
Martin–Luther–Universität
Halle–Wittenberg

Institut für Mathematik

Generalized Dubovitskii-Milyutin Approach in

Set-Valued Optimization

A. A. Khan and Chr. Tammer

Report No. 03 (2011)



Editors:
Professors of the Institute for Mathematics, Martin-Luther-University Halle-Wittenberg.

Electronic version: see http://www2.mathematik.uni-halle.de/institut/reports/



Generalized Dubovitskii-Milyutin Approach in

Set-Valued Optimization

A. A. Khan and Chr. Tammer

Report No. 03 (2011)

Akhtar A. Khan
Center for Applied and Computational Mathematics
School of Mathematical Sciences
Rochester Institute of Technology
85 Lomb Memorial Drive
Rochester, New York, 14623, USA
E-mail: aaksma@rit.edu

Christiane Tammer
Martin-Luther-Universität Halle-Wittenberg
Naturwissenschaftliche Fakultät II
Institut für Mathematik
Theodor-Lieser-Str. 5
D-06120 Halle/Saale, Germany
Email: christiane.tammer@mathematik.uni-halle.de



 



Generalized Dubovitskii-Milyutin Approach in
Set-Valued Optimization

Akhtar A. Khan∗ Christiane Tammer∗∗

Dedicated to the 60th birthday of Professor Phan Quoc Khanh

Abstract

The primary objective of this paper is to employ the Dubovitskii-Milyutin approach
to give first and second-order optimality conditions for set-valued optimization problems
with more general set-valued constraints. In the particular case when some constraints
are single-valued, we recover the case of set-valued optimization problems with many set-
valued inequality constraints and many single-valued equality constraints. It is known that
the classical Dubovitskii-Milyutin approach is not suitable for optimization problems with
multi-equality constraints. The main reason for this deficiency is the fact that the sepa-
ration arguments used in the classical Dubovitskii-Milyutin approach are applicable to an
empty intersection of cones in which at most one cone can be closed. However, a proper
formulation of multi-equality constraints leads to an empty intersection with more than one
closed cones. To study optimization problems with multi-equality constraints, a general-
ized Dubovitskii-Milyutin theory has been developed. In this work we present an extension
of the generalized Dubovitskii-Milyutin theory to the set-valued optimization problems. In
this process, we also obtain new applications of this theory to nonsmooth optimization and
to more general vector optimization problems. New second-order asymptotic derivatives of
set-valued maps are introduced and used to give the optimality conditions.
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1 Introduction

Let I := {1,2, . . . ,m} and J := {1,2, . . . ,n} be two index sets. Let X and Y be normed spaces,
where the space Y is partially ordered by a pointed, closed, and convex cone K with a nonempty
interior, let Q⊂ X be nonempty, and let F : X ⇒Y be a given set-valued map. For i∈ I, let Zi be
a normed space, let Ci ⊂ Zi be a pointed, closed, and convex cone with nonempty interior, and
let Gi : X ⇒ Zi be a given set-valued map. Analogously, for j ∈ J, let Wj be a normed space, let
D j ⊂Wj be closed, and convex set, and let H j : X ⇒Wj be a given set-valued map.

In this work, we focus on the following set-valued optimization problem (P):

minimizeF(x)

subject to x ∈ S := {x ∈ Q | Gi(x)∩−Ci 6= /0, ∀ i ∈ I, H j(x)∩−D j 6= /0, ∀ j ∈ J}.

Our objective is to give optimality conditions for a local weak-minimizer. However, our
approach can readily be extended to other kinds of optimality as well. We recall that a point
(x̄, ȳ) ∈ X×Y is a local weak-minimizer of (P), if there is a neighborhood U of x̄ such that

F(S∩U)∩ ({ȳ}− int(K)) = /0,

where ȳ ∈ F(x̄), the notion int(K) designate the interior of the cone K, and

F(S∩U) := ∪x∈S∩U F(x).

By appropriately adjusting the data, and by choosing the maps Gi and H j to be single valued,
we recover the following set-valued optimization problem with single-valued constraints:

minimizeF(x)

subject to x ∈ S := {x ∈ Q | Gi(x)≥ 0, ∀ i ∈ I, H j(x) = 0,∀ j ∈ J}.

We remark that the above optimization problem with multi-equality constraints can not be
tackled by the classical Dubovitskii-Milyutin approach (see [6]). This is mainly due to the
fact that the separation arguments used in the classical Dubovitskii-Milyutin approach are ap-
plicable to an empty intersection of cones in which at most one cone can be closed. On the
other hand, a proper formulation of multi-equality constraints leads to an empty intersection
with several closed cones. To handle optimization problems with multi-equality constraints, a
generalized Dubovitskii-Milyutin theory has been developed (see [14]). This theory is enriched
by the notion of the cones of the same sense and the cones of the opposite sense introduced
by Walczak [22]. Although many interesting contributions have appeared in this direction, the
generalized Dubovitskii-Milyutin theory so far has been only used to study vector optimization
problems with differentiable data. Motivated by this, the primary objective of this paper is to
present an extension of the generalized Dubovitskii-Milyutin theory to the set-valued optimiza-
tion problems. In this process, we also obtain new applications of this theory to nonsmooth
optimization and to more general vector optimization problems.
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This paper is organized into four sections. In Section 2, we collect some concepts and results
to be used in the rest of the paper. In Section 3, we give first-order optimality conditions for
set-valued optimization problems. Section 4 presents some second-order optimality conditions
by using a new notion of second-order lower Dini asymptotic derivative.

