Fredholm properties of abstract parabolic operators in L^p spaces on the real line

Davide Di Giorgio Dipartimento di Matematica, Università di Pisa Via Buonarroti 2, 56127 Pisa, Italy E-mail: digiorgi@mail.dm.unipi.it

Alessandra Lunardi Dipartimento di Matematica, Università di Parma Via D’Azeglio 85/A, 43100 Parma, Italy E-mail: lunardi@unipr.it, www: http://math.unipr.it/∼lunardi

Roland Schnaubelt FB Mathematik und Informatik Martin–Luther–Universität Halle–Wittenberg 06099 Halle, Germany E-mail: schnaubelt@mathematik.uni-halle.de

March 18, 2004

Abstract

We study the operator (Lu)(t) := u^′(t) − A(t)u(t) on L^p(R; X) for sectorial operators A(t), t ∈ R, on a Banach space X which are asymptotically hyperbolic, satisfy the Acquistapace–Terreni conditions and have the property of maximal L^p–regularity. We establish optimal regularity on the time interval R showing that L is closed on its minimal domain. We further give conditions such that L is a semi–Fredholm operator. The Fredholm property is shown to persist under A(t)–bounded perturbations, provided they are compact or have small A(t)–bounds. We apply our results to parabolic systems and to generalized Ornstein–Uhlenbeck operators.

1 Introduction

This paper is devoted to the investigation of the operator u → Lu := u^′ − A(·)u in the space L^p(R; X), 1 < p < ∞, for generators A(t) : D(A(t)) ⊂ X → X, t ∈ R, of analytic semigroups in a Banach space X. The natural domain of L is the space D(L) = {u ∈ W^{1,p}(R; X) : u(t) ∈ D(A(t)) a.e., A(·)u(·) ∈ L^p(R; X)}. Given any f ∈ L^p(R; X), the problem u^′(t) − A(t)u(t) = f(t), t ∈ R, (1.1) differs to a large extent from the Cauchy problem { u^′(t) − A(t)u(t) = f(t), a < t < b, u(a) = x. (1.2)

In treating (1.1), we encounter the same difficulties as in (1.2) as far as local regularity is concerned. But in addition we have to deal with the asymptotic behavior. Under mild regularity assumptions on A(·), a parabolic evolution operator G(t, s), t ≥ s, exists and the unique solution to (1.2) is represented by the familiar variation of constants formula u(t) = G(t, a)x + ∫_t a G(t, s)f(s)ds, a < t < b (at least if f is, say, locally Hölder continuous in t). On the contrary, even in the autonomous case A(t) ≡ A and for finite dimensional X, problem (1.1) may have no solution, solutions may be not unique, and reasonable representation formulas for the solutions, when they do exist, are not available in general. The simplest situation occurs if the evolution operator has an exponential dichotomy with projections {P (s) : s ∈ R} in R. Then problem (1.1) has a unique solution u ∈ L^p(R; X) given by u(t) = ∫_t −∞ G(t, s)(I − P (s))f(s)ds − ∫_{+∞} t G(t, s)P (s)f(s)ds, t ∈ R. This happens, for instance, in the periodic case A(t) = A(t + T ) if the unit circle is contained in the resolvent set of G(T, 0). In the general case, one has an exponential dichotomy, e.g., if the operators A(t) are small perturbations of a fixed hyperbolic operator A. (See [15, 16, 20, 26, 27] and the references therein.) We recall that a closed operator is called hyperbolic if its spectrum does not intersect the imaginary axis.

In this paper we consider the asymptotically hyperbolic case, i.e., we assume that A(t) → A_{±∞} as t → ±∞ for two hyperbolic sectorial operators A_{−∞} and A_{+∞}. Since the domains of A(t) may vary, the above limits have to be understood in the resolvent sense. Then exponential dichotomies exist in the halflines (−∞, −T ] and [T, +∞) for sufficiently large T ≥ 0 by [7, 26, 27].

The difficulties concerning local regularity, shared by problems (1.1) and (1.2), are well understood. We say that the problem (1.2) has maximal regularity of type L^p if for each f ∈ L^p((a, b); X) there is a unique solution u of (1.2) with u(a) = 0 such that u ∈ W^{1,p}((a, b); X), u(t) ∈ D(A(t)) a.e., and A(·)u(·) ∈ L^p((a, b); X). This property implies in particular that the operator L is closed on the above given domain, see corollary 2.6. If A(t) is equal to a fixed sectorial operator A and X is a UMD space, then maximal L^p–regularity is equivalent to the R-boundedness of {ξR(iξ, A − ωI); ξ ∈ R}, due to a theorem by Weis, [30]. We use a nonautonomous version of this result proved by Štrkalj in [28], cf. also [23]. (See Section 2 and also [10] and [18] for details.) For instance, L^q spaces and (fractional) Sobolev spaces W^{α,q} with 1 < q < ∞ are UMD spaces due to e.g. [6, Thm.III.4.5.2]. If Ω is an open set in R^d with smooth boundary and each A(t) is the realization of an elliptic operator in L^q(Ω) with uniformly continuous coefficients and good boundary conditions, then the assumption of R–boundedness holds, see [10] and Section 5.

Concerning asymptotic behavior, we characterize the couples (f, x) ∈ L^p((T, +∞); X) × X such that the solution to u^′(t) = A(t)u(t) + f(t), t > T ; u(T ) = x, belongs to W^{1,p}((T, +∞); X) (theorem 2.4), and the couples (g, y) ∈ L^p((−∞, −T ); X)×X such that the backward problem v^′(t) = A(t)v(t) + g(t), t < −T ; v(−T ) = y, has a solution in W^{1,p}((−∞, −T ); X) (theorem 2.5). As in [13], where L was studied on C^α(R; X), such characterizations are the starting point to investigate the operator L. We describe several properties of L in terms of the stable and unstable subspaces at T , see theorem 3.8. As a corollary, we obtain that if P_{+∞}(X) and P_{−∞}(X) are finite dimensional, then L is a Fredholm operator with index ind L = dim P_{−∞}(X) − dim P_{+∞}(X). Here P_{+∞} and P_{−∞} are the spectral projections with respect to the subsets of the spectra of A_{+∞} and of A_{−∞} with positive real part. The above formula coincides with the well known spectral flow formula in finite dimensions, cf. [1, 14, 22, 25]. We refer to [13] and [19] for further references and comments.

The definition of L can be extended to the case where one only has an exponentially bounded, strongly continuous evolution operator U(t, s), based on the variation of constants formula. In this setting Latushkin and Tomilov characterized in the very recent paper [19] the Fredholm property of L in terms of the exponential dichotomy of U(t, s) on half lines (−∞, −T ] and [T, +∞) and a certain condition connecting the projections at −T and T . However, in this situation one cannot determine the domain of L in a reasonable way, so that optimal regularity results like theorems 2.4 and 2.5 are out of reach.

Besides these two theorems, we focus on perturbation theory for operators B(t) : D(A(t)) → X being of the same order as A(t). Here again one has to use maximal L^p–regularity, in particular the fact that the map u → A(·)u(·) is bounded from D(L) to L^p(R; X) under our assumptions. In section 4 we assume that L is a Fredholm operator, and we consider the operator ~L : D(L) → L^p(R; X) defined by ( ~Lu)(t) := u^′(t) − A(t)u(t) − B(t)u(t), t ∈ R. The theory developed in section 2 directly implies that ~L is Fredholm provided that the A(t)–bounds of B(t) are sufficiently small, see theorem 4.2. In theorems 4.8 and 4.9 we show similar results if B(t) : D(A(t)) → X is compact and it converges as |t| → ∞. The case of bounded perturbations B(t) : X → X was treated in [19] in a more general setting. Moreover, if also A(t) : X → X are bounded and X is a Hilbert space, more precise and refined results can be found in [1].

In section 5 we establish the Fredholmity of L for parabolic boundary value systems of second order on bounded domains satisfying the Lopatinskii–Shapiro conditions. Second, we study Ornstein–Uhlenbeck type operators perturbed by potentials in L^q spaces on R^d with respect to suitable weighted measures.

2 Notation, assumptions, and preliminaries

We are given a family of sectorial operators {A(t) : t ∈ R} satisfying the Acquistapace – Terreni conditions, [3, 4]: There are ω ∈ R, θ ∈ (π/2, π), and K > 0 such that ρ(A(t)) ⊃ Σ_{ω,θ} := {λ ∈ C : | arg(λ − ω)| ≤ θ} ∪ {ω}, ‖R(λ, A(t))‖ ≤ K 1 + |λ − ω| (2.1)

for all t ∈ R and λ ∈ Σ_{ω,θ}, and there are α_i, β_i, i = 1, . . . , k, with 0 ≤ β_i < α_i ≤ 2, such that δ = min{α_i − β_i : i = 1, . . . , k} ∈ (0, 1) and ‖A(t)R(λ, A(t)) [R(ω, A(t)) − R(ω, A(s))]‖ ≤ K k∑ i=1 (t − s)^{αi} |λ − ω|^{βi−1} (2.2) for all t ∈ R and λ ∈ Σ_{ω,θ} \ {ω}. These conditions imply that the family {A(t) : t ∈ R} generates an evolution operator G(t, s), t ≥ s ∈ R, which is strongly continuous for t > s. In other words, for each s ∈ R the Cauchy problem { u^′(t) = A(t)u(t), t > s, u(s) = x, (2.3)

(with x ∈ D(A(s))) is well posed. Its unique solution u ∈ C([s, +∞); X) ∩ C^1((s, +∞); X) is given by u(t) = G(t, s)x = e^{(t−s)A(s)}x + ∫_t s Z(r, s)xdr, (2.4) where Z(t, s) is the operator given by formula (2.7) of [4]. In theorem 2.3 and lemma 2.2 of [4] it is proved that there exist constants M_0, M_1 > 0 such that ‖G(t, s)‖_{L(X)} ≤ M_0, ‖A(t)G(t, s)‖_{L(X)} ≤ M_1 (t − s)^{−1}, s < t < s + 2, (2.5) and that there exist constants c, c_{ν,p} > 0 such that ‖Z(r, s)‖_{L(X)} ≤ c (r − s)^{δ−1}, ‖Z(r, s)‖_{L((X,D(A(s)))ν,p ,X)} ≤ c_{ν,p} (r − s)^{δ+ν−1} (2.6) for p ∈ [1, +∞], ν ∈ [0, 1), and s < r ≤ s + 2. We recall that, if A : D(A) → X is a sectorial operator, for ν ∈ (0, 1), (X, D(A))_{ν,p} is the real interpolation space between X and D(A) defined by { (X, D(A))_{ν,p} = {x ∈ X : t → g(t) = ‖t^{1−ν} Ae^{tA}x‖ belongs to L^p((0, 1), dt/t)}, ‖x‖_{(X,D(A))ν,p} = ‖x‖ + ‖g‖_Lp_{((0,1),dt/t)}, and for ν = 0 we set (X, D(A))_{0,p} = X. From now on we denote by ‖ · ‖_{ν,p,s} the norm in (X, D(A(s)))_{ν,p}. We refer to [3, 4, 6, 20] for the construction of the evolution operator and to [20, 29] for interpolation spaces.

We shall assume that the path t → A(t) is asymptotically hyperbolic, i.e. there are two operators A_{−∞} : D(A_{−∞}) → X and A_{+∞} : D(A_{+∞}) → X satisfying (2.1) and lim t→−∞ R(ω, A(t)) = R(ω, A_{−∞}), lim_{t→+∞} R(ω, A(t)) = R(ω, A_{+∞}) (in L(X)); (2.7) σ(A_{+∞}) ∩ iR = σ(A_{−∞}) ∩ iR = ∅. (2.8) Finally, to have local maximal L^p regularity, we assume that the operators A(t) are uniformly R–sectorial. More precisely, we suppose that

X is a UMD space and sup { R{ξR(iξ, A(t) − ωI) : ξ ∈ R} : t ∈ R } < ∞. (2.9)

A Banach space X is UMD space (i.e., X has the ‘unconditional martingale sequences property’) if and only if the Hilbert transform is bounded on L^2(R, X). It is known that in this case X is reflexive; see the references given in [6, §III.4.4]. Hence (2.1) and (2.9) imply that the operators A(t) are densely defined, and thus the evolution operator is strongly continuous at t = s by [4, Thm.2.3]. The R-bound R(T ) of a family T of bounded linear operators is the infimum of all constants C > 0 such that ‖ ‖^n∑ j=0 ε_j T_j x_j ‖ ‖ L^2([0,1],X) ≤ C ‖ ‖^n∑ j=0 ε_j x_j ‖ ‖ L^2([0,1],X)

for all n ∈ N ∪ {0}, T_0, · · · , T_n ∈ T , x_0, · · · , x_n ∈ X, where ε_j (t) = sign sin(2^j πt), j ∈ N ∪ {0}, are the Rademacher functions on [0, 1]; see [10], [18], [30], and the references therein. Observe that the R–boundedness of T implies its boundedness and that the converse holds for Hilbert spaces X, due to Plancherel’s theorem. In particular, condition (2.9) follows from (2.1) if X is a Hilbert space. We observe that (2.9) implies that sup { R{λR(λ, A(t) − ωI) : | arg λ| ≤ ϕ} : t ∈ R } =: R < ∞ (2.10)

for some ϕ ∈ (π/2, θ) by (the proof of) theorem 4.2 of [30]. Moreover, if we replace ω in (2.10) by a larger real number, then (2.10) remains valid with the same ϕ and R due to proposition 2.8 in [30].

