2.2474449407963197 b32 = 4.8389400465743577 b33 = −1.591495105778038
r11 = 0.4692939693313411 r12 = 0 r13 = 0
r21 = 0.3861200709233249 r22 = 0.4692939693313411 r23 = 0
r31 = 0.34593346278668291 r32 = 0.4946005975768783 r33 = 0.4692939693313411
r̂11 = 0 r̂12 = 0 r̂13 = 0
r̂21 = 0.49781830961253148 r̂22 = 0 r̂23 = 0
r̂31 = 0.073011574282580455 r̂32 = 0.75655848960284611 r̂33 = 0

Table 1: Coefficients of IMEX methods of order 3.
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Method 4a: p = s = 4, A-stable, optimally zero stable
c1 = −0.83356855449686418 c2 = 0.39925267067647718 c3 = −0.22714030828660781
c4 = 1
b11 = −0.13543752646989399 b12 = −0.94681526158790538 b13 = 1.3226742791472281
b14 = −0.092555226518543643 b21 = 0.26849942748234806 b22 = 0.23343648855488061
b23 = 0.55848935956163126 b24 = −0.60425275598859907 b31 = −0.34213726582212034
b32 = −1.1311746911059599 b33 = 2.1389368012394412 b34 = 0.33437515568863896
b41 = 1.6408928968883434 b42 = 3.8669408281787074 b43 = −3.2708979617426235
b44 = −1.2369357633244271 r11 = 0.48432470456842897 r12 = 0
r13 = 0 r14 = 0 r21 = 1.23282122517334880
r22 = 0.48432470456842897 r23 = 0 r24 = 0
r31 = 0.76049048488464388 r32 = −0.15406223867438271 r33 = 0.48432470456842897
r34 = 0 r41 = 1.9894983581999484 r42 = 1.0302094135579156
r43 = −1.1861392172609913 r44 = 0.48432470456842897 r̂11 = 0
r̂12 = 0 r̂13 = 0 r̂14 = 0
r̂21 = 0.66313649109206185 r̂22 = 0 r̂23 = 0
r̂24 = 0 r̂31 = 0.19514217688067359 r̂32 = −0.11697155154728534
r̂33 = 0 r̂34 = 0 r̂41 = −0.50218856665143741
r̂42 = 0.75496762532404671 r̂43 = 0.90081094789725258 r̂44 = 0

Table 2: Coefficients of IMEX methods of order 4.

Remark 4.1. For constant stepsizes, the implicit part of method 3a is nearly superconver-
gent, it holds

e�s (I − B + �e�s )
−1AB(s+ 1) = 2.5e− 8

whereas for method 4a is 4.1e− 1. For details on superconvergence of peer methods see [14].

Figures 1 and 2 show the results of the application of the IMEX peer methods 3a and 4a to
(12) for the Courant numbers CA = Uh/Δx and Cs = csh/Δx. According to the construction
procedure both methods are stable below the line CA/Cs = U/cs = 1/6, corresponding to
maximal wind speed of approximately 56 m/s.

Furthermore we investigate the stability region of the found IMEX methods with respect to
the linear test equation considered in [22, 23]. We applied the IMEX peer methods 3a and
4a to the test equation (13) and Figures 3 and 4 show the stability regions for these schemes.

5 Numerical tests

We have implemented several methods with step size control and with constant step size
in Matlab. The nonlinear systems of the implicit part in peer methods were solved by a
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Figure 1: Stability of method 3a for the test equation (12) .
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Figure 2: Stability of method 4a for the test equation (12) .
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Figure 3: Stability region of method 3a for the test equation (13) .

Figure 4: Stability region of method 4a for the test equation (13) .
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simplified Newton method. The iteration was stopped if

max
i=1,...,n

∣∣ Δyk,i
tol + tol · |ym,i|

∣∣ ≤ 0.01 · tol

where Δyk is the solution of the linear system in the k-th step of the Newton process or if
maximum 10 iteration steps were performed.

Here tol is the prescribed tolerance for the methods with step size control. For the methods
wiuth constant step size, we used tol = 0.01 for the Newton iteration.

The following methods have been implemented:

3a,4a Methods from Table 1 and 2 with constant step sizes.

3a-control,4a-control These are methods 3a and 4a implemented with step size control.

expo43 is a four stage exponential peer method of order of consistency p=3; see [17, 19].
The free coefficients have been chosen to give good stability for the test equation (12).
Products of the form ϕl(cihT )v are approximated by Krylov-techniques using the code
phipm of Niesen and Wright [10]. Here T stands for the Jacobian fy of the stiff part.

MIS4 is a four stage special split-explicit Runge-Kutta method [9] of order of consistency
p = 3. It treats the nonstiff terms with a four stage explicit Runge-Kutta method and
the stiff part is treated with much smaller step size by the Störmer-Verlet method.

implicit is the basic implicit method of 4a. Here no splitting is done, but only the Jacobian
fy of the stiff part is used in the Newton iterations. where only the Jacobian fy of the
stiff part is used for the Newton iteration.

