Explicit two-step peer methods

Rüdiger Weiner,^∗ Katja Biermann,^† Bernhard A. Schmitt,^‡ Helmut Podhaisky^§

October 21, 2005

Abstract

We present the new class of explicit two-step peer methods for the solution of nonstiff differential systems. A construction principle for methods of order p = s, s the number of stages, with optimal zero-stability is given. Two methods of order p = 6, found by numerical search, are tested in Matlab on several representative nonstiff problems. The comparison with ODE45 confirms the high potential of the new class of methods.

Keywords. Explicit peer methods, nonstiff ODE systems, stability region, general linear methods.

1 Introduction

Many efficient methods have been developed for the numerical solution of ordinary differential equations

y^′ = f(t, y), y(t_0) = y_0 ∈ R^n, t ∈ [t_0, t_e]. (1)

The most important classes of methods are one-step and multistep methods and efficient computer codes from each of these classes are widely available. To these belong the one-step code DOPRI5(4), which is also the basis of the MATLAB routine ODE45 [15], and the multistep code VODE [4]. The respective advantages of one-step and multistep methods are well known, cf. the text book of Hairer, Nørsett and Wanner [7]. With parallel implementation in mind the new class of peer methods has been introduced by some of the authors in a series of papers, e.g. [12], [13], [14], which concentrated on stiff problems and linearly-implicit and

∗Fachbereich Mathematik und Informatik, Universität Halle, D-06099 Halle, Germany (weiner@mathematik.uni-halle.de).

†Institut für Mathematik, TU Berlin, D-10623 Berlin, Germany (biermann@math.TU-Berlin.de). ‡Fachbereich Mathematik und Informatik, Universität Marburg, D-35032 Marburg, Germany (schmitt@mathematik.uni-marburg.de).

§Fachbereich Mathematik und Informatik, Universität Halle, D-06099 Halle, Germany (podhaisky@mathematik.uni-halle.de).

implicit two-step methods. The new feature of peer methods is that they possess several stages like Runge-Kutta-type methods, but all of these stages have the same properties and no extraordinary solution variable is used. These methods combine positive features of both Runge-Kutta and multistep methods having good stability properties and no order reduction for very stiff systems. In numerical tests on parallel computers they were rather efficient, e.g. [17], [14], and also in sequential computing environments they were competitive with standard codes [11].

In this paper we now discuss explicit two-step peer methods for nonstiff problems and concentrate on non-parallel methods. “Classical” explicit two-step Runge-Kutta schemes have been considered for instance by Jackiewicz/Zennaro [8] and Tracogna/Welfert [16], and in the context of general linear methods by Jackiewicz/Tracogna [9] and Wright [18]. Numerical results of certain parallel explicit two-step methods are given in [5].

The paper is organized as follows: In Section 2 we formulate the new class of explicit two-step peer methods as special case of linearly-implicit peer methods. In this paper we discuss a general class containing parallel and sequential methods.

In Section 3 we give order results using simplifying conditions and consider stability properties. By a special choice of coefficients we ensure optimal zero-stability for arbitrary stepsize sequences and avoid some of the theoretical difficulties of linearly implicit peer methods, see [14]. We describe a strategy for the construction of zero stable methods of order p = s.

Section 4 is devoted to the numerical search for good methods using the remaining free coefficients. We present two methods of order p = 6 with 6 stages and display their stability regions. Furthermore, we discuss the implementation of the methods with stepsize control.

Numerical results of a MATLAB code for several widely accepted nonstiff test problems are reported in Section 5. Comparisons with the MATLAB code ODE45 show the efficiency of the proposed methods.

Finally we give some conclusions and an outlook for future work.

2 Derivation of the methods

We start with the linearly-implicit two-step peer methods from [14]. In each time step from t_m to t_{m+1} = t_m + h_m solutions Y_{mi} ∼= y(t_{mi}), i = 1, . . . , s, are computed as approximations at the points t_{mi} := t_m + h_mc_i, i = 1, . . . , s, (2)

by the formula

(I − γ_ih_mT_m)Y_{mi} = s� j=1 � b_{ij}I + h_mγ_{ij}T_m � Y_{m−1,j} + h_m s� j=1 a_{ij}f � t_{m−1,j} , Y_{m−1,j} � . (3)

Here the reals γ_i > 0, b_{ij}, γ_{ij} , a_{ij} are the parameters of the method.