We shall consider the operator L defined by { D(L) := {u ∈ W^{1,p}(R; X) : u(t) ∈ D(A(t)) a.e., A(·)u(·) ∈ L^p(R; X)} L : D(L) → L^p(R; X), (Lu)(t) = u^′(t) − A(t)u(t). (2.11)

for 1 < p < ∞. In this context we introduce the space of maximal regularity E(I) = {u ∈ W^{1,p}(I; X) : u(t) ∈ D(A(t)) a.e., A(·)u(·) ∈ L^p(I; X)} for an interval I ⊂ R, endowed with its natural norm ‖u^′‖_Lp_{(I;X)} + ‖A(·)u(·)‖_Lp_{(I;X)}.

The main tool in our study will be exponential dichotomies. We recall that an evolution operator G(t, s) is said to have an exponential dichotomy in an interval I ⊂ R if there exists a family of projections P (t) ∈ L(X), t ∈ I, being strongly continuous with respect to t, and numbers β, N > 0 such that for all s, t ∈ I with s ≤ t we have a) G(t, s)P (s) = P (t)G(t, s), b) G(t, s) : P (s)(X) → P (t)(X) is invertible with inverse ~G(s, t), c) ‖G(t, s)(I − P (s))‖ ≤ Ne^{−β(t−s)}, d) ‖ ~G(s, t)P (t)‖ ≤ Ne^{−β(t−s)}. (2.12)

Since A(t)P (t) = A(t)G(t, s)G̃(s, t)P (t) for t > s, t, s ∈ I, the ’unstable projection’ P (t) maps X continuously into D(A(t)) for every t ∈ I \ inf I, and A(t)P (t) is uniformly bounded for t ≥ η + inf I, η > 0, and for all t ∈ I if I is unbounded below. Hence P (t) : X → (X, D(A(t)))_{ν,p} is bounded as well, and we denote its norm by P_{ν,p,t} := ‖P ‖_{L(X,(X,D(A(t)))ν,p )}. For more details on exponential dichotomies see [16, 20, 27].

Under assumptions (2.1), (2.2), (2.7), (2.8), there exists T ≥ 0 such that G(t, s) has exponential dichotomies in (−∞, −T ] and in [T, +∞). For k = 1 in (2.2) and the interval [T, +∞), this has been shown in theorem 4.3 of [27]. The proofs given there extend in an obvious way to the general condition (2.2) and the interval (−∞, −T ]. The case of dense domains was treated before in [7] and, for a slightly stronger version of (2.7), in [26]. Moreover, we have dim P (t)(X) = dim P_{+∞}(X), t ≥ T, and dim P (t)(X) = dim P_{−∞}(X), t ≤ −T, where P_{±∞} are the projections for A_{±∞}. Finally, in the proof of [27, Thm.4.3], the projections P (t) (for t ≥ T and t ≤ −T , respectively) are obtained as the restriction of projections for a parabolic evolution operator having an exponential dichotomy on I = R. Thus the constants P_{ν,p,t} introduced above are in fact uniformly bounded for |t| ≥ T in our situation.

We have to establish some results about forward and backward Cauchy problems in the L^p setting, which are known in C^α spaces, see [20, Ch. 6]. The starting point is local maximal L^p−regularity of the evolution operator.

Lemma 2.1 Assume that (2.1) and (2.2) hold. Let a < b ∈ R and p ∈ (1, +∞). Then for each x ∈ X, the function t → G(t, a)x belongs to W^{1,p}((a, b); X) if and only if x ∈ (X, D(A(a)))_{1−} 1_{p ,p}. In this case there is C = C(p, b − a) such that ‖G(·, a)x‖_W 1,p_{((a,b);X)} ≤ C‖x‖_{1−} 1_{p ,p,a}. Proof — Formula (2.4) shows that A(t)G(t, a)x = d dt G(t, a)x = A(a)e^{(t−a)A(a)} x + Z(t, a)x, a < t ≤ b. (2.13) Recall that x belongs to (X, D(A(a)))_{1−} 1_{p ,p} if and only if the map t → A(a)e^{(t−a)A(a)} x is contained in L^p((a, b); X). By estimate (2.6), the function Z(·, a)x belongs to L^q((a, b); X) for every x ∈ X and q such that q(1 − δ) < 1. If x ∈ (X, D(A(a)))_{ν,p} , then Z(·, a)x ∈ L^q((a, b); X) for every q such that q(1 − δ − ν) < 1. In particular, if x ∈ (X, D(A(a)))_{1−} 1_{p ,p} then Z(·, a)x belongs to L^p((a, b); X). Therefore, if x ∈ (X, D(A(a)))_{1−} 1_{p ,p} then u ∈ W^{1,p}((a, b); X), and the asserted estimate holds.

To prove the converse, let u ∈ W^{1,p}((a, b); X). If p(1 − δ) < 1, then Z(·, a)x ∈ L^p((a, b); X) and hence A(a)e^{(·−a)A(a)}x ∈ L^p((a, b); X), so that x ∈ (X, D(A(a)))_{1−} 1_{p ,p}. If p(1 − δ) ≥ 1, set q_1 = (1 − δ/2)^{−1}. Since q_1(1 − δ) < 1, we have Z(·, a)x ∈ L^{q1} ((a, b); X) and thus x ∈ (X, D(A(a)))_{1−} 1_{q1 ,q1} . It follows that Z(·, a)x ∈ L^q((a, b); X) for each q such that q(1 − 3δ/2) < 1. If p(1 − 3δ/2) < 1 we are done, otherwise we proceed in this way, and after n steps (with p(1 − (n/2 + 1)δ) < 1) we obtain x ∈ (X, D(A(a)))_{1−} 1_{p ,p}. □

Theorem 2.2 Assume that (2.1), (2.2), and (2.9) hold. Let a < b ∈ R, 1 < p < +∞, and let f ∈ L^p((a, b); X), x ∈ (X, D(A(a)))_{1−} 1_{p ,p}. Then the problem { u^′(t) = A(t)u(t) + f(t), a < t < b, u(a) = x, (2.14)

has a unique solution u ∈ W^{1,p}((a, b); X) with u(t) ∈ D(A(t)) a.e., given by u(t) = G(t, a)u(a) + ∫_t a G(t, τ)f(τ) dτ, t ≥ a. (2.15) There is a constant C_{p,b−a} (independent of f and x) such that ‖u‖_W 1,p_{((a,b);X)} + ‖A(·)u(·)‖_Lp_{((a,b);X)} ≤ C_{p,b−a} (‖f‖_Lp_{((a,b);X)} + ‖x‖_{1−} 1_{p ,p,a}). (2.16) If x ∈ X, then (2.15) gives the unique solution in the class C([a, b]; X) ∩ W^{1,p}_{loc} ((a, b]; X) with u(t) ∈ D(A(t)) a.e..

Proof — For x = 0 the existence of a solution u ∈ E((a, b)) was shown in Satz 4.2.6 of [28] for the case k = 1 in (2.2). The proof also works for the general case, and it can be seen that the constant C_{p,b−a} only depends on the length of the interval, but not on the initial time itself. Alternatively, one can use theorem 1 of [23]. Now lemma 2.1 and [4, Thm.2.3] yield the existence for the general case x ≠ 0, since u is the sum of the solution to (2.14) with x = 0 plus G(·, a)x. Uniqueness and formula (2.15) are shown in the usual way: Let u ∈ C([a, b]; X) ∩ W^{1,p}_{loc} ((a, b]; X) be a solution of (2.14). Fix t ≥ 0 and ε > 0; set v(s) = G(t, s)u(s) for s ∈ [a + ε, t]. Due to [4, Thm.2.3], we obtain v^′(s) = −G(t, s)A(s)u(s) + G(t, s)A(s)u(s) + G(t, s)f(s) = G(t, s)f(s) for a.e. s ∈ [a + ε, t]. Integrating from a + ε to t and using the continuity of v and G, we deduce that u satisfies (2.15). □

In the next result we show a crucial embedding of the space E((a, b)).

Corollary 2.3 Assume that (2.1), (2.2), and (2.9) hold. Let a < b ∈ R and p ∈ (1, +∞). If u ∈ W^{1,p}((a, b); X), u(t) ∈ D(A(t)) a.e. in (a, b), and A(·)u(·) ∈ L^p((a, b); X), then u(t_0) ∈ (X, D(A(t_0)))_{1−} 1_{p ,p} for all t_0 ∈ [a, b]. Moreover, for every t_0 ∈ [a, b] there exists a

positive constant ~C = ~C_{p,b−a} such that ‖u(t_0)‖_{1−} 1_{p ,p,t0} ≤ ~C (‖u‖_W 1,p_{((a,b);X)} + ‖A(·)u(·)‖_Lp_{((a,b);X)}). (2.17)

Proof — First, we assume that a ≤ t_0 ≤ b − 1. Set f(t) := u^′(t) − A(t)u(t) for t_0 ≤ t ≤ t_0 + 1. The restriction of u to [t_0, t_0 + 1] is the sum of G(t, t_0)u(t_0) plus the solution of the Cauchy problem { v^′(t) − A(t)v(t) = f(t), t_0 < t ≤ t_0 + 1, v(t_0) = 0,

which belongs to W^{1,p}((t_0, t_0 + 1); X) by theorem 2.2. Therefore, t → G(t, t_0)u(t_0) is in W^{1,p}((t_0, t_0 + 1); X), and so u(t_0) ∈ (X, D(A(t_0)))_{1−} 1_{p ,p} by lemma 2.1. Moreover, the definition of the interpolation space, (2.13), (2.6), and theorem 2.2 imply that

‖u(t_0)‖_{1−} 1_{p ,p,t0} ≤ ‖A(·)G(·, t_0 )u(t_0)‖_Lp_{([t0,t0+1];X)} + ‖Z(·, t_0)u(t_0)‖_Lp_{([t0,t0+1];X)} ≤ c (‖A(·)u(·)‖_Lp_{([t0 ,t0+1];X)} + ‖A(·)v(·)‖_Lp_{([t0,t0+1];X)} + ‖u(t_0)‖_{ν,p,t0} ) ≤ c (‖A(·)u(·)‖_Lp_{([t0 ,t0+1];X)} + ‖u^′(·)‖_Lp_{([t0,t0+1];X)} + ‖u(t_0)‖_{ν,p,t0} ), where ν = max{0, 1 −^1_p −^δ_2 } and the constants c only depend on the given constants. As in the proof of lemma 2.1, we can iterate this procedure until ν = 0. Then the asserted estimate follows from the embedding W^{1,p}((t_0, t_0 + 1); X) ⊆ C((t_0, t_0 + 1); X)).

If t_0 > b − 1, then we extend u and A to [b, 2b − a] by defining u(t) := u(2b − t) and A(t) := A(2b − t) for b ≤ t ≤ 2b − a. Set f(t) := u^′(t) − A(t)u(t) for a ≤ t ≤ 2b − a. If 2b − a − t_0 ≥ 1, we can conclude as above. Otherwise, we repeat the extension until we obtain a time interval being longer than 1, so that we can derive the asserted estimate as before. □

Once local optimal L^p regularity results are established, we may study optimal L^p regularity in halflines. This is done in theorem 2.4 for right halflines and in theorem 2.5 for left halfines.

Theorem 2.4 Assume that (2.1), (2.2), and (2.9) hold, and that G(t, s) has an exponential dichotomy on an interval [T, +∞). Let t_0 > T , 1 < p < +∞, f ∈ L^p((t_0, +∞); X), and x ∈ X. Then the solution u of

u^′(t) = A(t)u(t) + f(t), t > t_0; u(t_0) = x, (2.18)

belongs to L^p((t_0, +∞); X) if and only if

P (t_0)x = − ∫_{+∞} t_0 ~G(t_0, s)P (s)f(s)ds, (2.19) in which case u is given by

u(t) = G(t, t_0)(I − P (t_0))x + ∫_t t_0 G(t, s)(I − P (s))f(s)ds − ∫_{+∞} t ~G(t, s)P (s)f(s)ds. (2.20) If in addition x ∈ (X, D(A(t_0)))_{1−} 1_{p ,p} then u ∈ W^{1,p}((t_0, +∞); X), u(t) ∈ D(A(t)) a.e., and u(t) ∈ (X, D(A(t)))_{1−} 1_{p ,p} for each t ≥ t_0. Moreover, ‖u‖_W 1,p_{((t0 ,+∞);X)} + ‖A(·)u(·)‖_Lp_{((t0 ,+∞);X)} + sup_{t≥t0} ‖u(t)‖_{1−} 1_{p ,p,t} ≤ C_1 ( ‖x‖_{1−} 1_{p ,p,t0} + ‖f‖_Lp_{((t0 ,+∞);X)} ) (2.21)

for a constant C_1 > 0 independent of x, f, t_0; provided that t_0 ≥ T + η for fixed η > 0.