2 Preliminaries

We begin with by recalling the notions of some tangent cones. We set P := {t ∈ R | t > 0}.

Definition 2.1. Let Ξ be a normed space, let Ω⊂ Ξ and let z̄ ∈ cl(Ω) (closure of Ω).
(a) The contingent cone T (Ω, z̄) of Ω at z̄ is the set of all z ∈ Ξ such that there are sequences
(λn)⊂ P and (zn)⊂ Ξ with λn ↓ 0 and zn→ z such that z̄+λnzn ∈Ω for every n ∈ N.
(b) The interiorly contingent cone IT (Ω, z̄) of Ω at z̄ is the set of all z ∈ Ξ such that for any
sequences (λn) ⊂ P and (zn) ⊂ Ξ with λn ↓ 0 and zn → z, there exists an integer m ∈ N such
that z̄+λnzn ∈Ω for every n≥ m.

Remark 2.1. It is known that T (Ω, z̄) is a closed cone possessing the isotony property, that is,
for subsets Ω1 and Ω2 such that Ω1 ⊂ Ω2, the inclusion T (Ω1, z̄) ⊂ T (Ω2, z̄) holds for every
z̄ ∈ cl(Ω1)∩ cl(Ω2). On the other hand the interiorly contingent cone IT (Ω, z̄) is an isotone
open cone. As concern the relationship between T (Ω, x̄) and IT (Ω, z̄), we have IT (Ω, z̄) =
Ξ\T (Ξ\Ω, z̄). As a useful implication of this relationship, the cones T (Ω, z̄) and IT (Ω, z̄)
form an admissible pair, that is, for every pair of sets Ω1,Ω2 ⊂ Ξ with Ω1 ∩Ω2 = /0, we
have T (Ω1, z̄)∩ IT (Ω2, z̄) = /0 for every z̄ ∈ Ξ. Also for arbitrary sets Ω1,Ω2 ⊂ Ξ we have
IT (Ω1∩Ω2, z̄) = IT (Ω1, z̄)∩ IT (Ω2, z̄) for every z̄ ∈ Ω1∩Ω2. In general, this important prop-
erty is not shared by the contingent cones. However, for arbitrary sets Ω1,Ω2 ⊂ Ξ, we have
T (Ω1 ∩Ω2, z̄) ⊂ T (Ω1, z̄)∩ T (Ω2, z̄) for every z̄ ∈ Ω1 ∩Ω2. For some Ω ⊂ Ξ, the identities
T (Ω, z̄) = T (cl(Ω), z̄) and IT (Ω, z̄) = IT (int(Ω), z̄) hold. Moreover, for a convex solid set Ω,

we have cl(IT (Ω, z̄)) = T (Ω, z̄) and int(T (Ω, z̄)) = IT (Ω, z̄) (see [2, 7] for details).

Next we collect some notions for set-valued maps. Given the normed spaces X and Y, let
F : X ⇒ Y be a set-valued map. The (effective) domain and the graph of F are defined by

dom(F) := {x ∈ X | F(x) 6= /0}
graph(F) := {(x,y) ∈ X×Y | y ∈ F(x)}.

We shall say that F is strict if dom(F) = X . Given a convex cone C⊂Y, which induces a partial
ordering in Y, the profile map F+ : X ⇒Y is given by: F+(x) := F(x)+C for every x ∈ dom(F).

Now the epigraph of F can be defined as the graph of F+, that is, epi(F) = graph(F+). The map
F is called convex, if graph(F) is a convex set and C-convex, if epi(F) is a convex set. Finally,
we define the weak-inverse image F [Θ]− of F with respect to a set Θ ∈ Y as

F [Θ]− := {x ∈ X | F(x)∩Θ 6= /0}.
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Now, let X∗ be the dual of X and let L⊂ X be arbitrary. The negative dual of L, denoted by
L�, is a subset of X∗ defined by:

L� = {` ∈ X∗ : `(x)≤ 0 for every x ∈ L}.

It is known that if L1 ⊆ L2 then L�2 ⊆ L�1. Additionally, L ⊂ (L�)� with equality if and only if
L is a closed, and convex cone. The positive dual then is the set defined by L∗ = −L�. Both
the positive and the negative duals are closed, and convex cones. Moreover, the properties just
mentioned for the negative dual hold for the positive dual as well.

