Some Remarks on Maximal Regularity of Parabolic Problems

Philippe Clément Delft University of Technology, The Netherlands

Jan Prüss Martin-Luther-Universität Halle-Wittenberg, Germany

Abstract

It is shown that a pseudo-sectorial operator A is R-sectorial in its associated real interpolation spaces D_A(α, p) and admits there an operator-valued H^∞-calculus, for α ∈ (0, 1), p ∈ [1, ∞]. This result is applied to obtain maximal regularity for the principal symbol of the Stefan problem with surface tension. An operator-valued extension of the Stein multiplier theorem for Symmetric Diffusion Semigroups is also included.

1. Introduction.

It has become apparent that the concept of families of R-bounded operators plays an important role in operator theory, in the theory of operator-valued Fourier multipliers, and also in maximal regularity of elliptic and parabolic problems. Although this theory is only of recent origin, already a number of nontrivial applications have been appeared and we expect that in the near future there will be many more.

A family T ⊂ B(X, Y )) of bounded linear operators on a Banach space X is called R-bounded if there is a constant C > 0 such that for all N ∈ N, elements x_j ∈ X, selections T_j ∈ T , and N independent symmetric {−1, 1}-valued random variables ε_j on a probability space (Ω, μ) the inequality || N∑ j=1 ε_j T_jx_j||_{Lp(Ω;Y )} ≤ C|| N∑ j=1 ε_j x_j||_{Lp(Ω;X)} (1.1)

is valid. This can be seen as a strengthening of the concept of uniform boundedness of the family T .

To draw the connection to maximal regularity, recall than an operator A in a Banach space X is called sectorial if its domain and range are dense, (−∞, 0) is contained in the resolvent set of A, and the resolvent estimate |t(t + A)^{−1}|_{B(X)} ≤ M_0, t > 0, is valid. A sectorial operator A is called R-sectorial if in addition the set {t(t + A)^{−1} : t > 0} is R-bounded. This concept was introduced in the same volume of the proceedings of this series of conferences in Clément and Prüss [5] and in Weis [16].

In that paper Weis proved, that in case X is a UMD-Banach space, −A generates an exponentially stable analytic C_0-semigroup in X, then maximal L_p-regularity of the abstract Cauchy problem u̇ + Au = f, t > 0, u(0) = 0, is equivalent to R-boundedness of {iρ(iρ + A)^{−1} : ρ ∈ R}. This can be reformulated as: A is R-sectorial with R-angle less than π/2; see Section 2 for more explanations.

For background and the present state of the art in this theory, we refer to the papers Clément, de Pagter, Sukochev, and Witvliet [2], Clément and Prüss [5], Kalton and Weis [12], and for surveys one should consult Denk, Hieber, and Prüss [7] and Weis [16].

It is the aim of this paper to discuss sectorial (or merely pseudo-sectorial or nonnegative) operators A in their associated real interpolation spaces D_A(α, p), where α ∈ (0, 1) and p ∈ [1, ∞]. In Section 2 we show that the part A_{α,p} of A in D_A(α, p) is always Rsectorial. This not surprising since A_{α,p} admits an H^∞-calculus, as was proved by Dore [8]. On the other hand, it was shown in Clément and Prüss [5] that such operators are R-sectorial, if the space is UMD. Here we give a direct proof which is valid for nonnegative operators in arbitrary Banach spaces. Section 2 deals with the extension of the before mentioned result of Dore to the operator-valued case. Our functional calculus is strong enough to cover the theorem of Da Prato and Grisvard [6]. It is an analog in the setting of real interpolation spaces of a recent result due to Kalton and Weis [12]. Based on the counter-example of Kalton and Lancien [11] we show that our result is independent from that of Kalton and Weis. An application of Theorem 2 to a certain symbol arising in connection with Stefan problems is presented in Section 4. The corresponding theory for this symbol in B^s_{pq} and H^s_p is contained in Escher, Prüss and Simonett [9]. We conclude the paper with the extension of the famous Stein multiplier theorem for Symmetric Diffusion Semigroups on L_p-spaces to operator-valued multipliers in vector-valued setting.