Proof — By theorem 2.2 the solution of (2.18) is given by the variation of constants formula u(t) = G(t, t_0)x + ∫_t t_0 G(t, s)f(s)ds for t0 < t. We can thus split u(t) in the sum

u_1(t) + u_2(t) where

u_1(t) := G(t, t_0)(I − P (t_0))x + ∫_t t_0 G(t, s)(I − P (s))f(s)ds − ∫_{+∞} t ~G(t, s)P (s)f(s)ds, u_2(t) := G(t, t_0) ( P (t_0)x + ∫_{+∞} t_0 ~G(t_0, s)P (s)f(s)ds ) . Using estimates (2.12)(c),(d) and Young’s inequality, we obtain ∫_{+∞} t_0 ‖G(t, t_0)(I − P (t_0))x‖^pdt ≤ ∫_{+∞} t_0 N^pe^{−pβ(t−t0 )}‖x‖^pdt = N^p pβ ‖x‖^p, ∫_{+∞} t_0 ‖ ‖ ‖ ∫_t t_0 G(t, s)(I − P (s))f(s)ds ‖ ‖ ‖ p dt ≤ ‖ ‖(χ_{[0,+∞)} Ne_{−β(·)} ∗ χ_{[t0,+∞)} ‖f(·)‖_X ) ‖ ‖^p L^p(R;X) ≤ N^pβ^{−p}‖f‖^p_{Lp((t0 ,+∞);X)}, ∫_{+∞} t_0 ‖ ‖ ‖ ∫_{+∞} t ~G(t, s)P (s)f(s)ds ‖ ‖ ‖ p dt ≤ ‖ ‖(χ_{(−∞,0]} Ne_{β(·)} ∗ χ_{[t0,+∞)} ‖f(·)‖_X ) ‖ ‖^p L^p(R;X) ≤ N^pβ^{−p}‖f‖^p_{Lp((t0 ,+∞);X)}, where χ_E is the characteristic function of the set E. Hence, ‖u_1‖_Lp_{((t0 ,+∞),X)} ≤ N(pβ)^{− 1p} ‖x‖ + 2Nβ^{−1}‖f‖_Lp_{((t0 ,+∞);X)}. (2.22) Moreover, ‖ ‖ ‖P (t^0)x + ∫_{+∞} t_0 ~G(t_0, s)P (s)f(s)ds ‖ ‖ ‖ = ‖ ~G(t_0, t)u_2(t)‖ ≤ Ne^{−β(t−t}0^)‖u_2(t)‖, ‖u_2(t)‖ ≥ N^{−1}e^{β(t−t0 )} ‖ ‖P (t_0)x + ∫_{+∞} t_0 ~G(t_0, s)P (s)f(s)ds ‖ ‖ = N^{−1}e^{β(t−t}0^)‖u_2(t_0)‖.

Consequently, u_2 /∈ L^p((t_0, +∞), X) unless u_2(t_0) = 0. Therefore, u ∈ L^p((t_0, +∞), X) if and only if u_2(t_0) = 0; that is, (2.19) holds.

Now assume that (2.19) holds, and let x ∈ (X, D(A(t_0)))_{1−} 1_{p ,p}. Then the solution u is given by (2.20). We will prove that A(·)u(·) ∈ L^p((t_0, +∞); X). Using again estimates (2.12)(c)(d) and (2.13), (2.5), (2.6), we first get ∫_{+∞} t_0 ‖A(t)G(t, t_0)(I − P (t_0))x‖^pdt ≤ 2^p ∫_{t0+1}

t_0

(‖A(t_0)e^{(t−t0 )A(t0)}(I − P (t_0))x‖^p + ‖Z(t, t_0)(I − P (t_0))x‖^p)dt + ∫_{+∞} t_0+1 ‖A(t)G(t, t − 1)‖^p ‖G(t − 1, t_0)(I − P (t_0))x‖^pdt ≤ 2^p(1 + P_{1−} 1_{p ,p,t0} )^p‖x‖^p_{1− 1p ,p,t0} + (2c_{1−} 1_{p ,p}(1 + P_{1−} 1_{p ,p,t0} )‖x‖_{1−} 1_{p ,p,t0} )^p · ∫_{t0+1}

t_0 (t − t_0)^{δp−1}dt + (M_1N‖x‖)^p ∫_{+∞} t_0 e^{−pβ(t−t0−1)}dt. Hence there is K_1 > 0 such that

‖A(·)G(·, t_0 )(I − P (t_0))x‖_Lp_{((t0 ,+∞);X)} ≤ K_1‖x‖_{1−} 1_{p ,p,t0} . (2.23)

Second, we have ∫_{+∞} t_0 ‖ ‖ ‖A(t) ∫_t t_0 G(t, s)(I − P (s))f(s)ds ‖ ‖ ‖ p dt ≤ ∫_{t0+1}

t_0 ‖ ‖ ‖A(t) ∫_t t_0 G(t, s)(I − P (s))f(s)ds ‖ ‖ ‖ p dt + +∞∑ k=1 ∫_{t0+k+1}

t_0+k

2^p ‖ ‖A(t) ∫_t t_0+k−1 G(t, s)(I − P (s))f(s)ds ‖ ‖^pdt

+ +∞∑ k=1 ∫_{t0+k+1}

t_0+k

2^p ‖ ‖ ‖A(t)G(t, t − 1) ∫_{t0+k−1} t_0 G(t − 1, s)(I − P (s))f(s)ds ‖ ‖ ‖ p dt. Then the inequalities (2.16), (2.5), and (2.12)(c) imply ∫_{+∞} t_0 ‖ ‖ ‖A(t) ∫_t t_0 G(t, s)(I − P (s))f(s)ds ‖ ‖ ‖ p dt ≤ C^p_{p,1} ‖f‖^p_{Lp((t0 ,t0+1);X)} + +∞∑ k=1 2^pC^p_{p,2} ‖f‖^p_{Lp((t0 +k−1,t0+k+1);X)}

+ +∞∑ k=1 2^pM^p_1 N^p

∫_{t0+k+1}

t_0+k ( ∫_{t0+k−1} t_0 e^{−β(t−s−1)}‖f(s)‖ds )_p dt

≤ 3 · 2^pC^p_{p,2}‖f‖^p_{Lp((t0 ,+∞);X)} + 2^pM^p_1 N^p ∫_{+∞} t_0 ( ∫_t t_0 e^{−β(t−s−1)}‖f(s)‖ds )_p dt ≤ ( 3 · 2^pC^p_{p,2} + (2M_1Nβ^{−1}e^β)^p ) ‖f‖^p_{Lp((t0 ,+∞);X)}. Hence there is K_2 > 0 such that ‖A(·) ∫_· t_0 G(·, s)(I − P (s))f(s)ds‖_Lp_{((t0 ,+∞);X)} ≤ K_2‖f‖_Lp_{((t0 ,+∞);X)}. (2.24) Similarly, we estimate the third summand in (2.20) by ∫_{+∞} t_0 ‖ ‖ ‖A(t) ∫_{+∞} t ~G(t, s)P (s)f(s)ds ‖ ‖ ‖ p dt = ∫_{+∞} t_0 ‖ ‖ ‖A(t)G(t, t − 1) ∫_{+∞} t ~G(t − 1, s)P (s)f(s)ds ‖ ‖ ‖^pdt ≤ ∫_{+∞} t_0

N^pM^p_1 ( ∫_{+∞} t e^{−β(s−t+1)}‖f(s)‖ds )_p dt ≤ N^pM^p_1 β^{−1}e^{−β}‖f‖^p_{Lp((t0 ,+∞);X)}. Therefore, ‖ ‖A(·) ∫_{+∞} · ~G(·, s)P (s)f(s)ds ‖ ‖ L^p((t_0 ,+∞);X) ≤ NM_1β^{−1/p}e^{−β/p}‖f‖_Lp_{((t0 ,+∞);X)}. (2.25) Since u is given by (2.20) and solves (2.18), the estimate ‖u‖_W 1,p_{((t0 ,+∞);X)} + ‖A(·)u(·)‖_Lp_{((t0 ,+∞);X)} ≤ C^′_1 ( ‖x‖_{1−} 1_{p ,p,t0} + ‖f‖_Lp_{((t0 ,+∞);X)} ) (2.26)

follows from the inequalities (2.23), (2.24), and (2.25). In order to estimate ‖u(t)‖_{1−} 1_{p ,p,t} , we apply corollary 2.3 to the restriction of u to [t, t + 1], and then we use (2.26). So we have shown (2.21). □

Theorem 2.5 Assume that (2.1), (2.2), and (2.9) hold, and that G(t, s) has an exponential dichotomy on an interval (−∞, −T ]. Let t_0 ≤ −T , y ∈ X, 1 < p < +∞, and g ∈ L^p((−∞, t_0); X). Then the problem v^′(t) = A(t)v(t) + g(t), t < t_0; v(t_0) = y, (2.27) has a solution v in L^p((−∞, t_0); X) if and only if (I − P (t_0))y = ∫_{t0} −∞ G(t_0, s)(I − P (s))g(s)ds, (2.28) in which case v is given by

v(t) = ~G(t, t_0)P (t_0)y + ∫_t t_0 ~G(t, s)P (s)g(s)ds + ∫_t −∞ G(t, s)(I − P (s))g(s)ds. (2.29) Moreover, v ∈ W^{1,p}((−∞, t_0); X), v(t) ∈ D(A(t)) a.e., and v(t) ∈ (X, D(A(t)))_{1−} 1_{p ,p} for each t ≤ t_0. There exists C_2 > 0 (independent of y, f, t_0) such that ‖v‖_W 1,p_{((−∞,t0);X)} + ‖A(·)v(·)‖_Lp_{((−∞,t0);X)} + sup_{t≤t0} ‖v(t)‖_{1−} 1_{p ,p,t} ≤ C_2 (‖y‖_X + ‖g‖_Lp_{((−∞,t0);X)}). (2.30)

Proof — Let v be a solution of (2.27). For every a ≤ t_0 the variation of constants formula (2.15) gives v(t) = G(t, a)v(a) + ∫_t a G(t, s)g(s)ds, a ≤ t ≤ t_0, (2.31) so that (I − P (t))v(t) = G(t, a)(I − P (a))v(a) − ∫_a −∞ G(t, s)(I − P (s))g(s)ds + ∫_t −∞ G(t, s)(I − P (s))g(s)ds. Suppose now that v ∈ L^p((−∞, t_0); X). Since v is continuous, there exists a sequence (a_n)_{n∈N} going to −∞ such that lim_{n→+∞} v(a_n) = 0. Taking a = a_n in the above expression, we obtain (I − P (t))v(t) − ∫_t −∞ G(t, s)(I − P (s))g(s)ds = G(t, a_n)(I − P (a_n))v(a_n) − ∫_{an} −∞ G(t, s)(I − P (s))g(s)ds (2.32)

for every n ∈ N and t ≥ a_n. Estimate (2.12)(c) yields ‖ ‖G(t, a_n)(I − P (a_n))v(a_n) − ∫_{an} −∞ G(t, s)(I − P (s))g(s)ds ‖ ‖

≤ Ne^{−β(t−an )}‖v(a_n)‖ + ∫_{an} −∞ Ne^{−β(t−s)}‖g(s)‖ds. Therefore, letting n → +∞ in (2.32), we deduce (I − P (t))v(t) = ∫_t −∞ G(t, s)(I − P (s))g(s)ds (2.33) for every t ≤ t_0. If we take t = t_0, identity (2.28) follows.

Suppose now that (2.28) holds. Then the function v defined by (2.29) satisfies (2.31), as it is easy to check, and v(t_0) = y, so that v solves (2.27). Let us verify that v ∈ L^p((−∞, t_0); X). Using (2.12)(c) and Young’s inequality as in theorem 2.4, we obtain ‖ ‖ ‖ ∫_· −∞ G(·, s)(I − P (s))g(s)ds ‖ ‖ ‖_{Lp((−∞,t0);X)} ≤ Nβ^{−1}‖g‖^{Lp ((−∞,t}0^{);X)}, (2.34) and hence (I − P (·))v(·) ∈ L^p((−∞, t_0); X). In order to estimate P (t)v(t) for t ≤ t_0, we first apply P (t) to both sides of (2.31) and then use the inverse of G(t_0, t)_{|P (t)(X)}: P (t)v(t) = P (t)G(t, a)v(a) + P (t) ∫_t a G(t, s)g(s)ds = ~G(t, t_0) ( P (t_0)G(t_0, a)v(a) + ∫_{t0} a G(t_0, s)P (s)g(s)ds ) + ∫_t t_0 ~G(t, s)P (s)g(s)ds = ~G(t, t_0)P (t_0)y + ∫_t t_0 ~G(t, s)P (s)g(s)ds where we have again employed (2.31) for t = t_0. As in the proof of theorem 2.4, estimate (2.12)(d) and Young’s inequality yield ‖P (·)v(·)‖_Lp_{((−∞,t0);X)} ≤ N(pβ)^{− 1p} ‖y‖ + Nβ^{−1}‖g‖_Lp_{((−∞,t0);X)}. (2.35) Estimates (2.34) and (2.35) now imply that v ∈ L^p((−∞, t_0); X).