Given a set-valued map F : X ⇒ Y and a point (x̄, ȳ) ∈ graph(F), the contingent derivative
of F at (x̄, ȳ) is the set-valued map DcF(x̄, ȳ) : X ⇒ Y defined by:

DcF(x̄, ȳ)(x) := {y ∈ Y | (x,y) ∈ T (graph(F),(x̄, ȳ))}.

The contingent derivative and related contingent epiderivative and generalized contingent
epiderivative are commonly used derivative notions in set-valued optimization (see[4, 5, 9, 10]).

The derivative for set-valued maps that turns out to be of great importance in the present
approach is the so-called lower Dini derivative introduced by Penot [17].

We recall that given a set-valued map F : X ⇒ Y and a point (x̄, ȳ) ∈ graph(F), the lower
Dini derivative of F at (x̄, ȳ) is the set-valued map DlF(x̄, ȳ) : X ⇒ Y defined by:

DlF(x̄, ȳ)(x) := liminf
(t,z)→(0+,x)

F(x̄+ tz)− ȳ
t

.

Equivalently y ∈ DlF(x̄, ȳ)(x) if and only if for every (λn)⊂ P and for every (xn)⊂ X with
λn ↓ 0 and xn→ x there are a sequence (yn) ⊂ Y with yn→ y and an integer m ∈ N such that
ȳ+λnyn ∈ F(x̄+λnxn) for every n≥ m.

We also need to recall the following important notion of ceratin cones:

Definition 2.2. [22] Let Ξ be a normed space, let {Ki}k
i=1 be a system of cones in Ξ, and let Bε

be a ball with center 0 and radius ε > 0 in the space Ξ.

(a) The cones {Ki}k
i=1 are of the same sense, if for any ε > 0 there exists ε1, . . . ,εk > 0

such that for any x ∈ Bε ∩ (K1 + · · ·+Kk) where x = x1 + · · ·+ xk with xi ∈ Ki, we have
xi ∈ Bεi ∩Ki for i = 1, . . . ,k.

(b) The cones {Ki}k
i=1, are of the opposite sense, if there exists nontrivial vectors {xi}n

i , that
is (x1, . . . ,xk) 6= (0, . . . ,0), xi ∈ Ki, such that x1 + x2 + · · ·+ xk = 0.

Remark 2.2. It follows from the above definitions that the cones of same sense and the cones of
opposite sense do not intersect. Furthermore, any subsystem of a system of the cones the same
sense is of the same sense, and if a subsystem is of the opposite sense, then the whole system is
also of the opposite sense. Moreover, if cones K1 and K2 are subspaces, and if K1∩K2 contains
a nonzero element, the these cones are of the opposite sense.
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We also need to formulate the following notion:

Definition 2.3. A system of sets {Ω1,Ω2, . . . ,Ωn} is called optimally positioned, if for any
z ∈Ω1∩Ω2∩·· ·∩Ωn, we have

T (Ω1∩Ω2∩·· ·∩Ωn,z) = T (Ω1,z)∩T (Ω2,z)∩·· ·∩T (Ωn,z). (1)

Conditions ensuring (1) are available in [15] (see also [2]).
Finally, we conclude this section by recalling the following important result.

Theorem 2.1. [14] Let Ξ be a normed space, let {Ki}k
i=1, be a system of cones in Ξ. Assume

that the following conditions holds:

(a) The cones K1, . . . ,Kp ⊂ Ξ are open and convex with vertices at 0.

(b) The cones Kp+1, . . . ,Kk ⊂ Ξ are closed and convex with vertices at 0.

(c) The (positive) dual cones K∗p+1, . . . ,K
∗
k to Kp+1, . . . ,Kk are either of the same sense or the

opposite sense.

Then the following two statement are equivalent:

(i)
k⋂

i=1

Ki = /0.

(ii) There exists linear, continuous functionals fi ∈ K∗i for i = 1, . . . ,k, not all simultaneously
zero, such that

f1 + · · ·+ fk = 0.

3 First-Order Generalized Dubovitskii-Milyutin Approach

We begin by introducing the following notions.

Definition 3.1. Let X and Y be normed spaces and let R : X ⇒Y be a set-valued map. The map
R is called locally convex at (x̄, ȳ)∈ graph(R), if the lower Dini derivative DlR(x̄, ȳ) of R at (x̄, ȳ)
is a convex set-valued map. The map R is called regular at (x̄, ȳ) ∈ graph(R), if additionally R
is strict and the weak-inverse image DlR(x̄, ȳ) with respect to an open cone is an open cone.

Given A⊂ R and b ∈ R, by the inequality A≥ b we understand that a≥ b for every a ∈ A.
With this convention in mind we are ready to give the promised multiplier rule.

