Topologies for the Set of Disjunctive ω-words

Ludwig Staiger^∗

Institut für Informatik Martin-Luther-Universität Halle-Wittenberg von-Seckendorff-Platz 1, D–06099 Halle, Germany

Abstract

An infinite sequence (ω-word) is referred to as disjunctive provided it contains every finite word as infix (factor). As Jürgensen and Thierrin [JT83] observed the set of disjunctive ω-words, D, has a trivial syntactic monoid but is not accepted by a finite automaton.

In this paper we derive some topological properties of the set of disjunctive ω-words. We introduce two non-standard topologies on the set of all ω-words and show that D fulfills some special properties with respect to these topologies:

In the first topology – the so-called topology of forbidden words – D is the smallest nonempty G_δ-set, and in the second one D is the set of accumulation points of the whole space as well as of itself.

∗Electronic mail: staiger@informatik.uni-halle.de

Contents

1 Notation 3 2 Preliminary Considerations 4 3 The ω-Language of Disjunctive Sequences 5 4 The Topology of Forbidden Words 7 5 A Metric Related to Languages 9

In 1983 two papers dealing with the ω-language of disjunctive ω-words appeared [JST83, JT83]. In the latter it was shown that this ω-language is a natural example of an ω-language having a trivial (finite) syntactic monoid but not being accepted by a finite automaton. For a more detailed account see [St83, JT86].

Subsequently, disjunctive ω-words became of interest in connection with random and Borel normal sequences (see, for instance, [Ca94, He96]). In contrast to Borel normality, “disjunctivity” is a natural qualitative property which is satisfied, in particular, by Borel normal and by random ω-words.

As in [JST83, JT83] we say that an ω-word is disjunctive if it contains any (finite) word as a subword. In this paper we are going to investigate topological properties of the set of all disjunctive sequences (ω-words). Usually, one considers the space of all ω-words over a finite alphabet X as the infinite product space of the discrete space X. Introducing the Baire metric, this space can be considered as a metric space (Cantor space) (X^ω, ρ), that is, a compact totally disconnected space. In this paper we consider topologies on the set of all ω-words over a finite alphabet X in which the set of all disjunctive ω-words has a special property:

First, we consider the topology of “forbidden words” in which the set of disjunctive ω-words is the smallest G_δ-set. The second topology is a special case of the topologies derived from formal languages (cf. [St87]). Here the set of disjunctive ω-words turns out to be the largest closed and dense in itself set.

1 Notation

By IN = f0, 1, 2, . . .g we denote the set of natural numbers. Let X be our alphabet of cardinality # X = r, r ∈ IN, r ≥ 2.

By X^∗ we denote the set of finite strings (words) on X, including the empty word e. We consider the space X^ω of infinite sequences (ω-words) over X. For w ∈ X^∗ and η ∈ X^∗ ∪ X^ω let w · η be their concatenation. This concatenation product extends in an obvious way to subsets W ⊆ X^∗ and B ⊆ X^∗ ∪ X^ω.

We extend the operations^∗ and^ω to arbitrary subsets W ⊆ X^∗ in the usual way :

W^∗ := ⋃ n∈IN W^n where W^0 := feg, W^{n+1} := W^n · W , and

W^ω := fw_0 · w_1 · . . . · w_i · . . . : i ∈ IN ^ w_i ∈ W n fegg

is the set of ω-words in X^ω formed by concatenating members of W. We will refer to subsets of X^∗ and X^ω as languages or ω-languages, respectively.

By “⊑” we denote the prefix relation, that is, w ⊑ η if and only if there is an η^′ such that w·η^′ = η, and A(η) := fw : w ∈ X^∗ ^w ⊑ ηg and A(B) := ⋃ η∈B A(B) are the languages of finite prefixes of η and B, respectively.