To prove the second part of the statement we have to control ‖A(·)v(·)‖_Lp_{((−∞,t0);X)}. Arguing as in theorem 2.4, we derive ∫_{t0} −∞ ‖A(t) ~G(t, t_0)P (t_0)y‖^pdt ≤ ∫_{t0} −∞ ‖A(t)G(t, t − 1)‖^p ‖ ~G(t − 1, t_0)P (t_0)y‖^pdt ≤ ∫_{t0} −∞ M^p_1 N^pe^{−pβ(t0 −t+1)}‖y‖^pdt, ‖A(·) ~G(·, t_0)P (t_0)y‖_Lp_{((−∞,t0);X)} ≤ M_1N(pβ)^{−1/p}e^β ‖y‖. (2.36) Similarly, we obtain ∫_{t0} −∞ ‖ ‖ ‖A(t) ∫_t t_0 ~G(t, s)P (s)g(s)ds ‖ ‖ ‖ p dt ≤ M^p_1 N^p‖χ_{R−} e^{β(·−1)} ∗ χ_{(−∞,t0]}‖g(·)‖ ‖^p_{Lp ((−∞,t0);X)} ≤ (M_1Nβ^{−1}e^{−β} ‖g‖_Lp_{((−∞,t0);X)})^p, ‖A(·) ∫_· t_0 ~G(·, s)P (s)g(s)ds‖_{Lp ((−∞,t0);X)} ≤ M_1Nβ^{−1}e^{−β}‖g‖_{Lp ((−∞,t0);X)}. (2.37)

Finally, to estimate the L^p norm of A(·) ∫_· −∞ G(·, s)(I − P (s))g(s)ds, we have again to split it into a series and use theorem 2.2 on local L^p−maximal regularity. So we get ∫_{t0} −∞ ‖ ‖ ‖A(t) ∫_t −∞ G(t, s)(I − P (s))g(s)ds ‖ ‖ ‖ p dt ≤ +∞∑ k=0 ∫_{t0 −k} t_0−k−1 2^p ‖ ‖ ‖A(t) ∫_{t0−k−2} −∞ G(t, s)(I − P (s))g(s)ds ‖ ‖ ‖ p dt

+ +∞∑ k=0 ∫_{t0−k} t_0−k−1 2^p ‖ ‖A(t) ∫_t t_0−k−2 G(t, s)(I − P (s))g(s)ds ‖ ‖^pdt

≤ +∞∑ k=0 ∫_{t0 −k} t_0−k−1 2^pM^p_1 ‖ ‖ ‖ ∫_{t0 −k−2} −∞ G(t − 1, s)(I − P (s))g(s)ds ‖ ‖ ‖ p dt

+ +∞∑ k=0 C^p_{p,2}2^p‖g‖^p_{Lp ((t0 −k−2,t0−k);X)} ≤ (2M_1N)^p ‖χ_{R+} e^{−β(·−1)} ∗ χ_{(−∞,t0]}‖g(·)‖ ‖^p_{Lp (R;X)} + 2C^p_{p,2}2^p ‖g‖^p_{Lp ((−∞,t0);X)} ≤ (2M_1N)^pβ^{−p}e^{pβ}‖g‖^p_{Lp ((−∞,t0);X)} + 2^{p+1}C^p_{p,2}‖g‖^p_{Lp((−∞,t0 );X)}. Thus there is K_3 > 0 such that ‖ ‖ ‖A(·) ∫_· −∞ G(·, s)(I − P (s))g(s)ds ‖ ‖ ‖ L^p((−∞,t_0);X) ≤ K_3‖g‖_Lp_{((−∞,t0 );X)}. (2.38)

Since v is given by (2.29) and solves (2.27), the inequalities (2.36), (2.37), (2.38), (2.17) and corollary 2.3 imply (2.30), as in the proof of the previous theorem. □

Corollary 2.6 Assume that (2.1), (2.2), and (2.9) hold and let 1 < p < +∞. Then there is a real number γ such that the equation γu + Lu = f has unique solution u ∈ D(L) for each f ∈ L^p(R; X), given by u(t) = ∫_t −∞ e^{−γ(t−s)}G(t, s)f(s) ds, t ∈ R. Moreover, there is a constant C_3 such that, for u ∈ D(L), ‖u‖_W 1,p_{(R,X)} + ‖A(·)u(·)‖_Lp_{(R;X)} ≤ C_3 ‖f‖_Lp_{(R;X)} . Proof — By (2.5) there is a γ ≥ 0 such that e^{−γ(t−s)}G(t, s) is exponentially stable. Theorem 2.5 for A(t) − γI and P (t) ≡ 0 then easily implies the assertions. □

3 Properties of the operator L

Throughout this section {A(t) : t ∈ R} is a family of operators satisfying assumptions (2.1), (2.2), (2.7), (2.8), (2.9), G(t, s) is the associated evolution operator, and L is the operator defined in (2.11) with p ∈ (1, +∞). In particular, G(t, s) has exponential dichotomies on (−∞, −T ] and [T, +∞) with projections P (t), for some T ≥ 0. The stable and unstable subspaces are defined as usual, cf. [1, 13].

Definition 3.1 Let t_0 ∈ R. We define the stable space at t_0 by

W^s(t_0) := {x ∈ X : lim_{t→+∞} G(t, t_0)x = 0}, and the unstable space at t_0 by

W^u(t_0) := {x ∈ X : ∃ u ∈ C^1((−∞, t_0]; X) such that u(t) ∈ D(A(t)), t ≤ t_0, A(·)u(·) ∈ C((−∞, t_0]; X), u^′(t) = A(t)u(t), u(t_0) = x, lim_{t→−∞} u(t) = 0}. Lemma 3.2 The following statements hold true:

(i) for each t_0 ≥ T , W^s(t_0) = (I − P (t_0))(X); for each t_0 ≤ −T , W^u(t_0) = P (t_0)(X); (ii) for each t_0 ≥ T , W^s(t_0) = {x ∈ X : G(·, t_0)x ∈ L^p((t_0, +∞); X)}; (iii) for each t_0 ≤ −T , W^u(t_0) = {x ∈ X : ∃ u ∈ W^{1,p}((−∞, t_0); X) with u(t) ∈ D(A(t)) and u^′(t) = A(t)u(t) a.e., u(t_0) = x};

(iv) for each t, t_0 ∈ R with t ≥ t_0, G(t, t_0)W^s(t_0) ⊆ W^s(t); (v) for each t, t_0 ∈ R with t ≥ t_0, G(t, t_0)W^u(t_0) = W^u(t); (vi) for each t_0 ∈ R, W^s(t_0) is closed.

Proof — The first assertion in (i) follows directly from the exponential dichotomy on [T, +∞). For the second one, let x = u(t_0) ∈ W^u(t_0) with u as in definition 3.1. Then u(t_0) = G(t_0, t)u(t) and ‖(I − P (t_0))u(t_0)‖ = ‖G(t_0, t)(I − P (t))u(t)‖ ≤ Ne^{−β(t0−t)} ‖u‖_∞ for all t ≤ t_0 ≤ −T . Letting t → −∞ we see that x ∈ P (t_0)(X). The other inclusion is clear. The remaining assertions can be shown exactly as proposition 3.2 in [13], now using theorems 2.4 and 2.5. □

To study the operator L, it is useful to introduce the realizations of the operator u → u^′ − A(·)u in spaces on halflines; that is,

L^+ : E((T, +∞)) −→ L^p((T, +∞); X); (L^+u)(t) = u^′(t) − A(t)u(t), t > T. (3.1) L^− : E((−∞, T )) −→ L^p((−∞, T ); X); (L^−u)(t) = u^′(t) − A(t)u(t), t < T. (3.2) Theorems 2.4 and 2.5 allow us to introduce right inverses R^+ on L^p((T, +∞); X) and R^− on L^p((−∞, T ); X) for L^+ and L^−, respectively:

(R^+h)(t) = − ∫_{+∞} t ~G(t, s)P (s)h(s)ds + ∫_t T G(t, s)(I − P (s))h(s)ds, t ≥ T, (3.3)

(R^−h)(t) = ∫_t −∞ G(t, s)(I − P (s))h(s)ds + ∫_t −T ~G(t, s)P (s)h(s)ds, t ≤ −T, ∫_{−T} −∞ G(t, s)(I − P (s))h(s)ds + ∫_t −T G(t, s)h(s)ds, −T ≤ t ≤ T, (3.4)

Proposition 3.3 The following statements hold.

(i) R^+ is a bounded operator from L^p((T, +∞); X) to D(L^+), and we have L^+R^+h = h for each h ∈ L^p((T, +∞); X) .

(ii) R^− is a bounded operator from L^p((−∞, T ); X) to D(L^−), and we have L^−R^−h = h for each h ∈ L^p((−∞, T ); X).

Proof — Statement (i) is an immediate consequence of theorem 2.4. Concerning statement (ii), let h ∈ L^p((−∞, T ); X). By theorem 2.5, the restriction of R^−h to (−∞, −T ] belongs to E((−∞, −T )), its norm in this space is less than C ‖h‖_Lp_{((−∞,−T );X)}, and (R^−h)^′(t) = A(t)R^−h(t) + h(t) for almost all t < −T . So corollary 2.3 yields (R^−h)(−T ) ∈ (X, D(A(−T )))_{1−} 1_{p ,p} and ‖(R^−h)(−T )‖_{(X,D(A(−T )))1− 1p ,p} ≤ C‖h‖_Lp_{((−∞,−T );X)}. Theorem 2.2 thus implies that the restriction of R^−h to [−T, T ] is contained in E([−T, T ]), that its norm in E([−T, T ]) is bounded by C(‖h‖_Lp_{((−T,T );X)} + ‖(R^−h)(−T )‖_{(X,D(A(−T )))1− 1p ,p} ), and that (R^−h)^′(t) = A(t)R^−h(t) + h(t) for almost all t ∈ (−T, T ). The assertion follows patching together the restrictions of R^−h to (−∞, −T ] and to [−T, T ]. □ The following trace lemma is taken from [13], where it was used in the C^α setting.

The same construction works in the L^p setting.

Lemma 3.4 For every w_0 ∈ P (T )(X) there exists u_0 ∈ D(L) such that (R^+u_0)(T ) = w_0, (R^−u_0)(T ) = 0, and ‖u_0‖_{D(L)} ≤ K‖w_0‖, where K ≥ 0 is a constant independent of w_0. Proof — Let φ ∈ C^∞_0 (R) be such that ‖φ‖_∞ ≤ 1, φ(t) = 0, t ≤ T, ∫_{+∞} T φ(s)ds = −1, and set u_0(t) := φ(t)G(t, T )w_0, t ≥ T, u_0(t) := 0, t ≤ T. Then u_0 ∈ D(L) and there exists a constant K ≥ 0 such that ‖u_0‖_{D(L)} ≤ K‖w_0‖. Finally, R^+u_0(T ) = w_0 and R^−u_0(T ) = 0. □

At this point, we have all the tools to extend the results of [13] to our situation. Proposition 3.5 (i) Ker L^+ = {u ∈ D(L^+) : u^′(t) = A(t)u(t), u(T ) ∈ W^s(T )}, (ii) Ker L^− = {u ∈ D(L^−) : u^′(t) = A(t)u(t), u(T ) ∈ W^u(T )}, (iii) Ker L = {u ∈ D(L) : u^′(t) = A(t)u(t), u(T ) ∈ W^s(T ) ∩ W^u(T )}, (iv) Range L = {h ∈ L^p(R; X) : R^+h(T ) − R^−h(T ) ∈ W^s(T ) + W^u(T )}, (v) Range L = {h ∈ L^p(R; X) : R^+h(T ) − R^−h(T ) ∈ W^s(T ) + W^u(T )}.