Acknowledgement. This work emerged while the first author was visiting the University of Halle-Wittenberg. We wish to thank the Deutsche Forschungsgemeinschaft, Bonn, for financial support.

2. R-Sectoriality in Interpolation Spaces.

Recall that a linear operator A in a Banach space X is called nonnegative or pseudosectorial, if (−∞, 0) ⊂ ρ(A), the resolvent set of A, and there is a constant M_0 > 0 such that |t(t + A)^{−1}| ≤ M_0, t > 0. This class of operators has been studied in detail by Komatsu [13], in particular in respect of fractional powers. Note that a pseudo-sectorial operator is always closed since it has a nonempty resolvent set. If in addition, the domain D(A) and the range R(A) of A are dense in X, then A is called sectorial. We define as usual the spectral angle ϕ_A as the infimum of all angles ϕ ∈ (0, π] such that Σ_{π−ϕ} := {z ∈ C : z ≠ 0, | arg(z)| < π − ϕ} ⊂ ρ(A), and the resolvent estimate |z(z + A)^{−1}| ≤ M_{π−ϕ}, z ≠ 0, | arg(z)| < π − ϕ, is satisfied, for some constant M_{π−ϕ} > 0 which is independent of z. If for a (pseudo)- sectorial operator A in addition a set {λ(λ + A)^{−1} : λ ∈ Σ_{π−ϕ}} is R-bounded for some angle ϕ, then we call A (pseudo)-R-sectorial; pseudo-R-sectorial will also be called Rnonnegative. The infimum of such angles π is called the R-angle of A, we denote it by ϕ^R_A. Note that we always have ϕ_A ≤ ϕ^R_A.

It is well-known that −A generates an analytic semigroup e^{−At} in X which is bounded on some sector Σ_ψ if and only if A is pseudo-sectorial with spectral angle ϕ_A < π/2; e^{−At} is strongly continuous at 0 if and only if in addition D(A) is dense in X. A famous result due to Da Prato and Grisvard [6] states that in this case the abstract Cauchy problem

u̇ + Au = f, t ∈ J = [0, T ], u(0) = 0, (2.1)

has maximal regularity in L_p(J; D_A(α, p)), for each α ∈ (0, 1), p ∈ (1, ∞). Here, as usual, D_A(α, p) denotes the real interpolation space (X, D(A))_{α,p} between X and the domain of A equipped with the graph norm of order α and exponent p. Therefore by a recent result of Weis [16], the part A_{α,p} of A in D_A(α, p) is pseudo-R-sectorial with R-angle ϕ^R_{Aα,p} < π/2; see also Clément and Prüss [5].

Despite its elegance, this argument has some apparent disadvantages. It only applies to the case ϕ_A < π/2, it gives only the bounds ϕ^R_{Aα,p} < π/2, and it is rather indirect. The following result takes care of these shortcomings.

Theorem 1. Let α ∈ (0, 1), p ∈ [1, ∞), and suppose that A is pseudo-sectorial in the Banach space X.

Then the part A_{α,p} of A in D_A(α, p) is pseudo-R-sectorial and ϕ^R_{Aα,p} ≤ ϕ_A holds.