The set of subwords (infixes) of η ∈ X^∗ ∪ X^ω will be denoted by T(η) := fw : w ∈ X^∗ ^ ∃v(vw ⊑ η)g. An ω-language F is called regular provided there is an n ∈ IN and regular languages W_i, V_i (1 ≤ i ≤ n) such that F = n⋃ i=1 W_iV^ω_i . (1)

Similarly, an ω-language F is called context-free if F has the form of Eq. (1) where W_i and V_i are context-free languages.

Observe, that V^ω = ∅, V^ω = fvg^ω or V^ω ⊇ fv, ug^ω for some words v, u ∈ V^∗ with jvj = juj > 0 and v ≠ u. Thus, every at most countable contextfree ω-language consists entirely of ultimately periodic ω-words (cf. [St97]).

2 Preliminary Considerations

In the study of ω-languages it is useful to consider X^ω as a metric space (Cantor space) with the following metric.

ρ(η, ξ) := inf fr^{-jwj} : w ⊏ η ^ w ⊏ ξg (2)

or an equivalent one^1.

In this paper, however, we will consider also a topology on X^ω which cannot be specified by a metric, that is, a so-called non-metrizable topology. To this end we introduce topologies on X^ω in the general way (cf. [Ku66, En77]).

A topology in X^ω is a family O ⊆ 2^{Xω} of subsets of X^ω such that ∅, X^ω ∈ O and O is closed under finite intersection and arbitrary union. The sets in O are called open subsets of X^ω. The complements of open subsets are referred to as closed. Since an arbitrary intersection of closed

1For example, the Baire metric ρ(η, ξ) := inf f^1_{1+jwj} : w ⊏ η ^ w ⊏ ξg generates the same topology.

sets is again closed, every set F ⊆ X^ω is contained in a minimal closed set, its closure C_O(F).

Having defined open and closed sets for some topology in X^ω, we proceed to the next classes of the Borel hierarchy (cf. [Ku66]):

G_δ is the set of countable intersections of open subsets of X^ω,

F_σ is the set of countable unions of closed subsets of X^ω.

A metric σ generates the set of open sets O_σ in the following way: First we define the open balls B_ϵ(ξ) := fη : σ(ξ, η) < ϵg for ϵ > 0. Then a set is open in the space (X^ω, σ) if it is a union of open balls. In Cantor space, open balls are of the form w · X^ω, and, consequently, the set of open subsets of X^ω is O_C = fW · X^ω : W ⊆ X^∗g. From this it follows that a subset F ⊆ X^ω is closed in Cantor space if and only if A(ξ) ⊆ A(F) implies ξ ∈ F, and the closure in Cantor space can be specified as C(F) := fξ : A(ξ) ⊆ A(F)g.

In Section 4 we shall consider the so-called topology of “forbidden” words which is specified by the set of open sets O_T := fX^∗ · W · X^ω : W ⊆ X^∗g.^2 This topology is a subtopology of Cantor topology O_C ⊃ O_T , or, equivalently, the Cantor space is a refinement of the topology of “forbidden” words.

Finally, we define for a language W ⊆ X^∗ its δ-limit of W, W^δ, which consists of all infinite sequences of X^ω that contain infinitely many prefixes in W, W^δ = fξ ∈ X^ω : #(A(ξ) ∩ W) = g.

For G_δ-sets in Cantor space we have the following characterization via languages (cf. [Th90, St87, St97]). It explains also why we call W^δ the δ-limit of the language W.

2.1 Theorem In Cantor space, a subset F ⊆ X^ω is a G_δ-set if and only if there is a language W ⊆ X^∗ such that F = W^δ.

3 The ω-Language of Disjunctive Sequences

In this section we will present a few simple general properties of the ω-language of all disjunctive sequences over X, D, and its topological

2The term forbidden refers to the fact that closed subsets are specified by forbidding a certain set W of infixes.

properties in Cantor space. Some of the results in this section are reported in [CPS97, St01].