Proof — Assertions (i), (ii), (iii) are consequences of lemma 3.2 and theorems 2.4 and 2.5. To prove (iv), let h = Lu for some u ∈ D(L). Restricting this equation to halflines, we deduce from proposition 3.3 that u = { R^+h + v_+ on [T, +∞), R^−h + v_− on (−∞, T ], for some v_± in the kernel of L^±. Thus (R^+h)(T ) − (R^−h)(T ) = v_−(T ) − v_+(T ) ∈ W^u(T ) + W^s(T ) by (i) and (ii). Conversely, let h ∈ L^p(R; X) with (R^+h)(T ) − (R^−h)(T ) = x_s + x_u ∈ W^s(T ) + W^u(T ). Corollary 2.3 yields (R^+h)(T ), (R^−h)(T ) ∈ (X, D(A(T )))_{1−} 1_{p ,p}. Since x_u ∈ D(A(T )) by lemma 3.2(iv), we have x_s ∈ (X, D(A(T )))_{1−} 1_{p ,p}. We now define

u(t) = { −G(t, T )x_s + (R^+h)(t), t ≥ T, ũ(t) + (R^−h)(t), t ≤ T, where ũ(T ) = x_u for a function ũ as in definition 3.1. It is easy to see that u ∈ D(L) and Lu = h. Assertion (v) follows from (iv) and lemma 3.4 as in proposition 3.7 of [13]. □

We recall the definitions of semi-Fredholm and Fredholm operators, and of semi- Fredholm and Fredholm couples of subspaces.

Definition 3.6 Let E and F be Banach spaces. We say that a closed linear operator A : D(A) ⊆ E → F is a semi-Fredholm operator if Range A is closed and if at least one of the dimensions dim KerA and codim Range A is finite. If both dimensions are finite, we say that A is a Fredholm operator. The index of a semi-Fredholm operator A is defined by ind A := dim Ker A − codim Range A. Definition 3.7 Let V and W be subspaces of a Banach space E. We say that (V, W ) is a semi-Fredholm couple if V +W is closed and if at least one of the dimensions dim (V ∩W ) and codim (V +W ) is finite. If both dimensions are finite, we say that (V, W ) is a Fredholm couple. The index of a semi-Fredholm couple (V, W ) is defined by ind (V, W ) := dim (V ∩ W ) − codim (V + W ). Now we are able to describe the properties of L in terms of properties of the subspaces W^s(T ) and W^u(T ), arguing exactly as in theorem 3.10 in [13] and its corollaries and using the above results.

Theorem 3.8 Assume that (2.1), (2.2), (2.7), (2.8), and (2.9) are satisfied. Then the following assertions hold.

(i) Range L is closed if and only if W^s(T ) + W^u(T ) is closed.

(ii) L is onto if and only if W^s(T ) + W^u(T ) = X.

(iii) dim (Ker L) = dim (W^s(T ) ∩ W^u(T )) + dim (Ker G(T, −T )_{|P (−T )(X)}). In particular, if L is one to one, then W^s(T ) ∩ W^u(T ) = {0}, and if G(T, −T )_{|P (−T )(X)} is one to one, the converse is also true.

(iv) If L is invertible, then W^s(T ) ⊕ W^u(T ) = X. If G(T, −T )_{|P (−T )(X)} is one to one, the converse is also true.

(v) If L is a semi-Fredholm operator, then (W^s(T ), W^u(T )) is a semi-Fredholm couple and codim (W^s(T )+W^u(T )) = codim (Range L), ind (W^s(T ), W^u(T )) ≤ ind L. (3.5) If in addition the kernel of G(T, −T )_{|P (−T )(X)} is finite dimensional, then ind (W^s(T ), W^u(T )) = ind L − dim Ker G(T, −T )_{|P (−T )(X)}. (3.6) Conversely, if (W^s(T ), W^u(T )) is a semi-Fredholm couple and the kernel of G(T, −T )_{|P (−T )(X)} is finite dimensional, then L is a semi-Fredholm operator and (3.6) holds. Moreover, if (W^s(T ), W^u(T )) is Fredholm, then L is semi-Fredholm and (3.5) holds.

Corollary 3.9 If dim P_{+∞}(X) < ∞ and dim P_{−∞}(X) < ∞ then L is Fredholm with index ind L = dim P_{−∞}(X) − dim P_{+∞}(X). Corollary 3.10 If the embeddings D(A_{+∞}) → X and D(A_{−∞}) → X are compact, then L is a Fredholm operator with index ind L = dim P_{−∞}(X) − dim P_{+∞}(X). Proposition 3.5 provides us with a convenient description of the kernel of L. For many applications, e.g. in the proof of proposition 4.4 below, it is important to determine the range of L in a similar way via duality. This task is simplified by the fact that L^p(R; X) is reflexive and has the dual L^q(R, X^∗ ) with q = p/(p − 1). (Recall that (2.9) implies that X is reflexive.) If L has closed range, then

Range L = (Ker L^∗)^⊥ := {h ∈ L^p(R; X) : ∫ R hv dx = 0 ∀ v ∈ Ker L^∗} (3.7)

by formulas (III.5.10) and (III.1.24) in [17]. In order to determine L^∗, we introduce the so–called evolution semigroup (T (t)f) (s) = G(s, s − t)f(s − t), s ∈ R, f ∈ L^p(R; X), t ≥ 0, on L^p(R; X), cf. [19, 26, 27]. By (2.5), there is a number γ ≥ 0 such that e^{−γ(t−s)}G(t, s) is exponentially stable. Then it is easy to verify that T (·) is a C_0–semigroup, and thus it has a generator G. Therefore

((γ − G)^{−1}f) (t) = ∫_{+∞} 0 e^{−γr}(T (r)f)(t) dr = ∫_t −∞ e^{−γ(t−s)}G(t, s)f(s) ds for f ∈ L^p(R, X) and a.e. t ∈ R. Combining this equality with corollary 2.6, we deduce G = −L. As a result, −L^∗ generates the adjoint C_0–semigroup T (·)^∗ on L^q(R, X^∗ ). Hence, the kernel of L^∗ is the fixed space of T (·)^∗. Since (T (t)^∗g) (s) = G(s + t, s)^∗g(s + t), s ∈ R, g ∈ L^q(R, X^∗ ), t ≥ 0, we deduce Ker L^∗ = {v ∈ L^q(R, X^∗ ) : v(s) = G(t, s)^∗v(t) ∀ t ≥ s.} (3.8) So we have shown the following result.

Proposition 3.11 Assume that (2.1), (2.2), and (2.9) hold and that L has a closed range (e.g., if L is semi-Fredholm). Then the range of L is equal to the space {h ∈ L^p(R; X) : ∫ R hv dx = 0 ∀ v ∈ L^q(R, X^∗ ) with v(s) = G(t, s)^∗v(t) ∀ t ≥ s.}. One can see that the so–called ’complete adjoint trajectories’ v (i.e., the functions satisfying v(s) = G(t, s)^∗v(t), t ≥ s) solve the dual evolution equation −v^′(s) = A(s)^∗v(s), s ∈ R, (3.9) in a weak sense. The function v is a classical solution of (3.9) if also the adjoint operators A(t)^∗ satisfy the Acquistapace–Terreni conditions (2.1) and (2.2), cf. [2, Prop.2.9].

4 Perturbations

Let A(·) satisfy assumptions (2.1), (2.2), (2.9), and let B(t) : D(B(t)) ⊂ X → X be a family of operators such that D(A(t)) ⊂ D(B(t)) and ‖B(t)x‖ ≤ a‖A(t)x‖ + b‖x‖, x ∈ D(A(t)), t ∈ R, (4.1) for some constants a, b ≥ 0. We introduce the operator ~L : D(L) → L^p(R, X); ( ~Lu)(t) := u^′(t) − A(t)u(t) − B(t)u(t), t ∈ R. Suppose that L is a Fredholm operator. Then the question arises under which assumptions on B(t) the operator ~L is Fredholm as well. We give three answers, one for small perturbations B(t) and two more in the case of relatively compact perturbations.

4.1 Small A(t)–bounded perturbations

We first provide conditions on B(t) such that the operators A(t)+B(t) inherit (2.1), (2.2), (2.9) from A(t).

Lemma 4.1 Assume that (2.1), (2.2), and (4.1) hold with a < (1 + K)^{−1}. Let the mapping R ∋ t → B(t)R(ω, A(t)) ∈ L(X) be uniformly Hölder continuous. Then the operators A(t) + B(t) with domain D(A(t)), t ∈ R, satisfy (2.1) and (2.2) (possibly with different constants). If also (2.9) holds and a < ((1 + K)(1 + R))^{−1} (with R from (2.10)), then A(t) + B(t) satisfy (2.9) (possibly with different constants).

Proof — Fix η ∈ (a(1 + K), 1). It is well known that for sufficiently large γ ≥ ω and ~A(t) = A(t) − γI we have ‖B(t)R(λ, ~A(t))‖ ≤ η and R(λ, ~A(t) + B(t)) = R(λ, ~A(t)) [I − B(t)R(λ, ~A(t))]^{−1} for λ ∈ Σ_{0,θ} and t ∈ R. Thus (2.1) holds for A(t) + B(t). Observe that (I − R(λ, ~A(t))B(t))^{−1} = I + R(λ, ~A(t))[I − B(t)R(λ, ~A(t))]^{−1}B(t) ∈ L(D(A(t)), R(λ, ~A(t) + B(t)) = { I + R(λ, ~A(t))[I − B(t)R(λ, ~A(t))]^{−1}B(t) } R(λ, ~A(t)). These equalities yield

( ~A(t) + B(t))R(λ, ~A(t) + B(t)) [( ~A(t) + B(t))^{−1} − ( ~A(s) + B(s))^{−1}]

= ( ~A(t) + B(t)) { I + R(λ, ~A(t))[I − B(t)R(λ, ~A(t))]^{−1}B(t) } ~ A(t)^{−1} · ~A(t)R(λ, ~A(t)) { ~ A(t)^{−1}[(I + B(t) ~A(t)^{−1})^{−1} − (I + B(s) ~A(s)^{−1})^{−1}]

+ ( ~A(t)^{−1} − ~A(s)^{−1})(I + B(s) ~A(s)^{−1})^{−1} }

for λ ∈ Σ_{0,θ} and t ≠ s ∈ R. Since R ∋ t → (I + B(t) ~A(t)^{−1})^{−1} ∈ L(X) is uniformly bounded and Hölder continuous, we obtain (2.2) for A(t) + B(t). The last assertion is a direct consequence of [10, Prop.4.3] or [18, Cor.6.8], see also [30, Rem.4.5]. (Possibly one has to increase γ.) □

Theorem 4.2 Assume that (2.1), (2.2), (2.9), and (4.1) hold with a < ((1+K)(1+R))^{−1} (where R is given by (2.10)) and that R ∋ t → B(t)R(ω, A(t)) ∈ L(X) is uniformly Hölder continuous. Suppose that L is a Fredholm operator. If a and b from (4.1) are small enough, then ~L is a Fredholm operator with the same index as L.

Proof — Combining estimate (4.1) with corollary 2.6, we obtain ‖B(·)u(·)‖_Lp_{(R;X)} ≤ a ‖A(·)u(·)‖_Lp_{(R;X)} + b ‖u‖_Lp_{(R;X)} ≤ aC_3 ‖Lu‖_Lp_{(R;X)} + (aC_3γ + b) ‖u‖_Lp_{(R;X)} Now theorem IV.5.22 of [17] shows that there exists κ > 0 such that if b + aC_3γ + aC_3κ < κ, then ~L is a Fredholm operator with the same index. □

4.2 Relatively compact perturbations Again we start with a perturbation result for our basic assumptions. Lemma 4.3 Assume that A(t), t ∈ R, are densely defined and satisfy (2.1), (2.2), and (2.7). Suppose that B(t), t ∈ R, fulfill (4.1) and that B(t)R(ω, A(t)) ∈ L(X) are compact and uniformly Hölder continuous for t ∈ R and converge in L(X) to operators B_{±∞}R(ω, A_{±∞}) as t → ±∞. Then the operators A(t) + B(t) with domain D(A(t)), t ∈ R, satisfy (2.1) and (2.2), possibly with different constants. If also (2.9) holds, then A(t) + B(t) satisfy (2.9), possibly with different constants.