For stiff problems T has to be an approximation to the Jacobian f_y. By setting T = 0 we obtain an explicit method, which can be applied to nonstiff systems. Obviously, the s stages of the method can be computed in parallel on s processors since information from the previous time step only is used. In this paper however we will not focus on parallel methods. Therefore, like in explicit Runge-Kutta schemes, it is natural to use also the previously computed stage values from the present step:

Y_{mi} = s� j=1 b_{ij}Y_{m−1,j} + h_m s� j=1 a_{ij}f(t_{m−1,j}, Y_{m−1,j} ) + i−1� j=1 q_{ij}Y_{m,j}

+ h_m i−1� j=1 r_{ij} f(t_{m,j}, Y_{m,j} ), i = 1, ..., s.

With the notations

Y_m = (Y_{mi})^s_{i=1} ∈ R^{sn}, F (Y_m) = (f(Y_{mi}))^s_{i=1}, A = (a_{ij}), B = (b_{ij}), Q = (q_{ij}), R = (r_{ij})

the methods can be written in the compact form (for simplicity for autonomous equations)

Y_m = (B ⊗ I)Y_{m−1} + h_m(A ⊗ I)F (Y_{m−1}) + (Q ⊗ I)Y_m + h_m(R ⊗ I)F (Y_m),

where Q und R are strictly lower triangular matrices.

In the following, for ease of representation only, we consider scalar equations. By replacing the coefficient matrices according to

B := (I − Q)^{−1}B, A, R analogously

these methods simplify to

Y_m = BY_{m−1} + h_mAF (Y_{m−1}) + h_mRF (Y_m). (4)

Remark 1 Sequential linearly-implicit two-step methods were considered in [11], however (4) differs from that class when T = 0 is used there. □

Note, that the coefficients B, A, R in (4) will in general depend on the stepsize ratio

σ_m = h_m/h_{m−1}. (5)

For simplicity we drop this dependence in the notation by writing B instead of B_m and so on. It remains to find appropriate coefficients c, B, A and R such that the method has high order and good stability properties. In linearly-implicit two-step methods (3) optimal damping at infinity was ensured by the choice Γ = −A and the other coefficients were chosen to give order p = s − 1, uniform zero-stability and L(α)-stability with large α, see [14]. For explicit methods we will now follow a different strategy. At first, by prescribing a special structure for B being independent of σ, we guarantee zero-stability. Then, we determine the other coefficients with respect to high order and a relatively large stability region.

3 Order and stability

Analogously to [14] the accuracy of the method may be analyzed in a standard way by considering the residuals Δ_{mi} obtained when the exact solution is put into the method:

h_mΔ_{mi} := y(t_{mi}) − s� j=1 b_{ij}y(t_{m−1,j}) − h_m s� j=1 a_{ij}y^′(t_{m−1,j})

− h_m i−1� j=1 r_{ij}y^′(t_{mj}), i = 1, . . . , s.

With the simplifying condition AB(q)

AB(q) : c^l_i − s� j=1 b_{ij}

(c_j − 1)^l

σ^l − l s� j=1 a_{ij}

(c_j − 1)^{l−1} σ^{l−1} − l i−1� j=1 r_{ij}c^{l−1}_j = 0, (6)

l = 0, ..., q − 1, i = 1, ..., s,

using Taylor expansion we obtain analogously to [12] the following theorem.

Theorem 1 Let AB(p + 1) be satisfied. Then it holds Δ_{mi} = O(h^p_m), i.e. the method is of order p. □

For a method of order p ≥ s − 1 the coefficients therefore have to satisfy � � � 1 c_1 · · · c^s_1 . . . . 1 c_s · · · c^s

� � � − B � � � 1 c_1 − 1 · · · (c_1 − 1)^s . . . . 1 c_s − 1 · · · (c_s − 1)^s

� � � ^S^{−1} (7)

− A � � � 0 1 · · · (c_1 − 1)^{s−1} . . . . 0 1 · · · (c_s − 1)^{s−1}

� � � ^D � 0 0 0 S^{−1} � − R � � � 0 1 · · · c^{s−1}_1 . . . . 0 1 · · · c^{s−1}_s

� � � ^D = βe^T_{s+1},

with the matrices

D = diag(1, ..., s), ^D = diag(0, 1, ..., s), S = diag(1, σ, ..., σ^{s−1}), ^S = diag(1, σ, ..., σ^s).