As in [JST83, JT83] an ω-word ξ ∈ X^ω is called disjunctive provided T(ξ) = X^∗. Thus D = fξ : T(ξ) = X^∗g. From this definition we obtain D = ⋂ w∈X^∗ X^∗wX^ω . (3)

Our next lemma shows that D is an example of a ω-language which has a trivial finite syntactic congruence but is not context-free. The proof refers to the investigations of Jürgensen and Thierrin [JT83, JT86]. The syntactic congruence �_F of an ω-language F ⊆ X^ω is defined as follows^3 w �_F v :/ ∀u∀ξ(u ∈ X^∗ ^ ξ ∈ X^ω ) (uwξ ∈ F ⌊ uvξ ∈ F)) . As usual, we call �_F of finite index iff its number of equivalence classes is finite.

Observe that T(uwξ) = X^∗ iff T(ξ) = X^∗. Thus it is clear that w �_D v for arbitrary w, v ∈ D, and �_D has exactly one equivalence class which coincides with X^∗. Thus we have proven the first part of the following.

3.1 Lemma ([JT83]) The ω-language D has a syntactic congruence of finite index but is not context-free.

Proof. As T( ∏ w∈X^∗ w) = X ∗ and T(wv^ω) ≠ X^∗, D is nonempty and does not contain an ultimately periodic ω-word wv^ω. Following Eq. (1) the ω-language D cannot be context-free.

The representation of Eq. (3) verifies that D is a G_δ-set in Cantor space. Thus, in view of Theorem 2.1 it can be represented as the δ-limit of a language. In case of D we construct such a language W_D explicitly (cf. [St01]).

3.2 Proposition Let W_D = fwx : w ∈ X^∗ ^ x ∈ X ^ ∃n(n ≤ jwj + 1 ^ T(wx) ⊇ X^n ^ T(w) ⊉ X^n)g. Then D = W^δ_D.

Finally, we are going to show that the topological complexity of D in Cantor space cannot be decreased. To this end we quote Theorem 21 from [St83].

3There are other notions of syntactic congruences for ω-languages in use (cf. [MS97]).

3.3 Theorem ([St83]) If F ⊆ X^ω has a syntactic congruence of finite index and is simultaneously an F_σ- and a G_δ-set in Cantor space, then F is regular.

Combining Theorem 3.3 with Lemma 3.1 and Eq. (3) we get:

3.4 Proposition In Cantor space, D is not an F_σ-set.

4 The Topology of Forbidden Words

In this section we investigate the topology of forbidden words described above and its relations to the set of disjunctive sequences. It turns out that this topology is not a metric one.

Recall O_T = fX^∗WX^ω j W ⊆ X^∗g from Section 2. As X^∗VX^ω ∩ X^∗WX^ω = (X^∗WX^∗ ∩ X^∗VX^∗)X^ω this family O_T is closed under finite intersection. The closure under arbitrary union is obvious. Thus it defines a topology on X^ω.

An ω-language F ⊆ X^ω avoids words of a language W ⊆ X^∗ provided F ⊆ X^ω n X^∗WX^ω, that is, no word w ∈ W occurs as a subword (infix) of an ω-word ξ ∈ F. Therefore, the closed sets in the topology O_T are characterized by the fact that their ω-words do not contain subwords from W. The following theorem gives a connection to closed sets in Cantor space.

To this end we define F/w := fξ : wξ ∈ Fg.

4.1 Theorem Let F ⊆ X^ω. Then the following conditions are equivalent:

1. F is closed in the topology of forbidden words.

2. F is closed in Cantor space and ∀w(w ∈ X^∗ } F ⊇ F/w).

3. F is closed in Cantor space and A(F) = T(F). 4. ∀ξ(A(ξ) ⊆ T(F) } ξ ∈ F). Proof. “1. } 2”: As we noticed above, every ω-language closed in the topology of forbidden words is also closed in Cantor’s topology. Let w ∈ X^∗ and F = X^ω n X^∗WX^ω. Then F/w = X^ω n (X^∗WX^ω)/w, and the assertion follows from the obvious inclusion (X^∗WX^ω)/w ⊇ X^∗WX^ω. “2. } 3.” follows from the identity A (⋃ w∈X^∗ F/w ) = T(F).