Theorem 3.1. Let (x̄, ȳ)∈ graph(F) be a local weak-minimizer of (P) and let z̄i ∈Gi(x̄)∩(−Ci)

where i ∈ I := {1,2, . . . ,m}. Let there exist an open convex cone L⊆ IT (Q, x̄). Assume that the
sets {H j[−D j]

−}n
j=1 are optimally positioned. Assume that M j := T (H j[−D j]

−, x̄) for j ∈ J
are convex and {M∗j }n

j=1 are either of the same sense or the opposite sense. Let F be regular
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at (x̄, ȳ) and let Gi be regular at (x̄, z̄i) for i ∈ I. Then there exist functionals s ∈ L∗, t ∈ C∗,
ui ∈ (T (Ci,−z̄i))

∗, v j ∈M∗j , not all zero, such that ui(z̄i) = 0. Moreover, the following inequality
holds for every x ∈ X :

t ◦DlF(x̄, ȳ)(x)+u1 ◦DlG1(x̄, z̄1)(x)+ · · ·+um ◦DlGm(x̄, z̄m)(x)≥ s(x)+ v1(x)+ · · ·+ vn(x).
(2)

We shall divide the proof in several lemmas. Although some of them of based on our
previous works (see [8, 11]), for the sake of completeness we give shorter proofs here. We
begin with the following:

Lemma 3.1. Let (x̄, ȳ) ∈ graph(F) be a local weak-minimizer to (P). Then:

U
⋂

Q
⋂

F [ȳ− int(K)}]−
m⋂

i=1

Gi[−Ci]
−

n⋂
j=1

H j[−D j]
− = /0, (3)

where U is a neighborhood of x̄ corresponding to the definition of the local weak-minimality.

Proof. Assume that there exists

x ∈U
⋂

Q
⋂

F [ȳ− int(K)}]−
m⋂

i=1

Gi[−Ci]
−

n⋂
j=1

H j[−D j]
−.

From the containment

x ∈ Q
m⋂

i=1

Gi[−Ci]
−

n⋂
i=1

Hi[−Di]
−,

we notice that x ∈ Q and for all i ∈ I and all j ∈ J, we have

Gi(x)∩−Ci 6= /0,

H j(x)∩−D j 6= /0,

which ensures that x is a feasible point. Furthermore, from the containment

x ∈U ∩F [ȳ− int(K)}]−,

we obtain that there exists x ∈U, a neighborhood of x̄, such that

F(x)∩ (ȳ− int(K)) 6= /0.

This, however, in view of the feasibility of x, contradicts the local weak-minimality of (x̄, ȳ).

We can employ the above notion to give the following:

Lemma 3.2. Let (x̄, ȳ) ∈ graph(F) be a local minimizer to (P). Assume that the sets H j[−D j]
−

for j ∈ J, are optimally positioned. Then:

IT (Q, x̄)
⋂

IT (F [ȳ− int(K)]−, x̄)
m⋂

i=1

IT (Gi[−Ci]
−, x̄)

n⋂
j=1

T (H j[−D j]
−, x̄) = /0. (4)
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Proof. In view of Lemma 3.1 and the properties of the interiorly contingent cones and the
contingent cones stated in Remark 2.1, we obtain

IT (Q, x̄)
⋂

IT (F [ȳ− int(K)]−, x̄)
m⋂

i=1

IT (Gi[−Ci]
−, x̄)

⋂
T (

n⋂
j=1

H j[−D j]
−, x̄)) = /0.

The assertion then follows by the assumption that the sets H j[−D j]
− for j ∈ J are properly

positioned and hence

T (
n⋂

j=1

H j[−D j]
−, x̄)) =

n⋂
j=1

T (H j[−D j]
−, x̄).

Lemma 3.3. [8, 11] Let X and Y be normed spaces, let F : X ⇒ Y be a set valued map and let
(x̄, ȳ) ∈ graph(F). Let K be an open and convex cone. Then:

DlF(x̄, ȳ)[−int(K)]− ⊆ IT (F [ȳ− int(K)]−, x̄).

Proof. Let x ∈ DlF(x̄, ȳ)[−int(K)]− be arbitrary. Therefore, there exists y ∈ DlF(x̄, ȳ)(x)∩
−int(K). Let (xn) ⊂ X and (λn) ⊂ P be arbitrary sequences such that xn → x and λn ↓ 0. It
suffices to show that there exists m ∈N such that x̄+λnxn ∈ F [ȳ− int(K)]− for every n≥m. By
the definition of DlF(x̄, ȳ)(·), there exist (yn)⊂ Y with yn→ y and n1 ∈ N such that ȳ+λnyn ∈
F(x̄+ λnxn) for every n ≥ n1. Since y ∈ −int(K) and yn → y, there exists n2 ∈ N such that
λnyn ∈ −int(K) for every n ≥ n2. This implies that ȳ+λnyn ∈ F(x̄+λnxn)∩ (ȳ− int(K)) for
n≥m :=max{n1,n2}. Hence for the sequences (xn) and (λn) we have x̄+λnxn ∈F [ȳ− int(K)]−

for n≥m. This is equivalent to saying that x∈ IT (F [ȳ− int(K)]−, x̄). The proof is complete.

Lemma 3.4. [8, 11] Let X and Z be normed spaces, let G : X ⇒ Z be a set valued map and let
(x̄, z̄) ∈ graph(G). Let A⊂ Z with int(A) 6= /0. Then the following holds:

DlG(x̄, z̄)[IT (−A, z̄)]− ⊆ IT (G[−A]−, x̄).