Proof. Let A be pseudo-sectorial with spectral angle ϕ_A ∈ [0, π); choose ψ > θ > ϕ_A and let Γ_θ denote the standard contour Γ_θ = (∞, 0]e^{iθ} ∪ [0, ∞)e^{−iθ}. Then for each λ ∈ Σ_{π−ψ} and t > 0, the Dunford calculus for A in X yields the representation A(t + A)^{−1}(λ + A)^{−1} = 1 2πi ∫ Γθ 1 λ + z A(z − A)^{−1} dz z + t . Fixing finitely many λ_j ∈ Σ_{ϕ−ψ}, ε_j = ±1, and x_j ∈ D_A(α, p), we obtain t^αA(t + A)^{−1} ∑ j ε_j λ_j(λ_j + A)^{−1}x_j = 1 2πi ∫ Γθ z^αA(z − A)^{−1} ∑ j ε_j λ_j λ_j + z x_j t^αdz (z + t)z^α . Since ∫ Γθ t^α|dz| (|z| + t)|z|^α = ∫ Γθ dζ| (1 + |ζ|)|ζ|^α < ∞, Jensen’s inequality yields |t^αA(t + A)^{−1} ∑ j ε_jλ_j(λ_j + A)^{−1}x_j|^p ≤ C ∫ Γθ |z^αA(z − A)^{−1} ∑ j ε_j λ_j λ_j + z x_j|^p t^α|dz| (|z| + t)|z|^α . By means of ∫_∞ 0 t^αdt t|z|^α(|z| + t) = 1 |z| ∫ ∞ 0 s^{α−1}ds 1 + s = c_α |z| we continue ∫ ∞ 0 |t^αA(t+A)^{−1} ∑ j ε_jλ_j(λ_j +A)^{−1}x_j|^p dt t ≤ c_αC ∫ Γθ |z^α||A(z−A)^{−1} ∑ j ε_j λ_j λ_j + z x_j |^p |dz| |z| . For independent symmetric random variables ε_j on a probability space (Ω, μ), integration w.r.t. μ and application of the contraction principle then yields | ∑ j ε_jλ_j(λ_j + A)^{−1}x_j|^p_{Lp(Ω;DA(α,p))} ≤ C ∫ Γθ ∫ Ω | ∑ j ε_j λ_j λ_j + z z^αA(z − A)^{−1}x_j|^pdμ |dz| |z| ≤ 2^pC ∫ Γθ [ ∫ Ω | ∑ j ε_j z^αA(z − A)^{−1}x_j|^pdμ] |dz| |z| ≤ C| ∑ j ε_j x_j|^p_{Lp(Ω;DA(α,p))}.

This shows that the set of operators {λ(λ + A)^{−1} : λ ∈ Σ_{π−ψ}} is R-bounded in D_A(α, p), for each ψ > ϕ_A, α ∈ (0, 1), p ∈ [1, ∞), which means that the part A_{α,p} of A in D_A(α, p) is pseudo-R-sectorial and ϕ^R_{Aα,p} ≤ ϕ_A. 2

3. Operator-Valued H1-calculus in Interpolation Spaces.

Recall that a sectorial operator A in a Banach space X is said to admit an H^∞-calculus if the usual Dunford calculus defined by f(A) = 1 2πi ∫ Γθ f(z)(z − A)^{−1}dz for f ∈ H^∞_0 (Σ_ϕ) satisfies |f(A)|_{B(X)} ≤ C|f|_H1_{(Σϕ)}, for some constant C > 0 independent of f. The infimum of all such angles ϕ > ϕ_A is called the H^∞-angle of A. It is well-known that in this case the Dunford calculus extends uniquely to H^∞(Σ_ϕ), for any ϕ > ϕ^∞_A . Clément and Prüss [5] have shown that sectorial operators with H^∞-calculus are R-sectorial with ϕ^R_A ≤ ϕ^∞_A , provided the underlying Banach space X has the unconditional martingale difference property, i.e. is UMD for short. The converse of this is not true, in general, since there are examples of sectorial operators in Hilbert spaces without H^∞-calculus; see Baillon and Clément [1] and McIntosh and Yagi [14].