Note, that the results for method MIS4 allow also a comparison of the IMEX peer methods
with other methods via the tests in [21]. All methods, except 3a-control and 4a-control
have been applied with constant step sizes.

The following problems have been considered:

5.1 Two dimensional nonlinear gravity waves example

In this subsection we evaluate the performance of IMEX peer methods in a nonlinear test
case; see [4, 9] for more details and descriptions. The test case involves two-dimensional
(x,z) nonlinear gravity waves generated by a localized region of non-divergent forcing in a
stratified shear flow. With spatial coordinates given in kilometers, the background horizontal
wind (in m/s) is as follows:

u0(z) =5 + z + 0.4(5− z)(5 + z).
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The waves are forced by the curl of a nondivergent stream function (unit: m2/s):

ψ(x, z, t) =ψ0

(
πx

Lx

)
sin(ωt) exp

[
−
(
πx

Lx

)2

−
(
πz

Lz

)2
]
.

This example is dominated by nonhydrostatic motion and employs a grid spacing character-
istic of high-resolution convective cloud models and is governed by the system

D

Dt
u+

∂P

∂x
= −∂ψ

∂z
+

u0(z)− ū(z, t)

τ
,

D

Dt
w +

∂P

∂z
= b+

∂ψ

∂x
,

D

Dt
b+N2w = 0,

D

Dt
P + c2s

(
∂u

∂x
+

∂w

∂z

)
= 0,

for x ∈ [−150000, 150000], z ∈ [−5000, 5000] and t ∈ [0, 3000].

We will investigate convergence in the time domain while keeping the spatial discretization
fixed. In all simulations the numerical domain is horizontally periodic and bounded by flat
rigid upper and lower surfaces. Let m and n be integer indices; the mesh is staggered so
that the equation for P applies at points (mΔx, nΔz), the equation for u applies at points(
(m− 1

2
)Δx, nΔz

)
, and the equations for b and w apply at points

(
mΔx, (n− 1

2
)Δz

)
. Using

the operator notation

δnxf(x) =
f(x+ nΔx/2)− f(x− nΔx/2)

nΔx
,

〈f(x)〉nx =
f(x+ nΔx/2) + f(x− nΔx/2)

2
,

the spatial discretization has the form

∂u

∂t
+

1

2
δ2x(u

2) + 〈〈w〉x δzu〉z − u0(z)− ū(z, t)

τ
+K

(
(Δxδx)

2 + (Δzδz)
2
)2

u = −δxP

∂w

∂t
+ 〈〈u〉z δxw〉x + 1

2
δ2z(w

2) +K
(
(Δxδx)

2 + (Δzδz)
2
)2

w = −δzP + b

∂b

∂t
+ 〈〈u〉z δxb〉x + 〈〈w〉z δzb〉z +K

(
(Δxδx)

2 + (Δzδz)
2
)2

b = −N2w

∂P

∂t
+ 〈uδxP 〉x + 〈wδzP 〉z = −c2s (δxu+ δzw) .

where the discretized operators on the right hand side form the function g. A simple
parametrization of turbulent mixing in a nearly inviscid fluid is imposed through the fourth-
derivative hyper-diffusion terms. The stiff part f of (8) is given by the spatial discretization
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of

−

⎛⎜⎜⎝
∂P
∂x

∂P
∂z

+ b
N2w

c2s
(
∂u
∂x

+ ∂w
∂z

)
⎞⎟⎟⎠ .

The nonstiff part is the rest. In our computation, we used nx = 100, nz = 100 and nx =
600, nz = 100 resulting the dimensions 39800 and 238800. A reference solution has been
computed with the Matlab code ode15s [16] with atol = rtol = 5 · 10−12 for dimension
39800 and with the classical Runge-Kutta method of fourth order with a time step size of
10−4 for dimension 238800.

For example with dimension 39800, the time step size (in seconds) varies over the set
{7.5, 15, 30, 60}. For example with dimension 238800, the time step size (in seconds) varies
over the set {3.75, 7.5, 15, 30} and for the methods with step size control we used the toler-
ances atol = rtol = tol = 10−1, 10−2, 10−3.

Figure 5 shows numerical solution with method 4a-control with tolerance 10−3 for the hor-
izontal velocity u field at the end point te = 3000, x ∈ [−150000, 150000], z ∈ [−5000, 5000],
nx = 600, nz = 100.

50 100 150 200 250 300 350 400 450 500 550 600
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20

30

40

50

60

70

80

90

100

Figure 5: Contours of the horizontal velocity at the end point te = 3000 for the grid points (xi, zi).