Proof. Let u ∈ DlG(x̄, z̄)[IT (−A, z̄)]− be arbitrary. Let (un) ⊂ X and (λn) ⊂ P be arbitrary se-
quences such that un→ u and λn ↓ 0. It suffices to show that there exists m ∈ N such that x̄+
λnun ∈G[−A]− for every n≥m. Since u∈DlG(x̄, z̄)[IT (−A, z̄)]−, there exists v∈DlG(x̄, z̄)(u)∩
IT (−A, z̄). Therefore, there are a sequence (vn)⊂ Z and an integer n1 ∈N such that vn→ v and
z̄+λnvn ∈G(x̄+λnun) for every n≥ n1. Because of the containment v ∈ IT (−A, z̄) there exists
n2 ∈ N such that z̄+λnvn ∈ −A for every n≥ n2. Therefore we have z̄+λnvn ∈ G(x̄+λnun)∩
(−A) for every n≥ m := max{n1,n2}. Consequently u ∈ IT (G[−A]−, x̄).

Lemma 3.5. [8, 11] Let X and Y be normed spaces, let D ⊆ X be convex and let A ⊂ Y be a
solid closed convex cone. Let T : D ⇒ Y be a A-convex set-valued map. If T [−int(A)]− 6= /0,
then for every p ∈ P� where P := T [−A]−, there exists t ∈ A∗ such that
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t ◦T (x)≥ p(x) for every x ∈ D.

If T [−int(A)]− = /0, then there exists t ∈ A∗\{0Y ∗} such that

t ◦T (x)≥ 0 for every x ∈ D.

Proof. We begin with the case when the set T [−int(A)]− is nonempty. Then the (negative)
dual P� of P := T [−A]− is also nonempty. We choose p ∈ P� arbitrarily and define a set E :=
{(y, p(x)) ∈ Y ×R | y ∈ T (x)+A, x ∈ D}. In view of the assumptions that D is convex, T is A-
convex and p∈Y ∗, we deduce that E is a convex set. Indeed, let (y1,z1),(y2,z2)∈E be arbitrary.
Then by the definition of E, for i= 1,2, there exists xi ∈X with zi = p(xi) and yi ∈ T (xi)+A. For
λ ∈ (0,1], we have λ z1 +(1−λ )z2 = p(λx1 +(1−λ )x2). Further, in view of the A-convexity
of T, we have λy1 +(1−λ )y2 ∈ λT (x1)+(1−λ )T (x2)+A⊆ T (λx1 +(1−λ )x2)+A. This,
in view of the convexity of the set D, implies that λ (y1,z1)+(1−λ )(y2,z2) ∈ E.

Next, we claim that E ∩ (−int(A)×P) = /0. In fact, if this is not the case, then there exists
(x,y) ∈ X ×Y such that y ∈ (T (x)+A)∩ (−int(A)) and p(x) > 0. Let w ∈ T (x) be such that
y ∈ w+A. Then w ∈ y−A ⊂ −int(A)−A = −int(A). This however contradicts that p ∈ P�.
Therefore E ∩ (−int(A)×P) = /0 and hence by a separation theorem, we get the existence of
( f ,g) ∈ Y ∗×R\{0Y ∗,0} and a real number α such that we have

f (u)+g(v) ≥ α for every (u,v) ∈ E (5)

f (c)+g(d) < α for every (c,d) ∈ −int(A)×P. (6)

Since A is a cone, we can set α = 0 in (5) and (6). By taking d ∈ P arbitrary close to 0 and
c∈−int(A) arbitrary close to 0Y , we obtain f ∈ A∗ and g≤ 0, respectively. We claim that g< 0.
Indeed, if g = 0, we get f (c) < 0 for every c ∈ −int(A) and f (u) ≥ 0 for every u ∈ T (D)+A.
This, however is impossible because we have (T (D)+A)∩ (−int(A)) 6= /0. Therefore g < 0.
Moreover, from (5), for every x ∈D we have f ◦ (T +A)(x)≥−(g · p)(x). By setting t = (− f/
g) ∈ A∗ and noticing that 0Y ∈ A, we finish the proof of the first part.

For the second part, we notice that if T (−int(A)) = /0, we have T (D)∩−int(A) = /0 and
hence by the arguments similar to those given above we can prove the existence of t ∈ A∗\{0Y}
such that t ◦T (x)≥ 0 for every x ∈ D.

Proof of Theorem 3.1. Notice that the equation

IT (Q, x̄)
⋂

IT (F [ȳ− int(K)]−, x̄)
m⋂

i=1

IT (Gi[−Ci]
−, x̄)

n⋂
j=1

T (H j[−D j]
−, x̄) = /0,

in view of the inclusions

DlF(x̄, ȳ)[−int(K)]− ⊆ IT (F [ȳ− int(K)]−, x̄)

DlGi(x̄, z̄)[IT (−Ci, z̄i)]
− ⊆ IT (G[−Ci]

−, x̄),
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that follow from Lemma 3.3 and Lemma 3.4 (by choosing A =Ci and G = Gi) ensure that

IT (Q, x̄)
⋂

DlF(x̄, ȳ)[−int(K)]−
m⋂

i=1

DlGi(x̄, z̄i)[IT (−Ci, z̄i)]
−

n⋂
j=1

T (H j[−D j]
−, x̄) = /0.

