WELL–POSEDNESS AND ASYMPTOTIC BEHAVIOUR OF NON–AUTONOMOUS LINEAR EVOLUTION EQUATIONS

ROLAND SCHNAUBELT

Abstract. We review results on the existence and the long term behaviour of non– autonomous linear evolution equations. Emphasis is put on recent results on the asymptotic behaviour using a semigroup approach.

1. Introduction

There is a striking difference between autonomous and non–autonomous linear evolution equations. Autonomous problems are well understood in the framework of strongly continuous operator semigroups and their generalizations. The Hille–Yosida type theorems settle the question of well–posedness to a great extend, many perturbation and approximation results have been established, and for a large class of problems the asymptotic behaviour can be studied on the basis of spectral theory and transform methods. In these and many other areas semigroup theory has reached a considerable degree of maturity, and its applications thrive in plenty of fields.

For non–autonomous problems, however, we do not yet know of a coherent and general theory. We can rely on several more or less independent, quite sophisticated existence theorems due to P. Acquistapace, H. Amann, G. Da Prato, T. Kato, J.L. Lions, B. Terreni, and others. But these facts cannot be combined into a unified approach. Accordingly, other subjects like perturbation or duality can be treated only in a case by case analysis leaving many questions open. The situation becomes much worse if we look at asymptotic properties because spectral and transform theory cannot be applied directly (with the partial exception of time periodic problems). The available results are usually restricted to problems ‘close’ to an equation with known behaviour (in particular an autonomous one). Any attempt to overcome these short–comings must face the difficulties which can be demonstrated by mostly rather simple examples refuting many natural conjectures. Some of these examples are collected in Sections 2 and 3.

This state of affairs motivates a different approach to non–autonomous Cauchy problems based on the idea to transform them into autonomous ones. The standard ODE method in this context leads to a nonlinear semigroup which seems difficult to handle, see [45]. G.R. Sell and others introduced the ‘hull’ of a given equation (compare Section 5) which allows to treat problems possessing certain almost periodicity and compactness properties in the framework of dynamical systems. In the present paper we concentrate on the approach via evolution semigroups proposed by J.S. Howland in 1974. Originally devised to study perturbation theory, this concept might help to unify the existence theory

1991 Mathematics Subject Classification. 34G10, 47D06.

Key words and phrases. Non–autonomous evolution equation, evolution family, operator sums, evolution semigroup, exponential dichotomy, robustness, inhomogeneous problem. 1

for non–autonomous evolution equations, cf. Section 4. So far its major merits concern the investigation of asymptotic properties, namely exponential dichotomy, employing the remarkable fact that the spectrum of the evolution semigroup determines the exponential dichotomy of the underlying problem, see Sections 5 and 6.

This survey exposes the above mentioned subjects aiming at a reader with a solid background in evolution equations. We strive for a coherent non–technical description of the results, problems, and methods in the field. The major features of the theorems should become intelligible though we can state only a few of them explicitly.

In Section 2 we give an outline of the existence theory starting with parabolic problems which allow for the most powerful results. Here the efforts of many renowned researchers culminate in the outstanding papers by P. Acquistapace and B. Terreni. On a more general level, T. Kato created his well known theory which extends the Hille–Yosida theorem and is directed to hyperbolic equations. These fundamental contributions are complemented by the operator sum method developed by G. Da Prato, P. Grisvard, and J.L. Lions. We then proceed to discuss exponential dichotomy being one of the most basic asymptotic properties of evolution equations. Evolution semigroups are introduced in Section 4, where their impact on the well–posedness of evolution equations is presented. The latter point is closely related to the operator sum method. Most of the known results on exponential dichotomy rely on certain characterizations of this notion treated in Section 5. Here we emphasize evolution semigroups, but we also explain the connection with the more traditional ‘Perron-type’ characterizations involving the inhomogeneous problem. Moreover, we present a new proof of Datko’s famous stability theorem using evolution semigroups. The last section then gives a review of results on the asymptotic behaviour of evolution equations concentrating on exponential dichotomy and qualitative properties of the inhomogeneous problem.

We have compiled a large list of references which nevertheless is far from being complete. In order to keep the bibliography within a reasonable size, we cite no paper dealing exclusively with autonomous problems and very few papers treating the question of (exponential) stability alone. For similar reasons we only give a few hints concerning applications to nonlinear problems, and we usually quote just a sample of an author’s publications. The monograph [40] is our standard source for semigroup theory, where one can find unexplained notation, concepts, and results on autonomous problems.

2. Well–posedness of evolution equations

In this section we review existence results for the non–autonomous Cauchy problem (CP ) {_d dt u(t) = A(t)u(t) + f(t), t ≥ s, t, s ∈ J, u(s) = x, on a Banach space X, where A(t) are linear operators on X, x ∈ X, f ∈ L^1_{loc}(J, X), and

J ⊆ R is a closed interval. The homogeneous problem with f = 0 is denoted by (CP)0.

For suitable differential operators A(t) such equations describe, for instance, diffusion processes with time dependent diffusion coefficients or boundary conditions, quantum mechanical systems with time varying potential, or non–autonomous hyperbolic systems 2

of first order. Using standard techniques, one can also transform wave equations or retarded differential equations into an evolution equation of the form (CP). Further, partial differential equations on non–cylindrical domains can be formulated as non–autonomous Cauchy problems, [21], [22]. Evolution equations further arise if one solves semi- and quasilinear equations by means of linearization methods; see [65], [66], [138], [139] for hyperbolic problems and [5], [55], [88], [130], [143] for parabolic problems.