This concept can easily be extended to the operator-valued case, where scalar H^∞- functions are replaced by functions in H^∞_0 (Σ_ϕ; B(X)). We say that a pseudo-sectorial operator A in X admits an operator-valued H^∞-calculus if there is an angle ϕ > ϕ_A and a constant M > 0 such that |F (A)|_{B(X)} ≤ C|F |_H1_{(Σϕ;B(X))} is valid, for all F ∈ H^∞_0 (Σ_ϕ; B(X) commuting with A in the sense that F (z)(λ − A)^{−1} = (λ − A)^{−1}F (z), z ∈ Σ_ϕ, λ ∈ ρ(A). Although for many important sectorial operators, in particular partial differential operators, the H^∞-calculus is known to exist, it is not an easy task to prove it. However, Dore [8] has obtained the striking result that sectorial operators A always admit H^∞-calculi in the corresponding real interpolation spaces D_A(α, p), where α ∈ (0, 1) and p ∈ [1, ∞]. Here we present the extension of Dore’s result to the operator-valued case.

Theorem 2. Let α ∈ (0, 1), p ∈ [1, ∞], and suppose that A is pseudo-sectorial in the Banach space X with spectral angle ϕ_A.

Then for any ϕ > ϕ_A there is a constant C_ϕ such that |F (A)|_{B(DA(α,p))} ≤ C_ϕ|F |_H1_{(Σϕ;B(X))}, for each F ∈ H^∞_0 (Σ_ϕ; B(X)) commuting with A.

Proof. Fix any ϕ > ϕ_A, choose θ ∈ (ϕ_A, ϕ) and let Γ = Γ_θ denote the standard path, as in the proof of Theorem 1. For F ∈ H^∞_0 (Σ_ϕ; B(X)) commuting with A we have the Dunford integral F (A) = 1 2πi ∫ Γ F (λ)(λ − A)^{−1}dλ.

Applying the resolvent formula as well as Cauchy’s theorem this implies for α ∈ (0, 1) and t > 0 t^αA(t + A)^{−1}F (A) = 1 2πi ∫ Γ λ^αF (λ)A(λ − A)^{−1} t^αdλ λ^α(λ + t) . Since ∫ Γ t^α|dz| (|z| + t)|z|^α = ∫ Γ dζ| (1 + |ζ|)|ζ|^α < ∞, Jensen’s inequality yields for 1 ≤ p < ∞ |t^αA(t + A)^{−1}F (A)x|^p ≤ C ∫ Γ [|λ^α||F (λ)A(λ − A)^{−1}x|]^p t^α|dλ| |λ^α|(|λ| + t) ≤ C|F |_H1_{(Σϕ;B(X))} ∫ Γ |λ^αA(λ − A)^{−1}x|^p t^α|dλ| |λ^α|(|λ| + t) . Integrating over t > 0 this implies ∫ ∞ 0 |t^αA(t + A)^{−1}F (A)x|^p dt t ≤ c_αC|F |_H1_{(Σϕ;B(X))} ∫ Γ |λ^αA(λ − A)^{−1}x|^p |dλ| |λ| , since ∫_∞ 0 t^αdt t|z|^α(|z| + t) = c_α |z| . This implies the inequality |F (A)x|_{DA(α,p)} ≤ Cc_α|F |_H1_{(Σϕ;B(X))}|x|_{DA(α,p)}, x ∈ D_A(α, p), for each p ∈ [1, ∞).

For the case p = ∞ we use the change of variables λ = tz to obtain

t^αA(t + A)^{−1}F (A) = 1 2πi ∫ Γ (tz)^αF (tz)A(tz − A)^{−1} dz z^α(z + 1) , and estimate directly to the result |t^αA(t + A)^{−1}F (A)x| ≤ C|F |_H1_{(Σϕ;B(X))} ∫ Γ |(tz)^αA(tz − A)^{−1}x| |dz| |z|^α(|z| + 1) , ≤ C|F |_H1_{(Σϕ;B(X))}|x|_{DA(α,∞)} ∫ Γ |dz| |z|^α(|z| + 1) . This proves the theorem for all α ∈ (0, 1) and p ∈ [1, ∞]. 2