We define

Φ := DlF(x̄, ȳ)[−int(K)]−

Ψi := DlGi(x̄, z̄i)[IT (−Ci, z̄i)]
−.

We shall prove the theorem by analyzing the three possibilities, namely:

(i) Φ = /0;

(ii) Ψi = /0 for some i ∈ I;

(iii) Φ 6= /0 and Ψi 6= /0 for every i ∈ I.

We begin with case (i). Since Φ = /0, we can apply Lemma 3.5 for

T := DlF(x̄, ȳ) : X ⇒ Y, D := X , A := K

such that there exists t ∈ K∗\{0Y ∗} with

t ◦DlF(x̄, ȳ)(x)≥ 0, for every x ∈ X .

By choosing s = 0X∗, ui = 0Z∗i , for every i ∈ I, and v j = 0W ∗j , for every j ∈ J, we obtain the
desired result.

For case (ii), let there exist i ∈ I such that Ψi = /0. Then again by invoking Lemma 3.5 with

T := DlGi(x̄, z̄i) : X ⇒ Zi (i ∈ I), D := X , A := T (Ci,−z̄i),

we obtain ui ∈ (T (Ci,−z̄i))
∗\{0Z∗i } such that

(ui ◦DGi(x̄, z̄i))(x)≥ 0, for every x ∈ X .

By setting s = 0X∗, v j = 0W ∗ for every j ∈ J, and u j = 0Z∗j , i 6= j ∈ I, we obtain (2). For
ui(Ci + z̄i) ≥ 0, it suffices to notice that in view of the convexity of Ci, we have T (Ci,−z̄i) ⊇
Ci + z̄i and hence ui(z+ z̄i)≥ 0 for every z ∈Ci.

Finally, we consider the case (iii). Since (x̄, ȳ) is a local-minimizer of (P), it follows from
Lemma 3.2 and the imposed conditions that we have

L
⋂

Φ

m⋂
i=1

Ψi

n⋂
j=1

M j = /0.
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Since L, Φ, Ψi, (i∈ I) and M j, ( j ∈ J) are all nonempty, we can apply Theorem 2.1 to assure
the existence of

` ∈ L∗

`0 ∈ (DlF(x̄, ȳ)[−int(K)]−)∗

`i ∈ (DlGi(x̄, z̄i)[IT (−Ci, z̄i)]
−)∗, i ∈ I

`m+ j ∈ M∗j , j ∈ J

such that
−`− `0− `1− `2−·· ·− `m− `m+1−·· ·− `m+n = 0. (7)

Now, in the case Φ 6= /0 in view of Lemma 3.5 for

T := DlF(x̄, ȳ) : X ⇒ Y, D := X , A := K

we get the existence of functionals t ∈C∗ such that for all x ∈ X and −`0 ∈ (DlF(x̄, ȳ)[−Q]−)�

the following inequality holds

(t ◦DlF(x̄, ȳ))(x)≥−`0(x). (8)

Analogously, in the case Ψ 6= /0 with Lemma 3.5 for

T := DlGi(x̄, ȳ) : X ⇒ Zi (i ∈ I), D := X , A := T (Ci,−z̄i)

we get the existence of functionals ui ∈ (T (Ci,−z̄i))
∗ such that for all x ∈ X and

−li ∈ (DlGi(x̄, z̄i)[T (−Ci, z̄i)]
−)� the inequality

(ui ◦DlGi(x̄, z̄i))(x)≥−`i(x), i ∈ I (9)

holds.
Combining of the above inequalities (8) and (9) with (7) and setting s = ` and v j = `m+ j

with j ∈ J yield (2). This completes the proof.

Remark 3.1. It is of interest to obtain optimality conditions that involve derivatives of the set-
valued map H j with j ∈ J. In this regard, when H j are suitable single-valued maps, then some
variants of the well-known Lyusternik theorem can be used.

4 Second-Order Generalized Dubovitskii-Milyutin Approach

We now discuss the second-order analogues of the results obtained in the previous section. We
begin with by recalling some second-order tangent cones.

Definition 4.1. Let Ξ be a real normed space, let Ω⊂ Ξ be nonempty and let w ∈ Ξ.
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1. The second order asymptotic tangent cone T̃ 2(Ω, z̄,w) of Ω at z̄ ∈ cl(Ω) in the direction
w ∈ Ω is the set of all z ∈ Ω such that there are a sequence (zn) ⊂ Ξ with zn→ z and a
sequence (sn, tn)⊂ P×P with (sn, tn) ↓ (0,0) and sn/tn→ 0 so that z̄+ snw+ sntnzn ∈Ω.