In the literature various types of solutions u to (CP) are used depending on the required differentiability properties of u. We always assume that u : J_s → X is continuous and satisfies u(s) = x, where J_s = J ∩ [s, ∞). First of all, one can suppose that u ∈ C^1(J_s, X), u(t) ∈ D(A(t)), and u^′(t) = A(t)u(t) + f(t) for t ∈ J_s. Second, if the data A(t) and f(t) are not continuous in t, it is appropriate to look for functions u ∈ W^{1,p}_{loc} (J_s, X) satisfying u(t) ∈ D(A(t)) and u^′(t) = A(t)u(t) + f(t) for a.e. t ∈ J_s and some 1 ≤ p ≤ ∞. One can also replace the interval J_s by J ∩ (s, ∞) in both cases. This is suitable for parabolic problems with initial values x not contained in D(A(s)). Further concepts of solvability will be introduced below. In our definition of well–posedness we employ C^1–solutions for simplicity.

Definition 2.1. The homogeneous problem (CP)_0 is called well–posed (on spaces Y_s) if there are dense subspaces Y_s, s ∈ J, of X with Y_s ⊆ D(A(s)) such that for each x ∈ Y_s there is a unique solution u = u(· ; s, x) ∈ C^1(J_s, X) of (CP)_0 with u(t) ∈ Y_t for t ∈ J_s and if s_n → s and x_n → x in X for s_n ∈ J, x_n ∈ Y_{sn} , x ∈ Y_s, then û(t ; s_n, x_n) → û(t ; s, x) in X uniformly for t in compact subsets of J.

Here we set û(t ; r, y) := u(t ; r, y) for t ≥ r and û(t ; r, y) := y for t ≤ r and y ∈ Y_r. In other words, we require that there exists a unique solution of the homogeneous problem for sufficiently many initial values x and that the solutions depend continuously on the initial data, cf. [43, §7.1].

Starting with a well–posed Cauchy problem, we define U(t, s)x := u(t ; s, x) for t ≥ s, t, s ∈ J, and x ∈ Y_s. It is not difficult to show that U(t, s) can be extended to a unique bounded linear operator on X (denoted by the same symbol) such that (E1) U(t, s) = U(t, r)U(r, s), U(s, s) = I, and (E2) (t, s) → U(t, s) is strongly continuous for t ≥ r ≥ s and t, s, r ∈ J, see [99, Prop.3.10]. This motivates the following definition.

Definition 2.2. A collection U(·, ·) = (U(t, s))_{t≥s,t,s∈J} ⊆ L(X) satisfying (E1) and (E2) is called an evolution family. If (CP)_0 is well–posed (on Y_t) with solutions u = U(·, s)x, we say that U(·, ·) solves (CP)_0 (on Y_t) or that A(·) generates U(·, ·).

Evolution families are also called evolution systems, evolution operators, evolution processes, propagators, or fundamental solutions in the literature. In contrast to semigroups, it is possible that the mapping t → U(t, s)x is differentiable only for x = 0. This happens if U(t, s) =^{p(t)}_{p(s)} on X = C and p : R → [1, 2] is continuous and nowhere differentiable. Thus an evolution family need not be generated by an operator family A(·).

If (CP)_0 is well–posed on spaces Y_s, then 1 h (U(t, s + h)x − U(t, s)x) = U(t, s + h)^1_h (x − U(s + h, s)x) → −U(t, s)A(s)x (2.1) as h ↘ 0 for t > s and x ∈ Y_s. Assume that u ∈ C^1(J^′_s, X) solves (CP) for f ∈ C(J_s, X) and u(t) ∈ Y_t for t ∈ J^′_s. Then (2.1) yields^{∂+}_{∂τ} [U(t, τ )u(τ )] = U(t, τ )f(τ ) for τ ∈ (s, t), and hence u(t) = U(t, s)x + ∫_t s U(t, τ )f(τ ) dτ, t ≥ s. (2.2) For this reason, the function u defined by (2.2) is called the mild solution of (CP) for every x ∈ X and f ∈ L^1_{loc}(R_+, X).

We now survey existence theorems for (CP) and the methods used to establish them in the case J = [0, T ]. Most of the results discussed in paragraph (a) and (b) are well presented in the monographs [6], [43], [88], [106], [135], [136].

(a) The parabolic case. Here one assumes that A(t) generate analytic C_0–semigroups of the same type and that t → A(t) is regular in a sense specified below. Then there exists an evolution family U(·, ·) on X solving (CP)_0 on D(A(t)) such that U(t, s)X ⊆ D(A(t)), ∂ ∂t U(t, s) = A(t)U(t, s) in L(X), and ‖A(t)U(t, s)‖ ≤^C_{t−s} for 0 ≤ s < t ≤ T . The operators U(t, s) can be constructed as solutions to certain integral equations such as U(t, s) = e^{(t−s)A(s)} + ∫_t s U(t, τ )(A(τ ) − A(s))e^{(τ −s)A(s)} dτ (2.3) (in the case D(A(t)) ≡ D(A(0))). This is an abstract version of the method of ‘freezing coefficients’; see also the survey given in [2].

If the domains D(A(t)) do not depend on t, it suffices to suppose that A(·) : [0, T ] → L(Y, X) is Hölder continuous, where Y := D(A(0)) is endowed with the graph norm. The fundamental results in this direction were established by P.E. Sobolovskii, [130], and H. Tanabe, [134], around 1960. A. Lunardi treated equations with non–dense D(A(t)) in her book [88]. Most of the above mentioned results still hold if A(·) ∈ C([0, T ], L(Y, X)) and the operators A(t) possess some additional space regularity, [18], [19], [33], [44], [111].