“3. } 4.”: If F is closed in Cantor space we have F = fξ : A(ξ) ⊆ A(F)g. Now the assertion 4. follows from A(F) = T(F).

Finally, we show that Condition 4 implies F = X^ω n X^∗ · (X^∗ n T(F)) · X^ω. Since X^∗ n T(F) = X^∗ · (X^∗ n T(F)) · X^∗ it suffices to prove that F = X^ω n (X^∗ n T(F)) · X^ω.

The inclusion F ⊆ X^ω n (X^∗ n A(F)) · X^ω ⊆ X^ω n (X^∗ n T(F)) · X^ω follows from A(F) ⊆ T(F). To prove the converse inclusion let ξ /∈ F. Then in view of Condition 4 there is a prefix w ⊏ ξ such that w /∈ T(F). Consequently, ξ ∈ (X^∗ n T(F)) · X^ω.

In view of the equivalence “1. / 4.” we obtain the following representation of the closure operator C_T defined by the topology of forbidden words:

C_T (F) = fξ : A(ξ) ⊆ T(F)g.

Recall that the closure in Cantor space was definable as C(F) = fξ : A(ξ) ⊆ A(F)g.

The additional requirements ∀w(w ∈ X^∗ } F ⊇ F/w) and A(F) = T(F) in 2. and 3. are, however, not equivalent in general. The following example shows that there is an ω-language (necessarily not closed in Cantor space) which satisfies A(F) = T(F), but not the condition ∀w(w ∈ X^∗ } F ⊇ F/w). 4.2 Example Let F = (X^2)^∗bba^ω ∪ X(X^2)^∗aab^ω. Then A(F) = T(F) = X^∗, but F/a ⊈ F. Since the family of regular ω-languages is closed under Boolean operations, the ω-language F_W = X^ω n X^∗WX^ω is a regular if the language of forbidden patterns W ⊆ X^∗ is regular. In connection with Eq. (1) and the considerations on V^ω immediately following it this yields as a consequence the following generalization of a result of El-Zanati and Transue [ET90].

4.3 Theorem Let W ⊆ X^∗ be a regular language. If F_W is uncountable, then F_W contains a subset of the form wfu, vg^ω, where u ≠ v and juj = jvj > 0. We continue with some more examples. The first is an example of a countable regular ω-language F_W which requires an infinite set of forbidden patterns.

4.4 Example Let X = fa, bg and W = ba^∗b. Then F_W = X^ω n X^∗WX^ω = a^∗ba^ω ∪ a^ω is a countable ω-language. It is clear that F_W ≠ F_V, for any finite language V ⊆ X^∗.

Though the regularity of W implies the regularity of F_W this same relation is not true for context-free languages and ω-languages.

4.5 Example Let X = fa, bg and W = fbbg ∪ fba^iba^jb j j ≠ i + 1g. Clearly, W is a deterministic context-free language, and F_W = a^∗(fη_i j i ∈ INg ∪ fη_{i,j} j i, j ∈ IN^i ≤ jg) where η_i = ba^iba^{i+1}b · · · and η_{i,j} = ba^iba^{i+1} · · · ba^jba^ω. Since F_W is countable but does not consist entirely of ultimately periodic ω-words, Eq. (1) shows that F_W is not context-free.

Finally, we discuss a characterization of the ω-language of disjunctive sequences D by means of the topology of forbidden words. From Eq. (3) we obtain immediately

4.6 Proposition In the topology of forbidden words, D is the smallest nonempty G_δ-set.

A set F ⊆ X^ω is dense in X^ω in case X^ω is the smallest closed set containing F, that is, X^ω n F does not contain a nonempty open set. Since ξ ∈ X^ω is disjunctive, we have T(ξ) = X^∗, and therefore fξg ∩ X^∗wX^ω ≠ ∅ for all w ∈ X^∗. Thus we have shown the following.

4.7 Proposition An ω-word ξ ∈ X^ω is disjunctive if and only if the set fξg is dense in X^ω in the topology of forbidden words.