Having established a uniform H^∞-bound for the functional calculus of A, it is easy to extend it to functions F ∈ H^∞(Σ_ϕ; B(X)) which commute with A. In fact, if such F is given, set F_ε(z) = F (z)z^ε/(1 + z)^{2ε}; then F_ε(z) → F (z) in B(X), locally uniformly in z ∈ Σ_ϕ. Decomposing the path Γ into Γ = Γ_1 ∪ Γ_2 where

Γ_1 = {z ∈ Γ : |z| ≤ 1}, Γ_2 = {z ∈ Γ : |z| ≥ 1}, and setting Γ_0 = e^{i[−ϕ,ϕ]}, by means of Cauchy’s theorem we obtain the representation F_ε(A)x = 1 2πi ∫ Γ1 F_ε(z)z(z − A)^{−1}A^{−1}xdz + 1 2πi ∫ Γ2 F_ε(z)A(z − A)^{−1}x dz z (3.1) + ( 1 2πi ∫ Γ0 F_ε(z)dz)A^{−1}x + ( 1 2πi ∫ Γ0 F_ε(z) dz z )x, for each x ∈ R(A). (3.1) shows that F (A)x := lim_{ε→0} F_ε(A)x exists in X, for each x ∈ R(A) ∩ D_A(α, p). Therefore, in case 0 ∈ ρ(A), the Banach-Steinhaus theorem implies F_ε(A)x → F (A)x in X for each x ∈ D_A(α, p). On the other hand, F_ε(A)x is bounded in D_A(α, p) by Theorem 2, hence F (A)x ∈ D_A(α, p). This shows that F (A) ∈ B(D_A(α, p)) is well-defined, for each α ∈ (0, 1 and p ∈ [1, ∞].

The same result is valid if instead of 0 ∈ ρ(A) the function F is holomorphic in a neighbourhood of z = 0. This can be seen in the standard way, modyfying the path Γ near z = 0. Summarizing we have

Corollary 1. Let α ∈ (0, 1), p ∈ [1, ∞], and suppose that A is pseudo-sectorial in the Banach space X with spectral angle ϕ_A, and let ϕ > ϕ_A. Assume F ∈ H^∞(Σ_ϕ; B(X)) commutes with A and either 0 ∈ ρ(A) or F is holomorphic in a neighborhood of z = 0.

Then F (A) is well-defined and belongs to B(D_A(α, p)).

This is a natural extension of the theorem of Da Prato and Grisvard [6]. In fact, let B be pseudo-sectorial in X commuting with A in the resolvent sense and let the parabolicity condition ϕ_A + ϕ_B < π (3.2)

be satisfied. Set F_t(z) = B(tz + B)^{−1}, t > 0; then because of (3.2), we have F_t ∈ H^∞(Σ_ϕ) for some ϕ > ϕ_A, and F_t commutes with A. Hence if either 0 ∈ ρ(A) or F_t holomorphic at z = 0, i.e. 0 ∈ ρ(B) then F_t(A) = B(tA + B)^{−1} is well-defined and bounded in D_A(α, p), with bound independent of t > 0, i.e. AB^{−1} is sectorial in D_A(α, p).

It is interesting to compare Corollary 1 with a recent result due to Kalton and Weis [12], which states that whenever A is sectorial in X and admits an H^∞-calculus, F ∈ H^∞(Σ_ϕ; B(X)) commutes with A, ϕ > ϕ_A, and in addition F (Σ_ϕ) ⊂ B(X) is R-bounded, the F (A) is well-defined and bounded in X. The following example shows that this result does not imply Corollary 1.