The case of time varying domains was studied by T. Kato and H. Tanabe in [67] imposing (besides another condition) that A(·)^{−1} ∈ C^{1+α}([0, T ], L(X)). Their results were refined by A. Yagi in the seventies, [141]. One can weaken this differentiability assumption to a Hölder condition like (2.4) below if one requires the time independence of the domain of a fractional power of A(t), [63], [131], or of an interpolation space between D(A(t)) and X, [3], [6]. The latter situation is treated in detail in H. Amann’s monograph [6]. Finally, P. Acquistapace and B. Terreni introduced in [1] and [4] the assumption ‖A(t)R(λ, A(t)) (A(t)^{−1} − A(s)^{−1})‖ ≤ L |t − s|^μ |λ|^{−ν} (2.4) for t, s ∈ J, | arg λ| ≤ ϕ, and constants ϕ ∈ (^π_2 , π), L ≥ 0, and μ, ν ∈ (0, 1] with μ + ν > 1 (without assuming the density of D(A(t)) in X), see also A. Yagi’s papers [142], [143]. The hypothesis (2.4) is logically independent of those used in [67] and [141], see [4, §7], but in some sense weaker since only a Hölder condition is needed. The approach of P. Acquistapace and B. Terreni is inspired by the work of R. Labbas and B. Terreni on operator sums, see [70], [71], and (c) below, whereas the results of H. Amann and A. Yagi rely on suitable versions of the formula (2.3).

Based on the properties of U(·, ·), one can investigate the regularity of the mild solution u to the inhomogeneous problem (CP). For instance, u ∈ C^1(J_s, X) and u^′ = A(·)u + f if 4

x ∈ D(A(s)) and f is Hölder continuous or bounded with respect to interpolation norms. In [4], [6], [88] it is even shown that u satisfies optimal regularity of Hölder type.

(b) The hyperbolic case. One can partially extend the Hille–Yosida theorem for semigroups to the non–autonomous situation. To that purpose, one assumes that the operators A(t) are densely defined and stable in the sense that ‖R(λ, A(t_n))R(λ, A(t_{n−1})) · · · R(λ, A(t_1))‖ ≤ M (λ − w)^{−n} (2.5) for all 0 ≤ t_1 ≤ · · · ≤ t_n ≤ T , n ∈ N, λ > w, and some constants M ≥ 1 and

w ∈ R. Observe that then A(t) generates a C0–semigroup by the Hille–Yosida theorem.

One further requires the existence of a Banach space Y being continuously and densely embedded in X such that Y ⊆ D(A(t)) and the parts of A(t) in Y are also stable for t ∈ [0, T ]. If, in addition, A(·) ∈ C([0, T ], L(Y, X)), then T. Kato succeeded to construct an evolution family U(·, ·) on X satisfying^∂_{∂t} U(t, s)x_{|t=s} = A(s)x for t ≥ s and x ∈ Y . He first studied the special case that the operators A(t) have a common domain and generate contraction semigroups in his paper [62] from 1953. The general case was established in 1970, [64]. He introduced a time discretization A_n(·) of A(·) and solved the corresponding Cauchy problem by finite products U_n(t, s) of the given operators e^{τ A(r)}. Then the assumptions allow to prove that U_n(t, s) converges strongly to an operator U(t, s) having the asserted properties.

Imposing an additional regularity hypothesis on t → A(t), see [64, Thm.6.1], Kato also showed that U(t, s)Y ⊆ Y , U(·, ·) is strongly continuous on Y , and^∂_{∂t} U(t, s)x = A(t)U(t, s)x for t ≥ s and x ∈ Y , i.e., (CP)_0 is well-posed on Y . (This extra assumption holds in particular if D(A(t)) ≡ Y and A(·)y ∈ C^1(J, X) for y ∈ Y .) It is then not difficult to verify that the mild solution belongs to C^1([s, T ], X) ∩ C([s, T ], Y ) and solves (CP) provided that f ∈ C([s, T ], Y ) and x ∈ Y .

These results were extended to strongly continuous A(·) in [68], to strongly measurable A(·) in [60], and to strongly measurable resolvents in [34]. Of course, in the latter two cases (CP) can be solved only for a.e. t ≥ s. If X is a Hilbert space, results involving conditions on the numerical range of A(t) are proved in [102], [103]. Finally, the case of non–dense domains is investigated in [35], [138], [139], and of so–called C–evolution systems in [137]. Nonlinear versions of Kato’s result were shown by M. Crandall and A. Pazy, [29], in 1972 using a resolvent approximation scheme, see also [42].

(c) The operator sum method. In most of the previous two paragraphs, (CP) is treated in two steps. One first constructs the evolution family solving the homogeneous equation and then one establishes the required regularity of the mild solution. There is another approach which directly tackles the inhomogeneous problem. One considers (CP) with x = 0 as an equation Gu := −^d_{dt} u + A(·)u = −f on a function space such as E = L^p([0, T ], X) and tries to invert the operator G.^∗ This idea is pursued in the work by G. Da Prato and P. Grisvard, in particular in [32], both in the hyperbolic and the parabolic case, see also [70], [71].