The results for this example with dimensions 39800 and 238800 are displayed in Figures 6
and 7 respectively. The following figures show the error

ERR = max
i=1,...,n

|yi − yref,i|
1 + |yref,i|

at the endpoint versus computing time (in seconds) where y is the numerical solution and
yref is the reference solution.
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Figure 6: Results for Gravity with dimension 39880.
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Figure 7: Results for Gravity with dimension 238800.
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5.2 Cold bubble downburst benchmark example

In this subsection, we consider as a second example a cold bubble falling down. This example
is taken from [15] with the modifications that have been made in [23].

In the modified version, a constant mean horizontal wind of 20m/s is included and a periodic
boundary condition in the horizontal is specified. On the ground the bubble generates winds
of magnitude 30m/s, several Kelvin-Helmholtz waves are generated.

A gridwidth of 100m is used in both directions. With a background wind of 20m/s present
the maximumMach number is slightly above 1/6. Now the fully compressible Euler equations
with an additional viscosity term are solved.

∂ρ

∂t
= −∂ρu

∂x
− ∂ρw

∂z
,

∂ρu

∂t
= −∂ρuu

∂x
− ∂ρwu

∂z
− ∂ρ

∂x
+ ν[(ρu)xx + (ρw)zx],

∂ρw

∂t
= −∂ρuw

∂x
− ∂ρww

∂z
− ∂ρ

∂z
+ ν[(ρu)xz + (ρw)zz],

∂ρθ

∂t
= −∂ρuθ

∂x
− ∂ρwθ

∂z
.

We have x ∈ [−10000, 10000], z ∈ [0, 10000] and t ∈ [0, 900]. The equations are discretized
in space on a staggered grid, where the advection operator is approximated by third order
upwinding, all other operators are approximated by second order central differencing. The
resulting equations can be written in compact form

y′ = F (y) (14)

where y corresponds to ⎛⎜⎜⎝
ρ
ρu
ρw
ρθ

⎞⎟⎟⎠
To obtain a splitting representation a linear operator Ly is introduced that approximates
F (y) and contains the terms responsible for the acoustic and gravity waves.

Equation (14) is then rewritten as

y′ = {F (y)− Ly}+ Ly,

where f(y) = Ly and g(y) = f(y) − Ly. The linear operator Ly for the IMEX method is
computed at t = tm for each time step and kept constant during this time step. It is defined
by the space discretization of
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−

⎛⎜⎜⎜⎝
∂ρu
∂x

+ ∂ρw
∂z

∂p
∂ρθ

|n ∂ρθ
∂x

∂p
∂ρθ

|n ∂ρθ
∂z

+ gρ
∂(ρu)θ|n

∂x
+ ∂(ρw)θ|n

∂z

⎞⎟⎟⎟⎠ (15)

where the values marked with |n are fixed at some old time level, which are ∂p
∂ρθ

in the

second and third row and θ in the last row of (15). All derivatives are discretized by central
differences and necessary interpolation are done by averaging of neighbouring values. With
this type of discretization the operator L has again purely imaginary eigenvalues. Note that
L changes in each time step. This means that for the IMEX peer methods (11), F (Ym) has
to be adapted in the implementation. More precisely: If in the step tm → tm+1 we have

hRF (Ym) = hRLmYm,

then in the next step tm+1 → tm+2 we will have

hAF (Ym) = hALm+1Ym,

i.e., F (Ym) will change.

Snapshots of the numerical solutions with method 4a-control with tolerance 10−4 at t = 0s,
t = 450s and t = 900s are displayed in Figure 8.

For this example, the time step size varies over the set {0.125, 0.25, 0.5, 1} and for the methods
with step size control we used the tolerances atol = rtol = tol = 10−1, 10−2, . . . , 10−4. The
reference solution has been computed with ode15s with atol = rtol = 5 · 10−10.

6 Conclusion

The results show that IMEX peer methods are reliable and accurate. In the test problems,
the most expensive part is the nonstiff part, which is computed with an explicit peer method.

For the gravity waves example, the methods 3a and 4a are clearly superior for crude and
middle accuracies. For more strict accuracies, expo43 and the implementation of methods
3a and 4a with step size control become competitive. MIS4 and the implicit method are
outperformed by the IMEX peer methods.

For the cold bubble downburst example, the results are similar. However here expo43
becomes competitive already for middle accuracies and is superior for high accuracies.

We believe that the much higher accuracy of the IMEX peer methods compared with MIS4
is due the high stage order of the peer methods.
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Figure 8: Potential temperature deviation of background state at the beginning, the middle
and the end of the simulation computed with method 4a-control with tolerance 10−4 at
t = 0s, t = 450s and t = 900s.
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Figure 9: Results for the Bubble problem.

The results show that IMEX peer methods are well suited for problems with stiff and nonstiff
terms. Due to their high stage order q, IMEX peer methods can be constructed straightfor-
wardly by combining explicit and implicit peer methods of order p = q. The coefficients of
the method can easily be adapted to the requirements of the special problem class, like to
the stability requirements of fast-wave-slow-wave problems in this paper.
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