Example 1. Consider L_p(G) for some open subset G ⊂ R^n, p ≠ 2. According to the paper of Kalton and Lancien [11] there is a sectorial operator A on L_p(G) such that −A generates an exponentially stable analytic C_0-semigroup in L_p(G) such that problem (2.1) does not have maximal L_p-regularity. Therefore by the result of Weis mentioned in Section 2, A is not R-sectorial resp. ϕ^R_A ≥ π/2. The result of Da Prato and Grisvard (or Corollary 1) shows that (2.1) has maximal regularity in buc^α(R; L_p(G)) where α ∈ (0, 1). Theorem 1 (or the result of Dore mentioned above) shows that B = d/dt admits an H^∞-calculus in buc^α(R; L_p(G)), however, the result of Kalton and Weis does not apply here, since A is not R-sectorial with ϕ^R_A < π/2 in L_p(G), hence also not in buc^α(R; L_p(G)).

4. Application to Symbols of Stefan Problems.

In a recent paper due to Escher, Prüss and Simonett [9] it was found that the principal symbol of the localized and linearized Stefan problem with Gibbs-Thomson correction is given by s(λ, |ξ|^2) = λ + |ξ|^2 √ λ + |ξ|^2, Re λ > 0, ξ ∈ R^n. Setting D = −Δ, the Laplacian on R^n, this corresponds to the abstract Volterra integrodifferential problem d dt [u(t)+ ∫ t 0 De^{−Ds}u(t−s) ds √ πs ]+ ∫ t 0 D^2e^{−Ds}u(t−s) ds √ πs = f(t), t > 0, u(0) = 0. (4.1)

In that paper the maximal regularity properties of this problem have been studied by means of the Dore-Venni theorem in an L_p-setting, where p ∈ (1, ∞). This result was used as the basis for the proof of well-posedness of the underlying nonlinear Stefan problem with surface tension. Here we want to apply Theorem 2 to the study of the symbol s(λ, ξ) in interpolation spaces, in particular, in spaces of Hölder-continuous functions.

Note that s(λ, |ξ|^2) is of first order in λ, of third order in ξ, but in addition there is the mixed order 1/2 in λ and 2 in ξ. To show maximal regularity for this symbol we therefore have to study the three symbols

r_1(λ, |ξ|^2) = λs(λ, |ξ|^2)^{−1}, r_2(λ, |ξ|^2) = |ξ|^3s(λ, |ξ|^2)^{−1}, r_3(λ, |ξ|^2) = √ λ|ξ|^2s(λ, |ξ|^2)^{−1}, in particular, that these symbols give rise to bounded linear operators on a certain space of functions.

We begin with D = −Δ on R^n. It is well-known that D sectorial in each of the Besselpotential spaces H^β_r (R^n) and admits an H^∞-calculus with H^∞-angle ϕ^∞_D = 0, provided β ∈ R and p ∈ (1, ∞). This is an easy consequence of e.g. the Fourier-multiplier theorem of Mikhlin. The same result is valid in the scale of Besov-spaces B^β_{r,ρ}(R^n) for all β ∈ R and r, ρ ∈ [1, ∞]. For 1 < r < ∞ the latter can be obtained by real interpolation between Bessel-potential spaces, but instead one may use Dore’s result, i.e. Theorem 2 in the case of scalar-valued functions, to see this for all r ∈ [1, ∞]. Let Y denote any of these spaces.

Then we use the H^∞-calculus to obtain operator-valued functions F_i(λ) := r_i(λ, D), i = 1, 2, 3. These functions are holomorphic except for λ ∈ (−∞, 0], they are also bounded on each sector Σ_ϕ, ϕ < π.

Next fix a finite interval J = [0, T ] and let X = C(J; Y ). Define the operator A as Au = du/dt with domain D(A) = {u ∈ C^1(J; Y ) : u(0) = 0}. It is also well-known -and in fact easy to prove- that A is pseudo-sectorial with spectral angle ϕ_A = π/2 and 0 ∈ ρ(A), however D(A) is not dense in X. Theorem 2 yields F_i(A) ∈ B(D_A(α, p)), for each α ∈ (0, 1), p ∈ [1, ∞] and i = 1, 2, 3. Note that for p = ∞ we have D_A(α, ∞) =_0C^α(J; Y ), where the subscript 0 means trace 0 at t = 0. Without going into more details these considerations imply the following maximal regularity result for (4.1).