�It is possible to incorporate nontrivial initial values x, cf. [6, xIII.1.5], [34], but for simplicity we concentrate on the case x = 0. 5

One says that the problem (CP) has maximal regularity of type L^p if the operator G is invertible in E = L^p([0, T ], X) on the domain F = {f ∈ W^{1,p}([0, T ], X) : f(0) = 0, f(t) ∈ D(A(t)) for a.e. t ∈ [0, T ], A(·)f(·) ∈ E}. In this case the function u = −G^{−1}f solves (CP) in the W^{1,p}–sense. This property can be established for many parabolic problems on L^q–spaces (if 1 < p, q < ∞), see [6], [44], [56], [57], [91], [111], [133], [144], where further references to the autonomous case can be found. Following the approach of Da Prato and Grisvard, one can construct the inverse of G by a contour integral involving the resolvents of^d_{dt} and A(·). The main step in the proof is to show that G^{−1} maps into D(A(·)).

In the hyperbolic case the operator G : D(^d_{dt} ) ∩ D(A(·)) → E is not closed (and thus not invertible) in general. For instance, the closure of G = −^∂_{∂t} +^∂_{∂s} with D(G) = W^{1,2}(R, L^2(R)) ∩ L^2(R, W^{1,2}(R)) in L^2(R, L^2(R)) ∼= L^2(R^2) is the derivative in direction t = s with maximal domain. Nevertheless, it was shown in [34] that G = −^d_{dt} +A(·) has an invertible closure if, for instance, the spaces X and Y from paragraph (b) are reflexive, the operators A(t) and the parts of A(t) in Y are stable, ‖A(t)‖_{L(Y,X)} ≤ c for 0 ≤ t ≤ T , and R(λ, A(·)) is strongly measurable in X and Y for λ > w. Moreover, if f ∈ L^p([0, T ], Y ), then u = −G^{−1}f belongs to W^{1,p}([0, T ], X)∩L^∞([0, T ], Y ), 1 < p < ∞, and u is the W^{1,p}– solution of (CP). An inhomogeneity f ∈ L^p([0, T ], X) can be approximated by functions f_n ∈ L^p([0, T ], Y ). The W^{1,p}–solutions u_n corresponding to f_n then converge uniformly to u = −G^{−1}f so that (CP) can be solved approximately in W^{1,p}–sense. This line of research was further pursued in [20] and [35]. We will come back to this approach in Section 4.

J.L. Lions developed the operator sum method in the context of weak solutions in Hilbert spaces, see [82, §3.1, 3.4]. Let A(t) be defined by uniformly bounded and coercive sesquilinear forms a_t on a Hilbert space X with a dense form domain V such that t → a_t(x, y) is measurable for all x, y ∈ V . Thus, V → X ∼= X^′ → V^′ and A(t) can be extended to a bounded operator from V to V^′. Using a duality argument, it is possible to establish the bijectivity of G : W^{1,2}_0 ((0, T ], V^′) ∩ L^2([0, T ], V ) → L^2([0, T ], V^′). In other words, (CP) is solved in the larger space V^′. Other proofs of this result can be found in [81, §III.1], where a Galerkin scheme is used, and in [135, §5.5], where the theory of paragraph (a) is applied. It is also possible to obtain weak solutions for wave equations using Galerkin’s method, see [82, §3.8, 3.9]. We finally mention the recent contributions [61] and [132], where form methods are employed for parabolic problems.

We have recalled a multitude of methods, notions of solutions, and existence results for non–autonomous Cauchy problems which are mostly independent of each other. In the autonomous case the Hille–Yosida type theorems provide a powerful characterization of well–posedness which is embedded in a coherent theory. Unfortunately, so far no analogues are known for non–autonomous equations. Simple examples even indicate that it is rather difficult to find necessary and sufficient conditions on the operators A(t) for the well–posedness of (CP)_0 (except for special situations, see [23], [24]).

Example 2.3. Even if each operator A(t) is a generator and (CP)_0 is well-posed, it may happen that (CP)_0 cannot be solved on all of D(A(s)). Take for instance X = C_0(R^2) and let A(t), 0 ≤ t ≤ 1, be the derivative in direction (_{1−t} t ) with maximal domain, [99, Ex. 3.5]. Then the evolution family on X given by

(U(t, s)φ)(x, y) = φ(x + t − s −^1_2 (t^2 − s^2), y +^1_2 (t^2 − s^2)) 6

solves (CP)_0 on Y = C^1_0 (R^2). Set φ(x, y) = χ(x) ψ(y) for (x, y) ∈ R^2, χ ∈ C^1_0 (R), and a nowhere differentiable function ψ ∈ C_0(R). Then φ ∈ D(A(0)), but the orbit t → U(t, 0)φ is not differentiable at any point t ≥ 0.

Example 2.4. There are well–posed parabolic Cauchy problems such that the intersection of the domains D(A(t)), t ∈ J, is trivial. Consider for instance X = L^2(R) and the multiplication operators A(t)φ = −(t−·)^{−2}φ, t ∈ R, with maximal domain, [43, Ex.7.3.2]. Related examples can be found in [38], [39], [46].

Example 2.5. The Cauchy problem on X = C_b(R) given by A(t)φ = φ^′(t)1 for φ ∈ Y = C^1_b (R) is solved by U(t, s)φ = φ + (φ(t) − φ(s))1 on Y , but A(t) is not closable in X.