2. The second order asymptotic adjacent cone K̃2(Ω, z̄,w) of Ω at z̄ ∈ cl(Ω) in the direction
w ∈ Ω is the set of all z ∈ Ω such that for every sequence (sn, tn) ⊂ P×P with (sn, tn) ↓
(0,0) and sn/tn→ 0 there exists a sequence (zn)⊂Ξ with zn→ z and z̄+snw+sntnzn ∈Ω.

3. The interior second order adjacent cone ĨT
2
(Ω, z̄,w) of Ω at z̄ ∈ cl(Ω) in the direction

w∈Ξ is the set of all z∈Ξ such that for every sequence (zn)⊂Ξ with zn→ z and for every
sequence (sn, tn)⊂ P×P with (sn, tn) ↓ (0,0) and sn/tn→ 0 we have z̄+snw+sntnzn ∈Ω,

for sufficiently large n.

Remark 4.1. We notice that T̃ 2(S, z̄,w) and K̃2(S, z̄,w) are closed cones, whereas ĨT
2
(S, z̄,w)

is an open cone. We refer the reader to an interesting and timely survey by Giorgi, Jimenez,
and Novo [7] that contains significant details of the asymptotic cones mentioned above ( see
also [19]). We also remark that second-order contingent sets and second-order adjacent sets
(see [7]) are more commonly used objects in set-valued and nonsmooth optimization. However,
their asymptotic analogues, being cones, are more suitable for our approach

In the following definition, we recall the notion of the second-order asymptotic derivative,
and being inspired by the lower Dini derivative and its usefulness in the preset approach, we
also introduce the second-order lower Dini asymptotic derivative.

Definition 4.2. Let F : X ⇒ Y be set-valued, let (x̄, ȳ) ∈ graph(F), and let (ū, v̄) ∈ X×Y.

(i) The second order asymptotic derivative of F at (x̄, ȳ) in the direction (ū, v̄) is the set-
valued map D2F(x̄, ȳ, ū, v̄) : X ⇒ Y defined by

D2F(x̄, ȳ, ū, v̄)(x) :=
{

y ∈ Y | (x,y) ∈ T̃ 2(graph(F),(x̄, ȳ),(ū, v̄))
}
.

(ii) The second-order lower Dini asymptotic derivative of F at (x̄, ȳ) in the direction (ū, v̄)
is the set-valued map D2

l F(x̄, ȳ, ū, v̄) : X ⇒ Y such that (x,y) ∈ graph(D2
l F(x̄, ȳ, ū, v̄)) if

and only if for every (xn) ⊂ X with xn→ x and for every sequence (sn, tn) ∈ P×P with
(sn, tn)→ 0, and sn/tn → 0, there exists a sequence (yn) ⊂ Y with yn → y and integer
m ∈ N such that ȳ+ snv̄+ sntnyn ∈ F(x̄+ snū+ sntnxn) for every n≥ m.

We begin with the following necessary optimality condition for Problem (P):

Theorem 4.1. Let (x̄, ȳ)∈ graph(F) be a local weak minimizer of (P). Let (ū, v̄)∈ graph(DF(x̄, ȳ)).
Then

ĨT
2
(Q, x̄, ū)

⋂
D2

l F(x̄, ȳ, ū, v̄)[IT (−K, v̄)]−
m⋂

i=1

ĨT
2
(Gi[−Ci]

−, x̄, ū)
⋂

T̃ 2(
n⋂

j=1

H j[−D j]
−, x̄, ū)= /0.

(10)

11



Proof. Since (x̄, ȳ) is a local weak-minimizer of (P), there exists a neighborhood U of x̄ such
that

F(S∩U)∩ ({ȳ}− int(K)) = /0. (11)

We will show that if (10) fails then the above criteria for the weak-minimality will be violated.
For the sake of argument, we assume that there exists an x ∈ X such that

x∈ ĨT
2
(Q, x̄, ū)

⋂
D2

l F(x̄, ȳ, ū, v̄)[IT (−K, v̄)]−
m⋂

i=1

ĨT
2
(Gi[−Ci]

−, x̄, ū)
⋂

T̃ 2(
n⋂

j=1

H j[−D j]
−, x̄, ū).

In view of the containment x ∈ T̃ 2(
⋂n

j=1 Hi[−Di]
−, x̄, ū), and the definition of the second order

asymptotic tangent cone, we ensure that there are a sequence (xn) ⊂ X with xn → x and a
sequence (sn, tn)⊂ P×P with (sn, tn) ↓ (0,0) and sn/tn→ 0 so that for every n ∈ N, we have

x̄+ snū+ sntnxn ∈
n⋂

j=1

H j[−D j]
−,

implying that
H j(x̄+ snū+ sntnxn)∩−D j 6= /0, ∀ j ∈ J.