Theorem 3. Let Y^β, β ∈ R, denote any of the spaces H^β_r (R^n), r ∈ (1, ∞), or B^β_{r,ρ}(R^n), r, ρ ∈ [1, ∞], let α ∈ (0, 1) and J = [0, T ].

Then for each right hand side f ∈_0C^α(J; Y^β), there is a unique solution u : J → Y^β for (4.1) of maximal regularity type. This means that u belongs to the class

u ∈_0C^{1+α}(J; Y^β) ∩_0C^{1/2+α}(J; Y^{2+β}) ∩_0C^α(J; Y^{3+β}).

The solution map f → u is bounded in the corresponding spaces.

5. The Vector-Valued Stein Multiplier Theorem.

Let (Ω, μ) and (Σ, ν) be measure spaces, p, q ∈ (1, ∞). Assume that T (t) is a positive C_0-semigroup of contractions in L_p(Ω) which is in addition analytic, and let −A denote its generator. Then T (t) extends to a C_0-semigroup T (t) on X = L_p(Ω, L_q(Σ)) by the definition T (t)[φ ⊗ g] = [T (t)φ]g, t ≥ 0, φ ∈ L_p(Ω), g ∈ L_p(Σ); we call it the tensor extension of T (t); cf. Clément and Egberts [3]. Let A denote the negative generator of T (t), the tensor extension of A. From the papers of Clément and Prüss [4], Hieber and Prüss [10] and Clément and Prüss [5] we know that A admits an H^∞-calculus with H^∞-angle ϕ^∞_A ≤ π/2 and also an operator-valued H^∞-calculus for functions F ∈ H^∞(Σ_ϕ; B(X)) with F (Σ_ϕ) ⊂ B(X) R-bounded, for each ϕ > π/2. The question we address here is whether we may admit for some ϕ < π/2. More precisely, we prove

Theorem 4. Let (Ω, μ) and (Σ, ν) be measure spaces, p, q ∈ (1, ∞). Suppose A on X = L_p(Ω; L_q(Σ)) is the tensor extension of the negative generator −A of a positive analytic C_0-semigroup of contractions on L_p(Ω).

Then there exists ϕ < π/2 and M > 0 such that for each F ∈ H^∞(Σ_ϕ; B(X)) commuting with A and such that F (Σ_ϕ) ⊂ B(X) is R-bounded, F (A) ∈ B(X) is welldefined and |F (A)|_{B(X)} ≤ MR{F (Σ_ϕ)}, where R{F (Σ_ϕ)} denotes the R-bound of the set F (Σ_ϕ) ⊂ B(X).

Proof. From Weis [16] we know ϕ^∞_A < π/2. Therefore ϕ^∞_A ≤ ϕ^∞_A < π/2 in L_p(Ω, L_p(Σ)). Interpolating this result with that of Hieber and Prüss we get |A^{is}|_{B(Lp(Ω;Lq(Σ))} ≤ Me^{(θφ+(1−θ)π/2)|s|}, s ∈ R, where φ ∈ (ϕ^∞_A , π/2), 1 < r < ∞, 1 q = θ p + 1 − θ r . Varying r from 1 to ∞ we cover all values of q, and since the exponent θφ + (1 − θ)π/2 is always strictly smaller than π/2 we see that the power angle θ_A of A in X is smaller than π/2. Clément and Prüss [5] implies ϕ^R_A ≤ θ_A and Kalton and Weis [12] have shown ϕ^∞_A ≤ ϕ^R_A, hence we conclude ϕ^∞_A < π/2. We may then apply the theorem of Kalton and Weis [12] mentioned in Section 3 to prove the assertion of Theorem 4. 2

We obtain the following operator-valued version of the Stein Multiplier theorem [15] as a corollary.