Perturbation theory is another important method to solve (CP), see e.g. [38], [55], [64], [67], [115], [128], [129]. Here one considers the Cauchy problem u^′(t) = [A(t) + B(t)] u(t), t ≥ s, u(s) = x, (2.6) where A(·) generates an evolution family U(·, ·) and B(t) is ‘small compared with A(t)’. If B(·) ∈ C([0, T ], L_s(X)), one easily obtains a unique evolution family U_B(·, ·) such that U_B(t, s)x = U(t, s)x + ∫_t s U(t, τ )B(τ )U_B(τ, s)x dτ, t ≥ s, (2.7) by means of the Dyson–Phillips expansion, see [107]. Then u = U_B (·, s)x can be considered as the mild solution of (2.6), cf. (2.2). However, in general (2.6) does not inherit the well– posedness of (CP)_0 as is seen by the next example which is a variant of [107, Ex.6.4]. Example 2.6. On X = C_0([0, 1)) we define Aφ = φ^′ with D(A) = C^1_0 ([0, 1)) and

(B(t)φ) (ξ) = { φ(ξ), 1 > ξ ≥ max{0,^1_2 − t}, 2(ξ + t)φ(ξ),^1_2 − t > ξ ≥ 0, for φ ∈ X. Observe that B(·) ∈ C_b(R_+, L(X)). One easily checks that the solution is

u(t) (ξ) := U_B (t, 0)φ (ξ) = 0, ξ + t ≥ 1, e^tφ(ξ + t), 1 ≤ 2(ξ + t) ≤ 2, e^{2(ξ+t)t}φ(ξ + t), 0 ≤ 2(ξ + t) ≤ 1, for t ≥ 0 and 0 ≤ ξ < 1. Clearly, u ∈ C^1(R_+, X) if and only if φ ∈ D(A) and φ(^1_2 ) = 0, so that (2.6) is not well–posed.

3. Exponential dichotomy of evolution families We now turn our attention to asymptotic properties of evolution families U(·, ·) for J = [a, ∞) or R. We first define the (exponential) growth bound of U(·, ·) by ω(U) := inf{w ∈ R : ∃ M_w ≥ 1 with ‖U(t, s)‖ ≤ M_w e^{w(t−s)} for t ≥ s, s ∈ J}. The evolution family is called exponentially bounded if ω(U) < ∞ and exponentially stable if ω(U) < 0. For instance, U(t, s) = exp(t^2 − s^2) has growth bound +∞ and V (t, s) = exp(s^2 − t^2) has growth bound −∞.

A semigroup T (·) is exponentially stable if and only if the spectral radius of one operator T (t), t > 0, is less than 1. In the non–autonomous case, however, the following examples 7

show that the location of σ(U(t, s)) has no influence on the asymptotic behaviour of the evolution family U(·, ·), in general.

Example 3.1. Let S(t), t ≥ 0, be the nilpotent right translation on X = L^1[0, 1] and U(t, s) = e^{t2−s2} S(t − s). Then r(U(t, s)) = 0 for t > s and U(s + t, s) = 0 for t ≥ 1 and

s ∈ R, but ‖U(s +^1_2 , s)‖ = e^{s+1/4} and hence ω(U) = +∞.

Example 3.2. In Example 3.5 we construct an evolution family such that r(U(t, s)) = 0 for t > s, but t → ‖U(t, s)‖ grows faster than any exponential function as t → ∞.

We add that, due to a standard argument, it is possible to control ω(U) by means of uniform norm estimates of U(t, s) on strips 0 ≤ t − s ≤ t_0, see [30, §III.4] or [40, p.479].

One is further interested in exponential decay and increase on invariant subspaces, see [25], [28], [30], [31], [53], [55], [88], [121]. We write Q = I − P for a projection P .

Definition 3.3. An evolution family U(·, ·) on a Banach space X (with J = R or [a, ∞)) has an exponential dichotomy (or is called hyperbolic) if there are projections P (t), t ∈ J, and constants N, δ > 0 such that P (·) ∈ C_b(J, L_s(X)) and, for t ≥ s, s ∈ J, (a) U(t, s)P (s) = P (t)U(t, s), (b) the restriction U_Q(t, s) : Q(s)X → Q(t)X of U(t, s) is invertible (and we set U_Q(s, t) := U_Q(t, s)^{−1}), (c) ‖U(t, s)P (s)‖ ≤ Ne^{−δ(t−s)} and ‖U_Q(s, t)Q(t)‖ ≤ Ne^{−δ(t−s)}. The existence of an exponential dichotomy gives an important insight into the long–term behaviour of an evolution family. It is also used to study the asymptotic properties of (mild) solutions to the inhomogeneous problem (CP), see Section 6. Further, exponential splittings are preserved under small nonlinear perturbations which leads to principles of linearized (in–)stability and to the construction of stable, unstable, and center manifolds, as exposed in the monographs cited before Definition 3.3.

If the hyperbolic evolution family U(t, s) = T (t − s) is given by a semigroup T (·) for

J = R, then P (t) does not depend on t by [123, Cor.3.3] so that T (·) is hyperbolic in the

usual sense. Recall that a semigroup T (·) is hyperbolic if and only if the unit circle T belongs to ρ(T (t_0)) for t_0 > 0. Moreover, the dichotomy projection P then coincides with the spectral projection P = 1 2πi ∫ ⪌ R(λ, T (t_0)) dλ. (3.1)

Similar results hold for periodic evolution families U(·, ·), i.e., U(t + p, s + p) = U(t, s) for t ≥ s, t, s ∈ R, and some p > 0. In that case, one has the equalities