This proposition shows that every closed set in the topology of forbidden words which contains some ξ ∈ D must coincide with the whole space X^ω. Consequently, every F_σ-set containing ξ ∈ D equals X^ω.

4.8 Corollary D is not an F_σ-set in the topology of forbidden words.

Above we mentioned, the topology of forbidden words is not a metrizable topology, that is, it is not definable by a metric. Proposition 4.7 gives evidence of this fact, because the sets fξg, ξ ∈ D are not closed, and in a metrizable topology every finite set has to be closed.

5 A Metric Related to Languages

The definition of the topologies considered in this part is related to the well-known fact that every G_δ-set of a complete metric space is a complete metric space itself (cf. [Ku66]), possibly using a different metric. We use here the construction presented in [St87]. Related investigations were carried out in [DNPY92]

As we have seen in Theorem 2.1, in Cantor space a G_δ-set is of the form U^δ for some U ⊆ X^∗. We use this language U to define a new metric ρ_U on X^ω which makes U^δ a closed set in the metric space (X^ω, ρ_U): ρ_U(ξ, η) = | 0 , if ξ = η, and r^{1-# A(ξ)∩A(η)∩U} , otherwise. (4) This metric, in some sense, resembles the metric ρ in Cantor space; in fact, ρ = ρ_X∗ . Moreover, since ρ_U(ξ, η) ≥ ρ(ξ, η), the U-topology refines the topology of the Cantor space. In particular, every closed set in cantor space is also closed in the U-topology.

We denote by C_U(F) the smallest closed (with respect to ρ_U) subset of X^ω containing F. A point ξ ∈ C_U(F) is called an isolated point of F provided ∃ε(ε > 0 ^ ∀η(η ∈ F ^ η ≠ ξ } ρ_U(ξ, η) > ε)). It should be mentioned that an arbitrary set of isolated points of X^ω is open.

A point ξ ∈ C_U(F) which is not an isolated point of F is called an accumulation point of F.

5.1 Theorem Let U ⊆ X^∗. Then U^δ is the set of accumulation points of the whole space in (X^ω, ρ_U).

Proof. It suffices to show that every point ξ /∈ U^δ is isolated. Let # A(ξ) ∩ U = n < . From the definition of ρU we have ρU(ξ, η) ≥ r^{1-n} for all η ∈ X^ω.

As an immediate consequence we obtain the following property of U^δ in the space (X^ω, ρ_U) which explains that the U-topology may be indeed finer than the topology of cantor space.

5.2 Corollary If F ⊇ U^δ then F is a closed subset of (X^ω, ρ_U).

Proof. Theorem 5.1 shows that every point ξ ∈ X^ω n F is an isolated point of X^ω. Consequently, X^ω n F is open in (X^ω, ρ_U).

It should be mentioned that, although U^δ is the set of accumulation points of the whole space (X^ω, ρ_U), it may contain isolated points with respect to itself.

5.3 Example Let U := a^∗ ∪ a^∗ba^∗ ⊆ fa, bg^∗. Then every ω-word ξ ∈ a^∗ba^ω is an isolated point of U^δ = a^ω ∪ a^∗ba^ω.

In the case of the ω-language of disjunctive sequences, D, we can prove even more. To this end we derive the following relationship between accumulation points in U-topology and in Cantor space.

5.4 Lemma Let U ⊆ X^∗ and let F ⊆ U^δ. Then ξ is an accumulation point of F in (X^ω, ρ_U) if and only if ξ is an accumulation point of F in (X^ω, ρ). Proof. Let ξ be an accumulation point of F in (X^ω, ρ_U). Then for every ϵ > 0 there is an η_ϵ ∈ F n fξg such that ρ_U(ξ, η_ϵ) < ϵ. Since ρ(ξ, η_ϵ) ≤ ρ_U(ξ, η_ϵ), ξ is also an accumulation point of F in Cantor space. Conversely, let ξ be an accumulation point of F in Cantor space, and let ξ ∈ U^δ. Then A(ξ) ∩ U is infinite. Hence there is a surjective function ψ : A(ξ) ) IN such that ψ(w) := # A(ξ) ∩ U. If for every n ∈ IN there is an η_n ∈ F such that ρ(ξ, η_n) < r^{-n} then ρ_U(ξ, η_n) < r^{-ψ(wn)} where w_n ∈ A(ξ) ∩ A(η_n) and jw_nj = n. Since the function ψ is surjective, for every ϵ > 0 one can find an η_n ∈ F such that ρ_U(ξ, η_n) < ϵ. Hence, ξ is also an accumulation point of F in U-topology.