Proof — Replacing A(t) by A(t) − ωI, we may suppose that ω = 0. Let η ∈ (0, 1/2] and set ε = η(3K + 5)^{−1}. Let t ∈ R, and x ∈ D(A(t)) with ‖x‖ + ‖A(t)x‖ ≤ 1. Then we have ‖R(λ, A(t))B(t)x‖ ≤ K max{a, b} |λ| ≤ ε, (4.2)

for λ ∈ Σ_{γ,θ} provided that γ is sufficiently large, say γ ≥ γ_1(η) > 0. By assumption there exist −∞ = t_1 < t_2 < · · · < t_{n−1} < t_n = +∞ such that for each t ∈ R we find t_k with ‖B(t)A(t)^{−1} − B(t_k)A(t_k)^{−1}‖ ≤ ε. Since the operators B(t_i)A(t_i)^{−1}, i = 1, · · · , n, are compact, there exist vectors y_1, · · · , y_m ∈ X such that for t and x as above there is an index j ∈ {1, · · · , m} with ‖B(t_k)A(t_k)^{−1}A(t)x − y_j‖ ≤ ε. Further observe that e^{sA(τ )}y_j → y_j as s → 0 uniformly in τ ∈ R due to our assumptions and the Trotter–Kato theorem, [17, Thm.IX.2.16]. Therefore ‖y_j − y_{jr}‖ ≤ ε, where y_{jr} := 1 r ∫_r 0 e^{sA(t)}y_j ds for some r ∈ (0, 1] not depending on t and j. Combining these facts, we deduce ‖A(t)R(λ, A(t))B(t)x‖ ≤ ‖A(t)R(λ, A(t)) (B(t)A(t)^{−1} − B(t_k)A(t_k)^{−1})A(t)x‖ + ‖A(t)R(λ, A(t)) (B(t_k )A(t_k)^{−1}A(t)x − y_j )‖ + ‖A(t)R(λ, A(t))(y_j − y_{j,r})‖ + ‖R(λ, A(t)) (e^{rA(t)} y_j − y_j)/r‖ ≤ 3(1 + K)ε + c_η |λ|^{−1} for a constant c_η not depending on x, t, λ as above. Taking a sufficiently large γ = γ(η) ≥ γ_1(η), we thus obtain ‖A(t)R(λ, A(t))B(t)x‖ ≤ (3K + 4)ε (4.3) for all t ∈ R, x ∈ D(A(t)) with ‖x‖ + ‖A(t)x‖ ≤ 1, and λ ∈ Σ_{γ,θ}. We set ~A(t) = A(t) − γI. Combining (4.2) and (4.3), we conclude that ‖R(λ, ~A(t))B(t)‖_{L(D(A(t)))} ≤ η ≤ 1 2 (4.4)

for t ∈ R and λ ∈ Σ_{0,θ}, where D(A(t)) is endowed with the graph norm. In particular there exist the resolvent operators R(λ, ~A(t) + B(t)) = ∞∑ n=0 [R(λ, ~A(t))B(t)]^nR(λ, ~A(t)), (4.5) and (2.1) holds for A(t) + B(t). We further have

C(t) := (I + B(t) ~A(t)^{−1})^{−1} = I − B(t)[I + ~A(t)^{−1}B(t)]^{−1} ~A(t)^{−1} .

The operators C(t) ∈ L(X) are uniformly bounded by (4.4), and due to C(t) − C(s) = C(t)[B(s) ~A(s)^{−1} − B(t) ~A(t)^{−1}]C(s) the map t → C(t) ∈ L(X) is globally Hölder continuous. Now one can show (2.2) as in the proof of lemma 4.1.

To establish the second assertion, take η < (1+R)^{−1} and increase γ if necessary. Based on (4.5), the second assertion can then be established as [10, Prop.4.3] or [18, Cor.6.8]. □

We first consider a path of operators of the type A(t) = A + B(t), where A is a fixed R–sectorial operator, D(A(t)) = D(A) for t ∈ R, and B(t) : D(A) → X is compact for every t ∈ R satisfying the assumptions of lemma 4.3. Moreover the operators A + B_{+∞} and A + B_{−∞} shall be hyperbolic. Then the operators A(t) fulfill (2.1), (2.2), and (2.9) by lemma 4.3, and thus they generate an evolution operator G(t, s). We further introduce the stepwise constant path A_0 defined by

A_0(t) := { A + B_{−∞}, t < 0, A + B_{+∞}, t ≥ 0. Clearly, A_0 generates the evolution operator

G_0(t, s) = e^{(t−s)(A+B+∞)}, t ≥ s ≥ 0, e^{t(A+B+∞)}e^{−s(A+B−∞)}, t ≥ 0 > s, e^{(t−s)(A+B−∞)}, 0 > t ≥ s. Further, we have exponential dichotomies in [0, +∞) and in (−∞, 0] with the constant projections

P_{+∞} = 1 2πi ∫ γ R(λ, A + B_{+∞})dλ and P_{−∞} = 1 2πi ∫ γ R(λ, A + B_{−∞})dλ, respectively. Here γ is any regular curve lying in {Re λ > 0}, surrounding both σ(A + B_{+∞}) ∩ {Re λ > 0} and σ(A + B_{−∞}) ∩ {Re λ > 0} and having index 1 with respect to both sets. The stable and unstable manifolds W^s_0 and W^u_0 corresponding to A_0 at t = 0 are given by W^s_0 = (I − P_{+∞})(X) and W^u_0 = P_{−∞}(X).

As in the general case, we define the operator L_0 by

L_0 : D(L_0) = L^p(R; D(A))∩W^{1,p} (R; X) → L^p(R; X); (L_0u)(t) = u^′(t)−A_0(t)u(t), t ∈ R.

The jump of A_0 at t = 0 affects only local regularity properties when crossing t = 0. All results of sections 2 and 3 concerning the operators L^+_0 and L^−_0 , with T = 0, still hold, as well as their consequences. In particular, if P_{+∞}(X) and P_{−∞}(X) are finite dimensional, corollary 3.9 shows that L_0 is a Fredholm operator with index equal to dim P_{−∞}(X) − dim P_{+∞}(X). If one of the subspaces P_{+∞}(X) and P_{−∞}(X) is not finite dimensional, then L_0 is a Fredholm operator as well; but the proof is less immediate. Proposition 4.4 Assume that A satisfies (2.1) and (2.9), that B_{±∞} : D(A) → X are compact, and that σ(A + B_{±∞}) ∩ iR = ∅. Then L_0 is a Fredholm operator with index ind L_0 = ind ((I − P_{+∞})(X), P_{−∞}(X))

= dim ((I − P_{+∞})(X) ∩ P_{−∞}(X)) − dim ([(I − P_{+∞})(X)]^⊥ ∩ [P_{−∞}(X)]^⊥). Proof — Statement (v) of theorem 3.8, applied to A_0, implies that L_0 is a Fredholm operator if and only if ((I − P_{+∞})(X), P_{−∞}(X)) is a Fredholm couple, and then ind L_0 = ind ((I − P_{+∞})(X), P_{−∞}(X)), dim Ker L_0 = dim ((I − P_{+∞})(X) ∩ P_{−∞}(X)). To prove that the couple is Fredholm, we observe that

P_{+∞} − P_{−∞} = 1 2πi ∫ γ (R(λ, A + B_{+∞}) − R(λ, A + B_{−∞}))dλ = 1 2πi ∫ γ R(λ, A + B_{+∞})(B_{+∞} − B_{−∞})R(λ, A + B_{−∞})dλ is a compact operator, because B_{+∞} − B_{−∞} : D(A) → X is compact. Thus the range of I − P_{+∞} + P_{−∞} is closed and has a finite dimensional complement. As a result, the larger set (I − P_{+∞})(X) + P_{−∞}(X) is closed and has a finite codimension, too. In addition, the space P_{−∞}(X) ∩ (I − P_{+∞})(X) is finite dimensional since it is a subspace of the kernel of I −(I −P_{+∞})P_{−∞}, and (I −P_{+∞})P_{−∞} = (P_{−∞} −P_{+∞})P_{−∞} is compact. As a consequence, L_0 is a Fredholm operator, and it remains to show that codim Range L_0 = dim ([(I − P_{+∞})(X)]^⊥ ∩ [P_{−∞}(X)]^⊥). (4.6) To this purpose we recall that codim Range L_0 = dim Ker L^∗_0 by [17, Thm.IV.5.13]. Due to (3.8), a function v : R → X^∗ belongs to ker L^∗_0 if and only if v ∈ L^q(R, X^∗ ) and v(s) = G_0(t, s)^∗v(t) for all t ≥ s. Observe that G_0(t, s)^∗ has exponential dichotomies on R_+ and R_− by duality. Hence, ‖v(s)‖ = ‖e^{−s(A+B−∞)∗} v(0)‖ ≥ ‖e^{−s(A+B−∞)∗} P^∗_{−∞}v(0)‖ − ‖e^{−s(A+B−∞)∗} (I − P^∗_{−∞})v(0)‖ ≥ N^{−1}e^{−βs}‖P^∗_{−∞}v(0)‖ − Ne^{βs}‖(I − P^∗_{−∞})v(0)‖, s ≤ 0, ‖(I − P^∗_{+∞})v(0)‖ = ‖e^{t(A+B+∞)∗} (I − P^∗_{+∞})v(t)‖ ≤ Ne^{−βt}‖v(t)‖, t ≥ 0, for v ∈ Ker L^∗_0. Since v ∈ L^q(R, X^∗ ), we obtain v(0) ∈ P^∗_{+∞}(X^∗) ∩ (I − P^∗_{−∞})(X^∗). Then it is easy to see that the mapping Φ : Ker L^∗_0 → P^∗_{+∞}(X^∗) ∩ (I − P^∗_{−∞})(X^∗); v → v(0), is an isomorphism. Observe that P^∗_{+∞}(X^∗) = [(I − P_{+∞})(X)]^⊥ and (I − P^∗_{−∞})(X^∗) = [P_{−∞}(X)]^⊥. Thus we have shown (4.6). □

Observe that if X is a Hilbert space and P_{±∞} are self–adjoint, then the last argument of the above proof shows that

ind L_0 = dim ((I − P_{+∞})(X) ∩ P_{−∞}(X)) − dim (P_{+∞}(X) ∩ (I − P_{−∞})(X)).

As a second step, we write A(t) = A_0(t) + ~B(t), with ~B(t) = { B(t) − B_{−∞}, t < 0, B(t) − B_{+∞}, t > 0. Thus the perturbation ~B(t) is not only compact for each t, but it tends to 0 as t → ±∞. Unfortunately, this is not enough to guarantee that the induced perturbation D(L_0) → L^p(R, X), u → ~B(·)u(·), is relatively compact, and hence we cannot directly deduce that L is a Fredholm operator because it is a compact perturbation of a Fredholm operator. But we can circumvent this difficulty working in ℓ^p(Z, X) instead of in L^p(R, X), thanks to the following theorem taken from [19, Thm.1.4].

Theorem 4.5 Let U(t, s) be an exponentially bounded, strongly continuous evolution operator in a reflexive Banach space X, and let G : D(G) → L^p(R, X) be the generator of the corresponding evolution semigroup in L^p(R, X) given by (T (t)f)(s) = U(s, s − t)f(s − t). Define the operator D ∈ L(ℓ^p(Z, X)), 1 ≤ p < ∞, by Dx = (x_n − U(n, n − 1)x_{n−1})_{n∈Z}, x = (x_n)_{n∈Z} ∈ ℓ^p(Z, X). Then G is a Fredholm operator if and only if D is a Fredholm operator, in which case they have the same index.

As observed at the end in Section 3, under our assumptions −L generates the evolution semigroup associated to the evolution operator G(t, s). Using similar arguments one also sees that −L_0 is the generator of the evolution semigroup corresponding G_0(t, s). By proposition 4.4 and theorem 4.5, the operator D_0 : ℓ^p(Z, X) → ℓ^p(Z, X) defined by D_0x = (x_n − G_0(n, n − 1)x_{n−1})_{n∈Z}, x = (x_n)_{n∈Z} ∈ ℓ^p(Z, X), is a Fredholm operator with index equal to ind L_0. We will show that the perturbation x → Sx := (G(n, n − 1) − G_0(n, n − 1))x_{n−1})_{n∈Z}, x = (x_n)_{n∈Z} ∈ ℓ^p(Z, X), (4.7) is compact in ℓ^p(Z, X). Then the operator D defined by Dx = (x_n − G(n, n − 1)x_{n−1})_{n∈Z}, x = (x_n)_{n∈Z} ∈ ℓ^p(Z, X), is a Fredholm operator in ℓ^p(Z, X) with index ind L_0 by theorem IV.5.26 of [17]. Using again theorem 4.5, we conclude that L is also a Fredholm operator, with the same index as L_0. To prove that the perturbation S is compact, we need the following two results. Here we assume that A satisfies (2.1) and is densely defined, that B(t) : D(A) → X is compact, uniformly bounded and globally Hölder continuous in L(D(A), X) for t ∈ R, and that B(t) converge to B_{±∞} in L(D(A), X) as t → ±∞. The next lemma is a special case of results in [7, 13, 26, 27], see e.g. [27, Prop.2.6].

Lemma 4.6 We have lim_{|n|→∞} ‖G(n, n − 1) − G_0(n, n − 1)‖_{L(X)} = 0.

Proposition 4.7 The operator S : ℓ^p(Z, X) → ℓ^p(Z, X) is compact.

Proof — To prove that the range of the unit ball B(0, 1) ⊂ ℓ^p(Z, X) is totally bounded, it is enough to show that for each ε > 0 the following statements hold:

(a) there exists N ∈ N such that for each x ∈ B(0, 1) we have ∑ |n|≥N ‖(G(n, n − 1) − G_0(n, n − 1))x_{n−1}‖^p ≤ ε,

(b) for each n ∈ Z there is a compact set K ⊂ X such that {(G(n, n − 1) − G_0(n, n − 1))x_{n−1} : x ∈ B(0, 1)} is contained in K + B_X (0, ε).