σ(U(s + p, s)) = σ(U(p, 0)) and U(t, s) = U(t, t − p)^nU(s + τ, s) = U(t, t − τ )U(s + p, s)^n, (3.2) where t = s+np+τ , n ∈ N_0, and τ ∈ [0, p). These relations imply that σ(U(p, 0))∩T = ∅ if and only if U(·, ·) is hyperbolic. Then the dichotomy projections are given by

P (s) = 1 2πi ∫ ⪌ R(λ, U(s + p, s)) dλ (3.3) for s ∈ R, cf. [30], [31], [53], [55], [88]. 8

In the autonomous case the exponential dichotomy of a semigroup T (·) generated by A always implies the spectral condition σ(A) ∩ iR = ∅. In particular, the exponential stability of T (·) yields s(A) := sup{Re λ : λ ∈ σ(A)} < 0. The converse implications fail for general C_0–semigroups, but can be verified if the spectral mapping theorem σ(T (t)) \ {0} = e^{tσ(A)}, t ≥ 0, (3.4) holds. Formula (3.4) is satisfied by eventually norm continuous semigroups, and hence by analytic or eventually compact semigroups. Starting from these results a powerful spectral theory for semigroups has been developed, see [40] and the references therein.

In many cases it is thus possible to characterize the exponential dichotomy of a semigroup by the spectrum of its generator. This is an important fact since in applications usually the generator A is the given object. Unfortunately, in the non–autonomous case there is no hope to relate the location of σ(A(t)) to the asymptotic behaviour of the evolution family U(·, ·) generated by A(·) as is shown by the following examples. We point out that the first one, [28, p.3], [123, Ex.3.4], deals with periodic evolution families U_k(·, ·) on X = C^2 satisfying s(A_1(t)) = −1 < ω(U_1) and s(A_2(t)) = 1 > ω(U_2) for t ∈ R,

whereas for semigroups T (·) with generator A one always has s(A) ≤ ω(T ).

Example 3.4. Let A_k(t) = D(−t)A_kD(t) for t ∈ R, where D(t) = ( cos t sin t − sin t cos t ) , A_1 = ( −1 −5 0 −1 ) , A_2 = ( 1 0 0 −1 ) . The operators A_1(t) and A_2(t), t ∈ R, generate the evolution families

U_1(t, s) = D(−t) exp [ (t − s) ( −1 −4 −1 −1 )] D(s) and

U_2(t, s) = D(−t) exp [ (t − s) ( 1 1 −1 −1 )] D(s), respectively. Thus, ω(U_1) = 1 and ω(U_2) = 0 = ω(U^{−1}_2 ), but σ(A_1(t)) = {−1} and σ(A_2(t)) = {−1, 1} for t ∈ R. In other words, the exponential stability of e^{τ A1(t)} and the exponential dichotomy of e^{τ A2(t)} (with constants independent of t) are lost when passing to the non–autonomous problem.

In Example 3.4 we even have ‖R(λ, A_k (t))‖_2 = ‖R(λ, A_k )‖_2 for t ∈ R, λ ∈ ρ(A_k), and k = 1, 2. This shows that we cannot expect to deduce asymptotic properties of an evolution family from estimates on the resolvent of A(t) along vertical lines as it is possible for a semigroup on a Hilbert space by virtue of the theorem of Gearhart–Howland–Prüss, see e.g. [25, Thm.2.16]. In the following infinite dimensional example from [123, §5] we even have ω(U) = +∞ and s(A(t)) = −∞ for a.e. t ≥ 0.

Example 3.5. Let h(s) = 1 for s ∈ [0,^1_2 ) and h(s) = 2 for s ∈ [^1_2 ,^3_4 ]. Set μ = h ds, (Ω, ν) = ⨂ n∈▲([0,^34 ], μ), and X = L^1(Ω, ν). We define for each k ∈ N and τ ≥ 0 the right–translation

(R_k(τ )f) (x_1, · · · ) = { f(x_1, · · · , x_{k−1}, x_k − τ, x_{k+1} , · · · ), x_k − τ ∈ [0,^3_4 ], 0, x_k − τ /∈ [0,^3_4 ], 9

for simple functions f ∈ X. In [100, Lemma 2.1] it is shown that these operators can be extended to C_0–semigroups on X with generator A_k satisfying

‖R_k(τ )‖ ≤ 2 for τ ≥ 0, R_k(τ ) = 0 for τ ≥^3_4 , ‖R_n(τ_n) · · · R_m(τ_m)‖ = 2^{n−m+1} for 0 < τ_l ≤^1_4 and m ≤ l ≤ n, (3.5) Y = {f ∈ ⋂ k∈▲ D(A_k ) : ‖f‖_Y := sup_{k∈} ▲ {‖f‖_1 , ‖A_kf‖_1} < ∞} is dense in X. Take (t_k) = (0, 1, 2,^5_2 , 3,^{10}_3 ,^{11}_3 , 4, . . . ) and choose functions α_k ∈ C^1(R) such that α_k > 0 on (t_{k−1}, t_k), α_k = 0 on R_+ \ (t_{k−1}, t_k), and ‖α_k‖_∞, ‖α^′_k ‖_∞ ≤^1_4 for k ∈ N. Then a_k = ∫ α_k(t) dt ≤^1_4 . We now define

A(t) = α_k(t)A_k with D(A(t)) = D(A_k) for t_{k−1} < t < t_k and A(t_{k−1}) = 0

for k ∈ N. Note that the operators A(t) generate uniformly bounded, commuting, positive semigroups which are nilpotent if t ≠ t_k, and A(·) ∈ C^1_b (R_+, L(Y, X)). Moreover, A(·) generates the evolution family U(t, s) = R_{l+1} ( ∫ t t_l α_{l+1}(r) dr ) R_l(a_l) · · · R_{k+1}(a_{k+1}) R_k ( ∫ t_k s α_k (r) dr ) , t ≥ s ≥ 0, where t_{k−1} < s ≤ t_k ≤ t_l ≤ t < t_{l+1}. Finally, ‖U(2n, 0)‖ ≥ 2^{(n2)} by (3.5), but s(A(t)) = −∞ if t ≠ t_k, A(t_k) = 0, and r(U(t, s)) = 0 for t > s ≥ 0.