The vector β ∈ R^s is arbitrary, however, for β = 0 we have order p = s. From (7) we obtain a method of order p ≥ s − 1 if

B1l = 1l, 1l = (1, ..., 1)^T , (8)

A = (CV_0D^{−1} − RV_0 − 1 s βe^T_s )SV^{−1}_1 − 1 σ B(C − I)V_1D^{−1}V^{−1}_1 , (9)

where we use the notations

V_0 = � c^{j−1}_i

�_s

i,j=1, V1 = � (c_i − 1)^{j−1}

�_s

i,j=1, C = diag(ci).

Absolute stability is discussed with the test equation

y^′ = λy, ℜλ ≤ 0. (10)

Application of method (4) with constant stepsize h yields

Y_m = (I − zR)^{−1}(B + zA)Y_{m−1} =: M(z)Y_{m−1}, z = hλ, (11)

which defines the stability matrix M(z). The boundary of the stability region is characterized by ϱ(M(z)) = 1, where ϱ means the spectral radius of the matrix.

A necessary condition for convergence of the method is zero stability, which means that the spectral radius of M(0) is equal to one and all eigenvalues on the unit circle are simple, cf. [12]. These are restrictions on the coefficient B since (11) yields

M(0) = B.

For an explicit two-step peer method of order p = s many free parameters are left to obtain zero stability and other features. In order to restrict our search for good methods the following choices are made.

1. We set c_s = 1 and use Y_{ms} as approximation for y(t_{m+1}), the other nodes are to the left, c_i < 1, i = 1, ..., s − 1.

2. B is chosen as a constant matrix, i.e. independent of the stepsize ratio, with the following properties

(a) B1l = 1l according to (8), (b) Analogously to Adams methods we will consider methods with optimal zero stability such that B = M(0) has the eigenvalues

λ_1 = 1, λ_2 = ... = λ_s = 0. (12)

3. We define A by (9) with β = 0:

A = (CV_0D^{−1} − RV_0)SV^{−1}_1 − 1 σ B(C − I)V_1D^{−1}V^{−1}_1 . (13)

With these choices the method has order p = s and we avoid the difficulties associated with long products of different matrices, cf. [14]. In fact, since B_m ≡ B is constant there exists a constant K < ∞ such that for any stepsize sequence holds

‖B_{m+k} · · · B_{m+1}B_m‖ = ‖B^{k+1}‖ ≤ K, m, k ≥ 0.

The method is therefore convergent of order p = s also for variable stepsizes.

Explicit two-step peer methods can be written as special general linear methods [3], � Y_m y^{[m]} � = � � R B A R B A I 0 0

� � � hF_m y^{[m−1]} � , by some replication of variables:

y^{[m]} = � Y_m hF_m � .

Stability investigations of general linear methods are very difficult, already for constant stepsizes, since the stability matrix possesses s eigenvalues. This was the reason why Butcher and Wright [2] and Butcher [3] have introduced the concept of inherent Runge-Kutta stability (IRKS), which guarantees that the stability matrix has only one non-zero eigenvalue λ_1(z). This eigenvalue is similar to the stability function of a Runge-Kutta method and in particular it approximates the exponential function

λ_1(z) = e^z + O(z^{p+1}).

By restricting the order to p = s − 1 Wright [18] derives explicit general linear methods with inherent Runge-Kutta stability for nonstiff systems. However, in our opinion IRKS may be rather restrictive, since it may be possible to obtain larger stability regions for general matrices M(z). Furthermore, there is no construction principle available for p = s. Example. For s = 3, p = 2 the stability function of an explicit Runge-Kutta method with optimal stability interval on the real axis is [6], p.130,

R_0(z) = 1 + z + 1 2 z^2 + 1 16 z^3.