Point (a) is an obvious consequence of lemma 4.6. Concerning point (b), we write G(n, n − 1) − G_0(n, n − 1) = G(n, n − 1 + h)(G(n − 1 + h, n − 1) − G_0(n − 1 + h, n − 1)) + ∫_{n−1} n−1+h G(n, s) ~B(s)G_0(s, n − 1)ds for each h ∈ (0, 1). This identity follows from the variation of constants formula in the interval [n − 1 + h, n] and d/dt[G(t, n − 1) − G_0(t, n − 1)] − A(t)(G(t, n − 1) − G_0(t, n − 1)) = ~B(t)G_0(t, n − 1) for n − 1 < t ≤ n. If n − 1 ≥ 0, then

G(n − 1 + h, n − 1) − G_0 (n − 1 + h, n − 1) = e^{hA(n−1)} − e^{h(A+B+∞)} + ∫_{n−1+h} n−1 Z(s, n − 1)ds, so that G(n,n − 1) − G_0(n, n − 1) = G(n, n − 1 + h)(e^{hA(n−1)} − e^{h(A+B+∞)}) + ∫_{n−1+h} n−1 G(n, n − 1 + h)Z(s, n − 1)ds + ∫_{n−1} n−1+h G(n, s) ~B(s)G_0(s, n − 1)ds. Further, the operators G(n, n − 1 + h)(e^{hA(n−1)} − e^{h(A+B+∞)}) = 1 2πi ∫ γ e^{λh}G(n, n − 1 + h)R(λ, A(n − 1))(B(n − 1) − B_{+∞})R(λ, A + B_{+∞})dλ, ∫_{n−1} n−1+h G(n, s) ~B(s)G_0(s, n − 1)ds are compact, and ‖ ‖ ‖G(n, n − 1 + h) ∫_{n−1+h} n−1 Z(s, n − 1)ds ‖ ‖ ‖_{L(X)} ≤ M^0c ∫_{n−1+h} n−1 (s − n + 1)^{δ−1}ds = cM_0 δ h^δ. Fix h ∈ (0, 1) such that cM_0h^δ/δ ≤ ε. Then G(n, n − 1) − G_0(n, n − 1) is the sum of a compact operator plus an operator with norm less than ε, and (b) follows for n ≥ 1. If n ≤ 0 we use the same argument, replacing B_{+∞} by B_{−∞}. □

So we have shown the following theorem.

Theorem 4.8 Let A be a fixed operator satisfying (2.1) and (2.9). Assume that B(t) : D(A) → X is compact and uniformly bounded and Hölder continuous in L(D(A), X) for t ∈ R and converges to B_{±∞} in L(D(A), X) as t → ±∞. Suppose that σ(A+B_{±∞})∩iR = ∅. Then L is a Fredholm operator with index

ind L = dim ((I − P_{+∞})(X) ∩ P_{−∞}(X)) − dim ([(I − P_{+∞})(X)]^⊥ ∩ [P_{−∞}(X)]^⊥). Using the same arguments, one can establish a second result on compact perturbations. Theorem 4.9 Let A(t), t ∈ R, satisfy (2.1), (2.2), (2.7), (2.8), and (2.9), and let L be Fredholm. Assume that B(t) : D(A(t)) → X is compact and that t → B(t)R(ω, A(t)) ∈ L(X) is uniformly Hölder continuous and converges to 0 in L(X) as t → ±∞. Then ~L is a Fredholm operator with index

ind ~L = dim ((I − P_{+∞})(X) ∩ P_{−∞}(X)) − dim ([(I − P_{+∞})(X)]^⊥ ∩ [P_{−∞}(X)]^⊥).

5 Examples

5.1 Parabolic systems on bounded domains

Due to recent advances in [10] we could treat very general parabolic boundary value systems of order 2m. For the sake of simplicity, we concentrate on second order systems with Robin type boundary conditions and we require more regularity assumptions than necessary. Let N ∈ N, q ∈ (1, +∞), and Ω be an open bounded subset of R^d with boundary Γ of class C^2. We study the differential operators A(t) = A(t, x, D) = − d∑ k,l=1 a_{kl}(t, x)∂_k∂_l + d∑ k=1 a_k(t, x)∂_k + a_0(t, x)

for t ∈ R and x ∈ Ω and the boundary operators B(t) = B(t, x, D) = N∑ k=1 b_k(t, x)γ∂_k + b_0(t, x)γ for t ∈ R and x ∈ Γ. The derivatives are understood in distributional sense and γ is the trace operator. The coefficients are complex N × N–matrices satisfying

a_{kl}, a_j ∈ C^{α1}_b (R; C(Ω, C^{N×N} )), b_j ∈ C^{α2}_b (R; C^1 (Γ; C^{N ×N} ))

for k, l = 1, · · · d, j = 0, · · · , d and constants α_1 ∈ (0, 1) and α_2 ∈ (1/2, 1), where C^α_b denotes the space of uniformly bounded and globally Hölder continuous functions. We further suppose that

a_α(t, ·) → a_α(±∞, ·) in C(Ω; C^{N×N} ) b_j (t, ·) → b_j(±∞, ·) in C^1(Γ; C^{N×N} )

as t → ±∞, for α = (k, l) or α = j, and k, l = 1, · · · , d, j = 0, · · · , d. The principal symbols of A(t, x, D) and B(t, x, D) are defined by

a_#(t, x, ξ) = d∑ k,l=1 a_{kl}(t, x)ξ_kξ_l and b_#(t, x, ξ) = d∑ k=1 b_k(t, x)ξ_k

for ξ ∈ R^d , t ∈ [−∞, +∞], and x ∈ Ω, resp., x ∈ Γ.

We further suppose that (A(t), B(t)) are normally elliptic, cf. [5, 10, 11] and the references therein. This means that σ(a_#(t, x, ξ)) ⊂ {λ ∈ C : Re λ > 0} for t ∈ [−∞, +∞], x ∈ Ω, and ξ ∈ R^d with |ξ| = 1 and the Lopatinskii–Shapiro condition holds: For all t ∈ [−∞, +∞], x ∈ Γ, tangent vectors ξ of Γ at x ∈ Γ, and Re λ ≥ 0 with (ξ, λ) ≠ (0, 0), v = 0 is the unique solution in C_0(R_+ , C^N ) of the ODE λv(τ) + a_#(t, x, ξ + ν(x)i∂_τ )v(τ) = 0, τ ≥ 0, b_#(t, x, ξ + ν(x)i∂_τ )v(0) = 0, where ν(x) is the outer normal vector at x ∈ Γ. The elliptic boundary value problem (A(t), B(t)) is normally elliptic if for instance Re (a_#(t, x, ξ)η|η) > 0 for η ∈ C^N \ {0} and ξ ∈ R^d \ {0} and (b_1(t, x), · · · , b_d(t, x)) = b(t, x)β(t, x) for invertible matrices b(t, x) ∈ C^{N×N} and an outward pointing, nowhere vanishing vector field β on Γ, see [5, Thm.4.2].

On X = L^q(Ω; C^N ) we now define A(t)u = −A(t, ·, D)u, u ∈ D(A(t)) = {u ∈ W^{2,q}(Ω; C^N ) : B(t, ·, D)u = 0 on Γ} for t ∈ [−∞, +∞]. The Agmon–Douglis–Nirenberg estimates in the version of theorem 2.3 of [5] imply condition (2.1) for t ∈ [−∞, +∞] (see also [10, Thm.8.2]). Moreover, the graph norms of the operators A(t), t ∈ [−∞, +∞], and the norm of W^{2,q}(Ω; C^N ) are uniformly equivalent. Theorem 8.2 of [10] further implies that all operators A(t) satisfy (2.9) for fixed t ∈ [−∞, +∞]. Let us check that the corresponding R–bounds are uniformly bounded in t. Take t, s ∈ [−∞, +∞] and f ∈ L^q([0, 1], X). Set u(τ) = ∫_τ 0 e^{(τ −σ)A(s)}f(σ) dσ, 0 ≤ τ ≤ 1. We then have, for τ ∈ [0, 1], ∂_τ u(τ, x) + A(t, x, D)u(τ, x) = f(τ, x) + (A(t, x, D) − A(s, x, D))u(τ, x), x ∈ Ω a.e., B(t, x, D)u(τ, x) = (B(t, x, D) − B(s, x, D))u(τ, x), x ∈ Γ a.e., u(0, x) = 0, x ∈ Ω. Given ε > 0, we find a neighborhood U(t, ε) of t ∈ [−∞, +∞] such that ‖a_α(t, ·) − a_α(s, ·)‖_L∞_{(Ω;C} N ×N_) ≤ ε and ‖b_j (t, ·) − b_j (s, ·)‖_C1_{(Γ;C} N ×N_) ≤ ε for s ∈ U(t, ε), for α = (k, l) or α = j, and k, l = 1, · · · d, j = 0, · · · , d. Theorem 2.1 of [11] combined with the extension results in [11, §3] then imply that

‖u‖_W 1,q_{([0,1];X)}+‖u‖_Lq_{([0,1];W} 2,q_{(Ω;C} N_{))} ≤ c_t ( ‖f‖_Lq_{([0,1];X)} + ε ‖u‖_W 1,q_{([0,1];X)} + ε‖u‖_Lq_{([0,1];W} 2,q_{(Ω;C} N_{))} ) . Choosing ε = (2c_t)^{−1} , we deduce

‖u‖_W 1,q_{([0,1];X)} + ‖A(s)u‖_Lq_{([0,1];X)} ≤ c^′_t ‖f‖_Lq_{([0,1];X)} , s ∈ U(t, (2c_t)^{−1}). The compactness of [−∞, +∞] thus yields ‖u‖_W 1,q_{([0,1];X)} + ‖A(s)u‖_Lq_{([0,1];X)} ≤ c^′ ‖f‖_Lq_{([0,1];X)} for s ∈ R. This uniform estimate shows (2.9) due to (the proofs of) theorem 4.2 and remark 2.3 of [30], see also [10, Prop.3.17].

In order to check (2.2) we proceed as in [4], see also [2]. We extend the coefficients b_j to Ω preserving their norms. For f ∈ X, t, s ∈ R, | arg λ| ≤ θ, we set v = −R(ω, A(s))f and u = R(λ + ω, A(t))(λ + ω − A(s))v. Then u − v = (A(t) − ω)R(λ + ω, A(t))(R(ω, A(t)) − R(ω, A(s)))f and (λ + ω)u + A(t, ·, D)u = λv − f, (ω + A(s, ·, D))v = −f, on Ω, B(t, ·, D)u = 0, B(s, ·, D)v = 0 on Γ. This shows that (λ + ω)(u − v) + A(t, ·, D)(u − v) = (A(s, ·, D) − A(t, ·, D))v, on Ω, B(t, ·, D)(u − v) = (B(s, ·, D) − B(t, ·, D))v, on ∂Ω.

The Agmon–Douglas–Nirenberg estimate from theorem 2.3 of [5] and our assumptions now imply ‖u − v‖_X ≤ c |λ + ω| ( ‖(A(s, ·, D) − A(t, ·, D))v‖_Lq_{(Ω;C} N_) + |λ + ω|^{1/2}‖(B(s, ·, D) − B(t, ·, D))v‖_W 1,q_{(Ω;C} N_) ) ≤ c^′ (|λ + ω|^{−1} |t − s|^{α1} + |λ + ω|^{−1/2} |t − s|^{α2} ) ‖f‖_X . In the same way one derives (2.7). Observe that the operators A(±∞) have compact resolvents. Hence the spectra of these operators consist of eigenvalues only and do not depend on q (see e.g. [9, Thm.1.6.3]). If we can check (2.8), then corollary 3.10 shows that L is a Fredholm operator with index equal to dim P_{−∞}(X) − dim P_{+∞}(X).

We give a rather simple example to illustrate the spectral condition (2.8). The example could occur if a reaction diffusion system with two species, diagonal diffusion, and conormal boundary conditions is linearized along a heteroclinic orbit. We consider the differential operator in divergence form −A(t, x, D) = ( div a(t, x)∇ + a_0(t, x) b(t, x) c(t, x) div d(t, x)∇ + d_0(t, x) )

for t ∈ [−∞, +∞] and x ∈ Ω, and the boundary operator B(t, x, D) = ( a(t, x)ν(x) · ∇ 0 0 d(t, x)ν(x) · ∇ )

for t ∈ [−∞, +∞] and x ∈ Γ = ∂Ω. Here Ω with outer normal ν is given as above. We assume that a, a_0, b, c, d, d_0 are real–valued, a(t, x), d(t, x) ≥ δ > 0

a, d ∈ C^{α+1/2}_b (R; C^1 (Ω)) ∩ C([−∞, +∞]; C^1(Ω)), a_0, b, c, d_0 ∈ C^α_b (R; C(Ω)) ∩ C([−∞, +∞]; C(Ω))

for some α > 0, and that the coefficients at t = ±∞ are equal to constants. Then we are in the situation discussed above. We thus have to study the spectra of the operators A(±∞) = ( a(±∞)Δ + a_0(±∞) b(±∞) c(±∞) d(±∞)Δ + d_0(±∞) )

on L^q(Ω)^2 with domains

D(A(±∞)) = {(u, v) ∈ W^{2,q}(Ω)^2 : ∂_ν u = ∂_ν v = 0 on Γ}.