In Proposition 3.2 we constructed a language W_D for which D = W^δ_D. The following theorem shows that D is the set of its accumulation points, that is, D is closed in (X^ω, ρ_U) and is dense in itself.

5.5 Theorem Let U^δ = D. In the space (X^ω, ρ_U) the ω-language D equals the set of its accumulation points.

Proof. From Corollary 5.2 we know that D is closed in U-topology. Thus no point η /∈ D is an accumulation point of D.

On the other hand, since w ∈ X^∗ and ζ ∈ D imply wζ ∈ D, every point ξ ∈ D is an accumulation point of D in Cantor space. The assertion follows with Lemma 5.4.

References

[Ca94] C. Calude, Information and Randomness. An Algorithmic Perspective, Springer-Verlag, Berlin, 1994.

[CPS97] C. Calude, L. Priese and L. Staiger, Disjunctive Sequences: An Overview, CDMTCS Research Report 063, 1997.

[DNPY92] Ph. Darondeau, D. Nolte, L. Priese and S. Yoccoz, Fairness, Distances and Degrees, Theoret. Comput. Sci. 97 (1992), 131–142.

[En77] R. Engelking, General Topology. PWN – Polish Scientific Publishers, Warszawa 1977.

[ET90] S.I. El-Zanati, W.R.R. Transue, On dynamics of certain Cantor sets, J. Number Theory, 36 (1990), 246–253.

[He96] P. Hertling, Disjunctive ω-words and Real Numbers, Journal of Universal Computer Science 2 (1996) 7, 549 – 568.

[JST83] H. Jürgensen, H.J. Shyr and G. Thierrin, Disjunctive ω-languages. Elektron. Informationsverarb. Kybernetik EIK 19 (1983) 6, 267–278.

[JT83] H. Jürgensen and G. Thierrin, On ω-languages whose syntactic monoid is trivial, Intern. J. Comput. Inform Sci. 12 (1983) 5, 359 -365.

[JT86] H. Jürgensen and G. Thierrin, Which monoids are syntactic monoids of ω-languages, Elektron. Informationsverarb. Kybernetik EIK 22 (1986) 10/11, 513–536.

[Ku66] K. Kuratowski, Topology I, Academic Press, New York, 1966.

[MS97] O. Maler and L. Staiger, On syntactic congruences for ωlanguages, Theoret. Comput. Sci. 183 (1997) 1, 93–112.

[St83] L. Staiger, Finite-state ω-languages, J. Comput. System. Sci. 27 (1983), 434–448.

[St87] L. Staiger, Sequential mappings of ω-languages. RAIRO Infor. théor. et Appl. 21 (1987) 2, 147–173.

[St97] L. Staiger, ω-languages, in: Handbook of Formal Languages (G. Rozenberg and A. Salomaa Eds.), Vol. 3, Springer-Verlag, Berlin 1997. 339 – 387.

[St01] L. Staiger, How large is the set of disjunctive sequences ? to appear in: Proc. “Discrete Mathematics and Theoretical Computer Science (DMTCS’01)” (C.S. Calude, M.J. Dineen and S. Sburlan Eds.), Springer-Verlag, London 2001.

[Th90] W. Thomas, Automata on Infinite Objects, in: Handbook of Theoretical Computer Science, (J. Van Leeuwen Ed.), Vol. B, 133–191, Elsevier, Amsterdam, 1990.