Its stability interval is ≈ [−6.4, 0]. In contrast, the explicit two-step peer method with 3 stages of order 2 with the coefficients

c = (−0.52272085472056641, 0.27365754138645715, 1)^T , β = (−0.17809611978032626000, 0.44446116339508443000, 2.96349836247717029000)^T , (14) r_{21} = −0.09159413232682273, r_{31} = −0.57457711150669493, r_{32} = 0.50989353951662779, B = � � 0.07371534039303789 0.35335840725111239 0.57292625235584972 −0.01537801647775663 −0.07371534039303789 1.08909335687079452 0 0 1

� �

has the stability region given in Figure 1, reaching as far as ≈ −21.15 on the real axis.

Hence we will consider methods with order p = s and will not require IRKS. Now, as remaining parameters we have the nodes c_1, ..., c_{s−1}, the lower triangular matrix R and some freedom in the matrix B. A very simple choice

B = 1le^T_s

which clearly satisfies (8) was considered in [1]. For this choice holds B(C − I) = 0 because of c_s = 1 and the expression for A simplifies to

A = (CV_0D^{−1} − RV_0)SV^{−1}_1 .

This fact can also be exploited in the implementation. As we will see below, the vector

Z_m := h_mD^{−1}V^{−1}_1 F (Y_m) (15)

Figure 1: Stability region of method (14).

has a certain meaning and with y_{m+1} = Y_{ms} we may write the time step in the form � � Y_m y_{m+1} Z_m

� � = � � R 1l CV_0 − RV_0D e^T_s R 1 e^T_s (CV_0 − RV_0D) D^{−1}V^{−1}_1 0 0

� � � � � =:N

� � h_mF (Y_m) y_m σ_mSZ_{m−1}

� � . (16)

Obviously, for constant R the matrix N does not depend on the stepsize ratio σ and needs not to be recomputed. The change of stepsize is simply accomplished by scaling the vector Z_{m−1} with the diagonal matrix σ_mS. Putting the exact derivatives y^′(t_m + (c_i − 1)h_{m−1}) for the function values F (Y_{m−1}) into the definition (15) we obtain

Z_{m−1} = h_{m−1}D^{−1}V^{−1}_1 � � � y^′(t_m + (c_1 − 1)h_{m−1}) . . y^′(t_m + (c_s − 1)h_{m−1})

� � � = � � � h_{m−1}y^′(t_m) . . h^s_{m−1} (s−1)! y

(s)(t_m)

� � � + O(h^{s+1}_{m−1}).

So this is simply the Nordsieck vector at t_m with respect to the old stepsize h_{m−1} and scaling with σ_mS in (16) adjusts the stepsize for the new timestep. We thus can interpret (16) as Nordsieck form of this special two-step peer method. In the next section we will use Z_{m−1} to compute an embedded solution for stepsize control. For a detailed discussion of the Nordsieck form of two-step peer methods see [10].

In the aforementioned thesis [1] also the choice B = 1le^T_s + W with a strictly upper triangular matrix W satisfying W 1l = 0 was discussed. A more general ansatz for B will be considered now.

4 Method search and implementation issues

We consider the case p = s = 6 and choose B as constant matrix in the form

B = 1le^T_s + QW Q^{−1}, (17)

with W = � ~W −~W 1l 0^T 0 � , Q = � ~Q (I − ~Q)1l 0^T 1 � . The matrix ~W is strictly upper triangular and ~Q is regular. In fact it is sufficient to consider nonzero elements in the first upper diagonal of ~W only. With this choice (8) and (12) are satisfied. By a random walk optimization we then searched for appropriate coefficients c_1, ..., c_{s−1}, ~W , ~Q and R. Due to the large number of free parameters this is a difficult task and the methods given below may be far from optimal. The coefficients were searched for in the neighbourhood of

c_i = i − 1 s − 1

, i = 1, ..., s, ~W = 0, R = 0, ~Q = I.

As the main criterion in our random search we considered small error constants and required that the right hand side of AB(s + 2) should be small for some σ-interval around one. The sum of 1-norms for σ = 0.8 + 0.03i, i = 0, ..., 21 was used here. Among the computed methods with small error coefficients a further selection was made with respect to

1. an acceptable stability region. For simplicity only the stability interval was computed for equispaced points z along the real axis.