Here ∂_ν is the derivative in the direction of the outer normal direction at x ∈ Γ. It is straightforward to check that λ ∈ C is an eigenvalue of A(±∞) if and only if there is a n ∈ N_0 such that λ is an eigenvalue of the matrix

M^±_n = ( a(±∞)μ_n + a_0(±∞) b(±∞) c(±∞) d(±∞)μ_n + d_0(±∞) )

where μ_n ≤ 0 are the distinct eigenvalues of the Neumann Laplacian on Ω. Thus we have ensure that none of the matrices M^±_n , n ∈ N_0 , has an eigenvalue on iR. One obtains a purely imaginary eigenvalue of A(±∞) if and only if either det(M^±_n ) = 0 for some n ∈ N_0 , or tr(M^±_n ) = 0 and det(M^±_n ) > 0 for some n ∈ N_0 . Therefore (2.8) holds if, e.g., μ_n ≠ − a_0(±∞) + d_0(±∞) a(±∞) + d(±∞) , n ∈ N_0 , a(±∞)d_0(±∞) + a_0(±∞)d(±∞) < 0 and a_0(±∞)d_0(±∞) > b(±∞)c(±∞) since then tr M^±_n ≠ 0 and det(M^±(μ)) > 0 for all μ ≤ 0. Taking n = 0, we see that the unstable subspaces of A(±∞) are non–trivial if a_0(±∞) + d_0(±∞) > 0, too.

5.2 Generalized Ornstein–Uhlenbeck operators

Let Φ : R^d → R be a convex function such that lim_{|x|→+∞} Φ(x) = +∞ such that the probability measure μ(dx) = ( ∫ R^d e^{−Φ(x)}dx )_{−1} e^{−Φ(x)}dx (5.1)

is well defined. We choose X = L^q(R^d , μ), with 1 < q < +∞. In the paper [12] it was shown that the operator A_2 : D(A_2) = {u ∈ H^2(R^d , μ) : ⟨DΦ, Du⟩ ∈ L^2(R^d , μ)}, A_2u = Δu − ⟨DΦ, Du⟩, is the infinitesimal generator of a symmetric Markov semigroup T_2(t) in L^2(R^d , μ). Moreover, D(A_2) is compactly embedded in L^2(R^d , μ) provided that

∃ω > 0 such that x → Φ(x) − ω|x|^2/2 is convex, (5.2)

which we shall assume throughout.

For 1 < q < 2 (respectively, 2 < q < ∞) we denote by T_q(t) the standard extension (respectively, restriction) of T_2(t) to X and by A_q its generator, cf. [9]. The question whether the domain of A_q is contained in W^{2,q}(R^d , μ) if q ≠ 2 is still open; sufficient conditions in order that D(A_q) = W^{2,q}(R^d , μ) are derived in [21]. In any case, D(A_q) is compactly embedded in X, the spectrum of A_q is independent of q (see e.g. [9, Thm.1.6.3]), and it consists of a sequence of negative eigenvalues −λ_1 > −λ_2 > · · · having finite multiplicities k_1, k_2, · · · plus the simple eigenvalue λ_0 = 0.

We consider the path of sectorial operators A(t) : D(A_q) → X, (A(t)u)(x) = (A_qu)(x) − φ(t, x)u(x), t ∈ R in L^q(R^d , μ), where φ is a real–valued L^∞ function such that ‖φ(t, ·)−φ(s, ·)‖_∞ ≤ C|t−s|^α and ∃ lim_{t→±∞} φ(t, ·) =: φ_±, in L^∞(R^d ).

So, the domain of A(t) is constant and (2.1), (2.2) are satisfied. The limiting operators A_{−∞} and A_{+∞} are hyperbolic under standard assumptions on the range of φ.

Lemma 5.1 Let a_± and b_± be such that a_− ≤ φ_−(x) ≤ b_− and a_+ ≤ φ_+(x) ≤ b_+ for all x ∈ R^d . Assume that there exist n, m ∈ N ∪ {0} such that λ_{m+1} < a_− ≤ b_− < λ_m and λ_{n+1} < a_+ ≤ b_+ < λ_n. Then A_{−∞} and A_{+∞} are hyperbolic operators. The unstable spaces P_{−∞}(X) and P_{+∞}(X) have positive finite dimensions equal to 1 + k_1 + · · · + k_m and 1 + k_1 + · · · + k_n, respectively, where k_j is the multiplicity of the eigenvalue −λ_j of A_2.

Proof — First, let q = 2. Since A_2 is self-adjoint, the operators A_{−∞} and A_{+∞} are self-adjoint too in L^2(R^d , μ). The domain D(A_2) is compactly embedded in L^2(R^d , μ), therefore the spectra of A_{−∞} and of A_{+∞} consist of sequences of real eigenvalues, each eigenvalue has finite geometric multiplicity, and A_{−∞}, A_{+∞} are hyperbolic if and only if 0 is not an eigenvalue. In view of our assumptions, the minmax principle (see e.g. [24, Thm.XIII.2]) implies that 0 is not eigenvalue of A_{−∞} and A_{+∞}. Moreover, the number of strictly positive eigenvalues of A_{−∞} and A_{+∞} (counting multiplicities) is equal to 1 + k_1 + · · · + k_m and 1 + k_1 + · · · + k_n, respectively.

In the case that q ≠ 2, theorems 1.6.1 and 1.6.3 and corollary 1.6.2 of [9] show that the spectra of A_{−∞} and A_{+∞} and the multiplicities of the eigenvalues do not depend on q. Thus the lemma is proved. □

We do not need the general theory of optimal L^p regularity for the proof of theorem 2.2. An easy proof by perturbation is given below.

Lemma 5.2 Let a < b ∈ R, 1 < p < +∞, and let f ∈ L^p((a, b); X). Then the problem { u^′(t) = A_pu(t) − φ(t, ·)u(t) + f(t), a < t < b, u(a) = 0, (5.3)

has a unique solution u, which belongs to W^{1,p}((a, b); X). For almost all t ∈ (a, b), u(t) belongs to D(A_q), and there is C_{p,b−a}, independent of f, such that ‖u‖_W 1,p_{((a,b);X)} + ‖A(·)u(·)‖_Lp_{((a,b);X)} ≤ C_{p,b−a}‖f‖_Lp_{((a,b);X)}. (5.4) Proof — Since A_p is the generator of a Markov semigroup, the result is true when φ ≡ 0 thanks to [8]. In the general case, the solution to (5.3) must satisfy u(t) = ∫_t a T_p(t − s)(f(s) − φ(s, ·)u(s))ds, a < t < b. The operator Λ defined by (Λu)(t) = − ∫_t a T_p(t − s)φ(s, ·)u(s)ds is easily seen to be a contraction in L^p((a, b); L^q (R^d , μ)) with respect to the norm |u|_Lp_{((a,b);X)} := ( ∫_b a (e^{−ωs}‖u(s)‖_X )^pds )_{1/p} , provided ω is large enough. Therefore it has a unique fixed point u; since s → f(s) + φ(s, ·)u(s) ∈ L^p((a, b); X), the statement follows applying [8] again. □

In this case our operator L has the domain

D(L) = W^{1,p}(R; X) ∩ L^p(R; D(A_q )).

Applying corollary 3.10 gives that L is a Fredholm operator with index equal to dim P_{−∞}(X) − dim P_{+∞}(X). References

[1] A. Abbondandolo, P. Majer: Ordinary differential operators in Hilbert spaces and Fredholm pairs, Math. Z. 243 (2003), 525–562.

[2] P. Acquistapace, F. Flandoli, B. Terreni: Initial boundary value problems and optimal control for nonautonomous parabolic systems, SIAM J. Control Optim. 29 (1991), 89–118.

[3] P. Acquistapace, B. Terreni: A unified approach to abstract linear nonautonomous parabolic equations, Rend. Sem. Mat. Univ. Padova 78 (1987), 47–107.

[4] P. Acquistapace: Evolution operators and strong solutions of abstract linear parabolic equations, Differential Integral Equations 1 (1988), 433–457.

[5] H. Amann: Dynamic theory of quasilinear parabolic equations. II. Reaction–diffusion systems, Differential Integral Equations 3 (1990), 13–75.

[6] H. Amann: Linear and Quasilinear Parabolic Problems. Volume 1: Abstract Linear Theory, Birkhäuser, 1995.

[7] C.J.K. Batty, R. Chill: Approximation and asymptotic behaviour of evolution families, Differential Integral Equations 15 (2002), 477–512.

[8] T. Coulhon, D. Lamberton: Equations d’évolution linéaires associées à des semigroupes de contractions dans les espaces L^p, J. Funct. Anal. 72 (1987), 252–262.

[9] E.B. Davies: Heat Kernels and Spectral Theory, Cambridge Univ. Press, Cambridge, 1989.

[10] R. Denk, M. Hieber, J. Prüss: R-boundedness, Fourier multipliers, and problems of elliptic and parabolic type, Memoirs AMS 166, nr. 788 (2003).

[11] R. Denk, M. Hieber, J. Prüss: Optimal L_p–L_q–regularity for parabolic problems with inhomogeneous boundary data, preprint.

[12] G. Da Prato, A. Lunardi: Elliptic operators with unbounded drift coefficients and Neumann boundary condition, J. Diff. Eqns. (to appear). Preprint 306, Dipart. Mat. Univ. Parma (2002).

[13] D. Di Giorgio, A. Lunardi: On Fredholm properties of Lu = u^′ − A(t)u for paths of sectorial operators, Proc. Royal Soc. Edinb. A (to appear). Preprint 319, Dipart. Mat. Univ. Parma (2003).

[14] P. Fitzpatrick, J. Pejsachowicz, L. Recht: Spectral flow and bifurcation of critical points of strongly-indefinite functionals, J. Funct. Anal. 162 (1999), 52–95.

[15] M. Fuhrman: Bounded solutions for abstract time-periodic parabolic equations with nonconstant domains, Diff. Int. Eqns. 4 (1991), 493–518.

[16] D. Henry: Geometric Theory of Semilinear Parabolic Equations, Lecture Notes in Mathematics 840, Springer-Verlag, Berlin, 1981.

[17] T. Kato: Perturbation Theory for Linear Operators, Springer-Verlag, Berlin, 1980.

[18] P. Kunstmann, L. Weis: Maximal L_p regularity for aprabolic equations, Fopurier multiplier theorems and H^∞ functional calculus, to appear in M. Iannelli, R. Nagel, S. Piazzera (Editors): “Levico Lectures on Evolution Equations by Functional Analytic Methods,” Lecture Notes in Mathematics, Springer–Verlag.

[19] Y. Latushkin, A. Tomilov: Fredholm differential operators with unbounded coefficients, preprint.

[20] A. Lunardi: Analytic Semigroups and Optimal Regularity in Parabolic Problems, Birkhäuser, Basel (1995).

[21] G. Metafune, A. Rhandi, J. Prüss, R. Schnaubelt: L^p regularity for elliptic operators with unbounded coefficients, preprint.

[22] J. Phillips: Self-Adjoint Fredholm Operators and Spectral Flow, Canad. Math. Bull.

39 (1996), 460–467.

[23] J. Prüss, G. Simonett: H^∞–calculus for the sum of non–commuting operators, preprint.

[24] M. Reed, B. Simon: Methods of Modern Mathematical Physics IV: Analysis of Operators, Academic Press, 1978.

[25] J. Robbin, D. Salamon: The spectral flow and the Maslov index, Bull. London Math. Soc. 27 (1995), 1–33.

[26] R. Schnaubelt: Asymptotically autonomous parabolic evolution equations, J. Evol.

Eqs. 1 (2001), 19–37.

[27] R. Schnaubelt: Asymptotic behaviour of parabolic nonautonomous evolution equations, to appear in M. Iannelli, R. Nagel, S. Piazzera (Editors): “Levico Lectures on Evolution Equations by Functional Analytic Methods,” Lecture Notes in Mathematics, Springer–Verlag.

[28] Ž. Štrkalj: R–Beschränktheit, Summensätze abgeschlossener Operatoren und operatorwertige Pseudodifferentialoperatoren, Ph.D. thesis, Universität Karlsruhe, 2000.

[29] H. Triebel: Interpolation Theory, Function Spaces, Differential Operators , North- Holland, Amsterdam (1978).

[30] L. Weis: Operator-valued Fourier multiplier theorems and maximal L_p−regularity, Math. Ann. 319 (2001), 735–758.