4. Evolution semigroups

We now present a semigroup approach to non–autonomous Cauchy problems. Let U(·, ·) be an exponentially bounded evolution family on a Banach space X and J ∈ {[a, b], [a, ∞), R}. We define operators T (t), t ≥ 0, by setting

(T (t)f) (s) := { U(s, s − t)f(s − t), s − t, s ∈ J, 0, s ∈ J, s − t /∈ J, on the function spaces E = L^p(J, X), 1 ≤ p < ∞, or

E = C_{00}(J, X) :=

C_0(R, X), J = R, {f ∈ C_0([a, ∞), X) : f(a) = 0}, J = [a, ∞), {f ∈ C([a, b], X) : f(a) = 0}, J = [a, b], endowed with the usual p–norm, 1 ≤ p ≤ ∞. It is easily verified that T (·) is a strongly continuous semigroup on E with ω(T ) = ω(U). We call T (·) the evolution semigroup on E associated with U(·, ·), and denote its generator by G. Evolution semigroups on the above spaces were introduced in the seventies by J.S. Howland, [58], D.E. Evans, [41], and L. Paquet, [105]. Other early contributions are due to H. Neidhardt, [96], and G. Lumer, [84], [85], [86]. Evolution semigroups can also be defined on other Banach function spaces, [114], [122], and on spaces of (almost) periodic functions, [8], [14], [47], [49], [59], [95]. The recent monograph [25] by C. Chicone and Y. Latushkin is devoted to the investigation of evolution semigroups with an emphasis on spectral properties and applications to dynamical systems. In the latter field similar concepts have been developed since J. Mather’s paper [90] from 1968, see [25, Chap.6-8]. 10

In this section we indicate how evolution semigroups can be used to solve non– autonomous Cauchy problems. The relationship to the asymptotic behaviour of evolution families is exposed in the next section. We first give a representation of the generator G in the case that U(·, ·) solves a Cauchy problem, see [124, Prop.3.14] which is a refinement of [25, Thm.3.12], [73], [85], [105].

Proposition 4.1. Let (CP)_0 be well-posed on Y_t with an exponentially bounded evolution family U(·, ·), where J ∈ {[a, b], [a, ∞), R}. Then F = {f ∈ C^1(J, X) : f(t) ∈ Y_t for t ∈ J, f, f^′, A(·)f ∈ E} is a core of the generator G of the induced evolution semigroup on E = C_{00}(J, X) and Gf = −f^′ + A(·)f(·) for f ∈ F .

We remark that an analogous result can be shown for the evolution semigroup on the space E = L^p(J, X) with F = {f ∈ W^{1,p}(J, X) : f(a) = 0, f(t) ∈ Y_t for a.e. t ∈ J, A(·)f ∈ E}. Here one could also consider Cauchy problems being ‘well–posed in W^{1,p}–sense.’

It is tempting to try to establish a converse of Proposition 4.1: Show first that the sum −^d_{dt} + A(·) on E has a closure which generates a semigroup T (·). (The sum is defined on F = {f ∈ D(A(·)) ∩ D(^d_{dt} ), f(a) = 0} which is assumed to be dense in E.) Then the implication “(c)⇒(a)” of the following characterization of evolution semigroups provides us with an evolution family U(·, ·). Finally, solve (CP) using U(·, ·). The first of these three steps is closely connected to the operator sum method discussed in Section 2.

The next theorem is taken from [112, Thm.2.4] and [122, Thm.2.6]. Previous and different versions are contained in [41], [58], [84], [86], [87], [96], [105]. We define for φ : J → C and t ≥ 0 the translated function φ_t by φ_t(s) = φ(s − t) if s, s − t ∈ J and φ_t(s) = 0 if s ∈ J, s − t /∈ J. Theorem 4.2. For a C_0–semigroup T (·) on E = C_{00}(J, X) or L^p(J, X), 1 ≤ p < ∞, with generator G, the following assertions are equivalent.

(a) T (·) is an evolution semigroup given by an evolution family with index set J \ inf J. (b) T (t) (φf) = φ_t T (t)f for f ∈ E, φ ∈ C_b(J), t ≥ 0. D(G) is a dense subset of C_{00}(J, X).

(c) For all f contained in a core of G and φ ∈ C^1(J) with φ, φ^′ ∈ C_{00}(J), we have φf ∈ D(G) and G(φf) = φ Gf − φ^′f. D(G) is a dense subset of C_{00}(J, X).

Notice that the second condition in (b) and (c) is trivially satisfied if E = C_{00}(J, X). Instead of this condition it was assumed in [112] and [122] that R(λ, G) maps E continuously into C_{00}(J, X) with dense range for some λ ∈ ρ(G), but these two assertions are equivalent due to the closed graph theorem.