2. small method coefficients. In order to limit the propagation of round-off errors during computation coefficient matrices with moderate norms are required. In [14] methods with small condition of the Vandermonde matrix V_0 have shown to be advantageous. According to (16) the main source of large coefficients is the inverse D^{−1}V^{−1}_1 . In our search we therefore also monitored the value

vmax = max_{i,j} |(D^{−1}V^{−1}_1 )_{ij}|.

We present two methods found in this search. Peer1 is characterized by a smaller value vmax, whereas Peer2 possesses a larger stability interval.

Peer1:

c_1 = −0.01770390142245916, c_2 = 0.16516501573769842, c_3 = 0.34860715432519789, c_4 = 0.56248294653082265, c_5 = 0.78286213656097884, c_6 = 1, r_{21} = 0.61070074583568145, r_{31} = −0.8517020678485627, r_{32} = 0.61458879899440335, r_{41} = 0.45876210425592723, r_{42} = 0.24406335829023736, r_{43} = 0.56950703375000739, r_{51} = −0.22974128518503159, r_{52} = −0.67668748673169174, r_{53} = 0.30010953293359376, r_{54} = 0.52817537128029626, r_{61} − 0.6026613367944304, r_{62} = 0.18876383194059831, r_{63} − 0.19986049206166063, r_{64} = 0.13193964475487591, r_{65} = 0.51653958905093377, b_{11} = 0.0002475844581146, b_{12} = −0.01237865517145417, b_{13} = 0.03244372731149522, b_{14} = 0.01723705850413894, b_{15} = −0.00143340193760978, b_{16} = 0.96388368683531519, b_{21} = 0.00055711351843759, b_{22} = −0.00015932594507341, b_{23} = 0.00722949162026803, b_{24} = −0.00087094478515981, b_{25} = 0.00911183822052122, b_{26} = 0.98413182737100638, b_{31} = −0.00035987165554283, b_{32} = 0.00074637700496433, b_{33} = −0.00158995766506194, b_{34} = 0.00258730440624810, b_{35} = −0.00460224052628880, b_{36} = 1.00321838843568113, b_{41} = 0.00064942550979462, b_{42} = −0.00088568943688745, b_{43} = 0.00394739594025460, b_{44} = −0.00074302571362487, b_{45} = 0.02698458342340990, b_{46} = 0.97004731027705319, b_{51} = 0.00006119550695291, b_{52} = 0.00017940331636687, b_{53} = −0.00040544739055120, b_{54} = −0.00061214302531627, b_{55} = 0.00224472486564561, b_{56} = 0.99853226672690207, b_{61} = 0, b_{62} = 0, b_{63} = 0, b_{64} = 0, b_{65} = 0, b_{66} = 1.

Peer2:

c_1 = −0.00181172751639972, c_2 = 0.23040882079033181, c_3 = 0.42697708485727196, c_4 = 0.59898194159865381, c_5 = 0.79790762834190389, c_6 = 1, r_{21} = 0.69822633662492034, r_{31} = −0.92330274784826672, r_{32} = 0.57508585182876329, r_{41} = 0.72958417504369280, r_{42} = 0.03030801107310688, r_{43} = 0.43687098663414830, r_{51} = −0.33065522354677321, r_{52} = −0.62187309914873915, r_{53} = 0.19461907769296319, r_{54} = 0.47589927912788465, r_{61} = −0.42316357547255231, r_{62} = 0.27274990240324287, r_{63} = −0.18671228442398832, r_{64} = 0.00487974025256928, r_{65} = 0.51917885691767557, b_{11} = 0.00022674290842532, b_{12} = 0.00118055243557665, b_{13} = −0.00548237059603823, b_{14} = 0.02108407322175899, b_{15} = −0.01400182873640206, b_{16} = 0.99699283076667933, b_{21} = −0.00004771568299736, b_{22} = 0.00019067249928068, b_{23} = 0.00770664434518127, b_{24} = −0.00689666210198479, b_{25} = −0.01301778705831074, b_{26} = 1.01206484799883095, b_{31} = −0.00011864014669474, b_{32} = 0.00012542860339340, b_{33} = 0.00016099319579623, b_{34} = −0.01944267859647398, b_{35} = −0.00334107428971509, b_{36} = 1.02261597123369418, b_{41} = 0.00002864604376507, b_{42} = 0.00015588709778739, b_{43} = 0.00004881709139124, b_{44} = −0.00046138985456025, b_{45} = −0.01196937878432601, b_{46} = 1.01219741840594256, b_{51} = −0.00000007590460206, b_{52} = 0.00000431260571033, b_{53} = 0.00008890966992158, b_{54} = −0.00000346963457253, b_{55} = −0.00011701874894198, b_{56} = 1.00002734201248466, b_{61} = 0, b_{62} = 0, b_{63} = 0, b_{64} = 0, b_{65} = 0, b_{66} = 1.