Furthermore, due to the containment x ∈ ĨT
2
(Gi[Ci]

−, x̄, ū), and the facts that xn→ x, (sn, tn) ↓
(0,0) and sn/tn→ 0, we ensure the existence of n1 ∈ N such that

x̄+ snū+ sntnxn ∈ Gi[−Ci]
−, for every n≥ n1, for every i ∈ I,

or equivalently

Gi(x̄+ snū+ sntnxn)∩−Ci 6= /0, for every n≥ n1, for every i ∈ I. (12)

Moreover, since x ∈ D2
l F(x̄, ȳ, ū, v̄)[IT (−K, v̄)]−, there exists y ∈ IT (−K, v̄) such that

(x,y) ∈ graph(D2
l F(x̄, ȳ, ū, v̄)).

This, in view of the definition of the derivative D2
l F(x̄, ȳ, ū, v̄) and the sequences (sn, tn), ensure

that there are a sequence (yn)⊂ Y and an integer n2 ∈ N such that

ȳ+ snv̄+ sntnyn ∈ F(x̄+ snū+ sntnxn).

Since y ∈ IT (−int(K), v̄), tn ↓ 0 and yn→ y, it follows from the definition of the interior tangent
cones that there exists n3 ∈ N such that for n≥ n3, we have

v̄+ tnyn ∈ −int(K).

Using the fact that sn > 0, we obtain that

ȳ+ snv̄+ sntnyn ∈ ȳ− int(K). (13)
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Finally, from the containment x ∈ ĨT
2
(Q, x̄, ū) and the definition of sequences (xn) and (sn, tn),

we infer that there exists an integer n4 ∈ N such that for every n > n4, we have

x̄+ snū+ sntnxn ∈U ∩Q.

Therefore, we have shown that for every n≥max{n1,n2,n3,n4} there are

un := x̄+ snū+ sntnxn ∈ Q∩U,

satisfying the constraints such that

F(un)∩ (ȳ− int(K)) 6= /0.

This however contradicts the weak optimality of (x̄, ȳ). The proof is complete.

To obtain a variant of the above optimality condition that involves the derivative of the maps
Gi for i ∈ I, as well, we need the following:

Theorem 4.2. Let X and Y be normed spaces, let G : X → Z be a set-valued map, let (x̄, z̄) ∈
graph(G) and let (ū, w̄) ∈ graph(DlG(x̄, z̄)). Let A ⊂ Z with int(A) 6= /0. Then the following
inclusion holds:

D2
l G(x̄, z̄, ū, w̄)[ĨT

2
(−A, z̄, w̄)]− ⊂ ĨT

2
(G[−A]−, x̄, ū) (14)

Proof. Let x ∈ D2
l G(x̄, z̄, ū, w̄)[ĨT

2
(−A, z̄, w̄)]− be arbitrary. Choose arbitrary sequences (xn)⊂

X with xn→ x, and (sn, tn)⊂ P×P with (sn, tn) ↓ (0,0) and sn/tn→ 0. It suffices to show that
there exists m ∈ N such that

x̄+ snū+ sntnxn ∈ G[−A]−

for every n≥ m. Since x ∈ D2
l G(x̄, z̄, ū, w̄)[ĨT

2
(−A, z̄, w̄)]−, there exists

z ∈ D2
l G(x̄, z̄, ū, w̄)(x)∩ ĨT

2
(−A, z̄, w̄).

Therefore, there are a sequence (zn)⊂ Z and an integer n1 ∈ N such that zn→ z and

z̄+ snw̄+ sntnzn ∈ G(x̄+ snū+ sntnxn)

for every n ≥ n1. Because of the containment z ∈ ĨT
2
(−A, z̄, w̄) there exists n2 ∈ N such that

z̄+ snw̄+ sntnzn ∈ −A for every n≥ n2. Therefore we have

z̄+ snw̄+ sntnzn ∈ G(x̄+ snū+ sntnxn)∩ (−A)

for every n≥ m := max{n1,n2}. Consequently x ∈ ĨT
2
(G[−A]−, x̄, ū).

Combining the above two results, we obtain the following optimality condition:
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Theorem 4.3. Let (x̄, ȳ)∈ graph(F) be a local weak minimizer of (P). Let (ū, v̄)∈ graph(DF(x̄, ȳ)).
Let (x̄, z̄i) ∈ graph(Gi), let ū ∈ ∩m

i=1dom(DlGi(x̄, z̄i)), and let w̄i ∈ DlGi(x̄, z̄i)(ū). Then

ĨT
2
(Q, x̄, ū)

⋂
D2

l F(x̄, ȳ, ū, v̄)[IT (−K, ū)]−
m⋂

i=1

D2
l Gi(x̄, z̄i, ū, w̄i)[ĨT

2
(−Ci, z̄, w̄i)]

−⋂ T̃ 2(
n⋂

j=1

H j[−D j]
−, x̄, ū)= /0.

(15)

Remark 4.2. The above theorem can be combined with the techniques of the previous section
to obtain second-order multiplier rules. A high-order generalization of the Lyusternik theorem
can be used to include the derivatives of H j for some specific case (see [16]).
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