Corollary 3. In the situation of Theorem 4, let E = L_q(Σ), and suppose that M : (0, ∞) → B(E) is strongly measurable, M(t) commutes with A for a.a. t > 0, and M(0, ∞) ⊂ B(E) is R-bounded.

Then with F (z) = z ^M (z), the operator defined by F (A) = A ^M (A) = ∫ ∞ 0 M(t)Ae^{−At}dt is well-defined and bounded in X.

For a proof we apply Theorem 4 to F (z). Note that F (z) is holomorphic in Σ_{π/2}, commutes with A, and is bounded in each subsector Σ_ϕ, ϕ < π/2. Finiteness of the R-bounds R{F (Σ_ϕ)} follow from convexity of R-bounds and the contraction principle.

It is an open question whether in Theorem 4 the space E = L_q(Σ) can be replaced by a general UMD-space.

References

[1] J.B. Baillon and Ph. Clément. Examples of unbounded imaginary powers of operators. J. Funct.

Anal., 100:419–434, 1991.

[2] Ph. Clément, B. de Pagter, F.A. Sukochev, and H. Witvliet. Schauder decompositions and multiplier theorems. Studia Math., 138:135–163, 2000. Preprint.

[3] Ph. Clément and P. Egberts. On the sum of maximal monotone operators. Diff. Integral Eqns., 3:1127–1138, 1990.

[4] Ph. Clément and J. Prüss. Completely positive measures and Feller semigroups. Math. Ann., 287:73– 105, 1990.

[5] Ph. Clément and J. Prüss. An operator-valued transference principle and maximal regularity on vector-valued Lp-spaces. In Evolution Equ. and Appl. Physical Life Sci., volume 215 of Lect. Notes Pure and Applied Math., pages 17–26, New York, 2001. Marcel Dekker.

[6] G. Da Prato and P. Grisvard. Sommes d’opérateurs linéaires et équations différentielles opérationelles.

J. Math. Pures Appl., 54:305–387, 1975.

[7] W. Desch, M. Hieber, and J. Prüss. Lp-theory of the Stokes equation in a half space. J. Evolution Eqns., 1, 2001.

[8] G. Dore. L^p-regularityfor abstract differential equations. In H. Komatsu, editor, Functional Analysis and Related Topics, volume 1540 of Lecture Notes in Mathematics, Berlin, 1993. Springer Verlag.

[9] J. Escher, J. Prüss, and G. Simonett. Analytic solutions of the Stefan problem with Gibbs-Thomson correction. to appear.

[10] M. Hieber and J. Prüss. Functional calculi for linear operators in vector-valued Lp-spaces via the transference principle. Adv. Diff. Eqns., 3:847–872, 1998.

[11] N. Kalton and G. Lancien. A solution to the problem of L^p-maximal regularity. Math. Z. 235:559–568, 2000.

[12] N. Kalton and L. Weis. The H1-calculus and sums of closed operators. Preprint, 2000. [13] H. Komatsu. Fractional powers of operators,VI. Interpolation of non-negative operators and imbedding theorems. J. Fac. Sci. Univ. Tokyo, Sec. IA 19: 1–63, 1972.

[14] A. McIntosh and A. Yagi. Operators of type ω without a bounded H1 functional calculus. In Miniconference on Operators in Analysis, volume 24 of Proc. Center Math. Analysis, Canberra, 1989. Australian Nat. Univ.

[15] E. Stein. Topics in Harmonic Analysis related to the Littlewood-Paley Theory, volume 63 of Ann.

Math. Studies. Princeton Univ. Press, Princeton, 1970.

[16] L. Weis. A new approach to maximal Lp-regularity. In Evolution Equ. and Appl. Physical Life Sci., volume 215 of Lect. Notes Pure and Applied Math., pages 195–214, New York, 2001. Marcel Dekker.