With the matrix A computed by (13) the methods are of order p = s = 6. Figures 2 and 3 show the stability regions of both methods. There also exist methods with even larger stability interval. However, for the nonstiff test problems in Section 5 the larger stability interval was no advantage for these methods. The methods Peer1 and Peer2 were implemented in MATLAB and compared with the MATLAB code ODE45, [15]. ODE45 is based on the explicit Runge-Kutta (4,5) formula of Dormand/Prince [6], which is well-known as DOPRI5 from the book of Hairer, Nørsett and Wanner [7].

Figure 2: Stability region of method Peer1.

With the more general matrix B from (17) the simple Nordsieck form (16) is no longer valid, we get instead � Y_m Z_m � = � R B CV_0 − RV_0D D^{−1}V^{−1}_1 0 0 � � � h_mF_m Y_{m−1} σ_mSZ_{m−1}

� �

− � 0 0 B(C − I)V_1 0 0 0 � � � 0 0 Z_{m−1}

� �

This formula was used in our MATLAB implementation of the Peer methods. The error estimation is performed with respect to the last stage Y_{ms}. With Z_{m−1} according to (15) an embedded solution

^Y_{ms} = Y_{m−1,s} + σ_mS p−1� j=1 Z_{m−1,j}

of order p − 1 is computed and used for stepsize control. The new stepsize h_{new} is computed in classical manner with the restriction 0.2h ≤ h_{new} ≤ 1.5h. Note that by appropriate scaling the Taylor coefficients in Z_{m−1} can be used easily for dense output of order p.

The starting values for the peer methods are computed with a slightly modified version of DOPRI5. To avoid computations with negative stepsizes we proceed as follows: At first we compute Y_{0s} with DOPRI5 by one step with starting stepsize h_D, where h_D is

Figure 3: Stability region of method Peer2.

automatically reduced by the built-in error estimation in DOPRI5, if necessary. Then we compute approximations Y_{0i} for y(t_0 + δ_ih_D), i = 2, ..., s − 1, without stepsize control, where

δ_i = c_i − c_1 1 − c_1 , and set Y_{01} = y_0 since c_1 is the minimal node. This means that the starting interval of the peer method does not begin at t_0 from (1), but it is shifted such that the first node t_1 + (c_1 − 1)h_D coincides with the begin of the interval of integration. For the first step with the peer method starting at t_1 = t_0 + h_D we set h_1 = h_D/(1 − c_1). The computed values Y_{0i} are then just the needed approximations for y(t_1 + (c_i − 1)h_1). Since we use the initial value as very first stage Y_{01} = y_0 we need only 5 computations with DOPRI5. It is possible to reduce the effort for the starting procedure by using the dense output of DOPRI5, but in our tests we did not do this to eliminate possible sources of inaccuracies.

5 Numerical results

We tested the methods Peer1 and Peer2 on several well known test examples for nonstiff systems and compared them with ODE45. The problems are the following:

ORBIT, the orbit problem from [6], p.86, with e = 0.9 and t_e = 20. The reference solution is described there as well.

The other test problems are taken from [7] (with same names and parameters): AREN, BRUS, LRNZ and PLEI.

We have solved these problems with rtol = atol for atol = 10^{−i}, i = 2, ..., 12. In the following figures we present the number of function evaluations (FCN) and the logarithm of the obtained accuracy at the endpoint

ERR = max_{i=1,...,n}

|y_i − y_{ref,i}| 1 + |y_{ref,i}| , where y is the numerical solution and y_{ref} a reference solution which, except for ORBIT, is computed with ODE45 and high accuracy.

Figure 4: Results for ORBIT.

The results show that the explicit two-step peer methods compete well with ODE45. Due to their higher order (obtained with the same number of function evaluations) they perform better than ODE45 at all problems for most tolerances. Especially at LRNZ they are clearly superior. The stepsize control works well for all problems. Sometimes, for very stringent tolerances, the precision of MATLAB is not sufficient and the error levels out at certain accuracies. In computations in Delphi with extended precision up to atol = 10^{−14} this behaviour was not observed.

The smaller stability region of Peer1 does not seem to be a drawback for these nonstiff problems, except for the MOL problem BRUS, where Peer2 is superior for all tolerances.

6 Conclusions

The results show that two-step peer methods are a promising class of numerical methods also for nonstiff problems. It is straightforward to derive s-stage methods of order p = s with

Figure 5: Results for AREN.

optimal zero-stability. However, the determination of free parameters to obtain methods with large stability region and good properties for variable stepsizes is a difficult task. By random walk search we have found two suitable methods which are competitive with established nonstiff solvers like ODE45. A more refined search may still lead to more efficient methods.

Some directions for further investigations are parallel methods (R = 0), methods of even higher order and finally a variable order code.

References

[1] K. Biermann, Explizite Zweischrittmethoden mit Peer-Variablen, Diplomarbeit, MLU Halle- Wittenberg (2005).

[2] J. Butcher and W. Wright, The construction of general linear methods, BIT 43, 695–721 (2003).

[3] J. Butcher, Numerical Methods for Ordinary Differential Equations, John Wiley & Sons, 2003.

[4] P.N. Brown, G.D. Byrne and A.C. Hindmarsh, VODE: a variable coefficient ODE solver, SIAM J. Sci. Stat. Comput. 10, 1039–1051 (1989).

[5] N.H. Cong, H. Podhaisky and R. Weiner, Numerical experiments with some explicit pseudo two-step RK methods on a shared memory computer, Computers & Mathematics with applications 36, 107–116 (1998).

[6] J.R. Dormand, Numerical Methods for Differential equations, CRC Press 1996.

Figure 6: Results for BRUS.

[7] E. Hairer, S.P. Nørsett and G. Wanner, Solving Ordinary Differential Equations, I. Nonstiff Problems, second revised edition, Springer, Berlin, 1993.

[8] Z. Jackiewicz and M. Zennaro, Variable-stepsize explicit two-step Runge-Kutta methods, Math. Comp. 59, 421–438 (1992).

[9] Z. Jackiewicz and S. Tracogna, A general class of Two-Step Runge-Kutta methods for ordinary differential equations, SIAM J. Numer. Anal. 32, 1390–1427 (1995).

[10] H. Podhaisky, B.A. Schmitt, and R. Weiner, Linearly-implicit peer two-step methods and their implementation in Nordsieck-form, to appear.

[11] H. Podhaisky, R. Weiner, and B.A. Schmitt, Rosenbrock-type ‘Peer’ two-step methods , AP- NUM 53, 409–420 (2005).

[12] B.A. Schmitt and R. Weiner, Parallel Two-Step W-methods with Peer Variables, SIAM J. Numer. Anal. 42, 265–282 (2004).

[13] B.A. Schmitt, R. Weiner, and K. Erdmann, Implicit Parallel Peer Methods for stiff initial value problems,APNUM 53, 457–470 (2005).

[14] B.A. Schmitt, R. Weiner, and H. Podhaisky, Multi-implicit peer two-step W-methods for parallel time integration, BIT Numerical Mathematics 45, 197–217 (2005).

[15] L.F. Shampine, and M. W. Reichelt, The MATLAB ODE Suite, SIAM Journal on Scientific Computing 18, 1997, 1–22 (1997).

Figure 7: Results for LRNZ.

[16] S. Tracogna and B. Welfert, Two-Step Runge-Kutta: Theory and Practice, BIT 40, 775–799 (2000).

[17] R. Weiner, B.A. Schmitt, and H. Podhaisky, Parallel ’Peer’ two-step W-methods and their application to MOL systems, Appl. Numer. Math. 48 (2004), 425-439.

[18] W.M. Wright, General Linear Methods with Inherent Runge-Kutta Stability, PhD Thesis, The University of Auckland (2003).

Figure 8: Results for PLEI.