These characterizations were already used in the earliest papers on evolution semigroups to deduce perturbation results for evolution families from known perturbation theorems for semigroups. We refer to [84], [85], [94], [115] for bounded perturbations, to [112], [129] for relatively bounded perturbations of Miyadera type, and to [41], [58] for perturbation results in the context of scattering theory. We further observe that u ∈ D(G), Gu = −f ⇐⇒ u = T (r)u + ∫_r 0 T (ρ)f dρ, r ≥ 0, ⇐⇒ u(t) = U(t, s)u(s) + ∫_t s U(t, τ )f(τ ) dτ, t ≥ s, (4.1) 11

for u, f ∈ E, compare [11], [75], [97]. For J = [a, b] or [a, ∞), we arrive at u ∈ D(G), Gu = −f ⇐⇒ u(t) = ∫_t a U(t, τ )f(τ ) dτ, t ≥ a, (4.2) since u(a) = 0 for u ∈ D(G). In view of (2.2), (4.1), and (4.2), the elements of D(G) for J = [s, b] coincide with the mild solutions of (CP) with x = 0 and f ∈ E, and U(·, s)x with the mild solution of the homogeneous problem. At first glance, this is just a formal correspondence since we have introduced the term ‘mild solution’ only for well–posed problems. In the present situation, however, we obtain approximative solutions in C^1– or W^{1,p}–sense (depending on the choice of E) since G is the closure of (−^d_{dt} + A(·), F ). In fact, if Gu = −f, then there are u_n ∈ F and f_n ∈ E such that u_n → u and f_n → f in E and u^′_n = A(·)u_n + f_n. Since u_n = −G^{−1}f_n, we obtain that u_n → u uniformly even if E = L^p. Further, for x ∈ X, s ∈ (a, b), and n ∈ N, we define u_n = α_n(·)U(·, s −^1_n )x, where α_n ∈ C^1([a, b]) is equal to 1 on [s, b] and vanishes on [a, s −^1_n ] and U(t, r) := 0 for t < r. It is easy to check that u_n ∈ D(G) and Gu_n = −α^′_n(·)U(·, s −^1_n )x on [a, b], see [25, p.64]. By another approximation, we find v_n ∈ F such that v_n(t) → U(t, s)x and v^′_n − A(·)v_n → 0 on [s, b].

It then remains to determine D(G) or to verify regularity properties of U(t, s) in order to obtain differentiable solutions of (CP). In [87] and [111] we investigated parabolic problems by means of this method. Using maximal regularity of type L^p, we proved that the mild solutions solve (CP) in W^{1,p}–sense. We also refer to [92] for a related semigroup approach to parabolic evolution equations.

It is interesting to recapitulate the results by G. Da Prato and M. Iannelli from [34] (see Paragraph (c) of Section 2) from the present point of view. In [34, Cor.1, Prop.4] it was shown that −^d_{dt} + A(·) defined on the dense subspace F = W^{1,p}_0 ((0, T ], X) ∩ L^p([0, T ], Y ) has an invertible closure G in L^p([0, T ], X) assuming Kato type conditions. Further, D(G) is dense in C_{00}([0, T ], X) due to Proposition 3 and Remark 3 of [34]. Let A_n(t) be the Yosida approximation of A(t). Then G_n = −^d_{dt} + A_n(·) converges strongly to G on F , and the semigroups generated by G_n are uniformly bounded by [34, Prop.1]. So the Trotter– Kato theorem shows that G generates a C_0–semigroup which is an evolution semigroup by Theorem 4.2.

5. Characterizations of exponential dichotomy

Evolution semigroups have attracted a lot of interest in recent years since it was discovered that their spectra characterize the exponential dichotomy of evolution families. This is quite remarkable in view of the discouraging examples in Section 3. We first discuss spectral properties of the evolution semigroup T (·) and its generator G on E = C_{00}(J, X) or E = L^p(J, X). If J is compact, then T (·) is nilpotent so that σ(G) = ∅ and σ(T (t)) = {0} for t > 0. This case is of course irrelevant to the long term behaviour of U(·, ·). For unbounded J, we have the following result from, e.g., Section 3.2.2 and 3.3.1 of [25].

Theorem 5.1. Let U(·, ·) be an exponentially bounded evolution family on X and J = R

or R+. Then the associated evolution semigroup T (·) on E = C00(J, X) or E = L^p(J, X),

1 ≤ p < ∞, with generator G has the following properties. (a) The spectral mapping theorem σ(T (t)) \ {0} = e^{tσ(G)}, t ≥ 0, holds. 12

(b) σ(T (t)), t > 0, is rotationally invariant and σ(G) is invariant under translations along the imaginary axis. In the case J = R_+, the spectrum of T (t), t > 0, is the full disc with center 0 and radius e^{tω(U )}.

R. Rau showed part (b) in [118, Prop.2]. He also established (a) on L^2(R, X) for a Hilbert space X using Gearhart’s theorem, see [116, Prop.2.2] and also [117, Prop.6]. This idea was previously employed in [76] in a somewhat different context. In the general case, the spectral mapping theorem for J = R is due to Y. Latushkin and S. Montgomery- Smith who proved it in [72, Thm.3.1] by means of a reduction to the autonomous case. In [114], we proved (a) first directly on C_0(R, X) and then for a large class of Banach function spaces E on R (containing L^p(R, X)) by showing that the spectra of T (t) and G do not depend on the choice of E. Further direct proofs for the spectral mapping theorem are presented in [73] for the C_0–case and in [25, p.83] for the L^p–case. All these proofs of (a) (except for Rau’s) are based on explicit formulas for approximate eigenfunctions of G using given approximate eigenfunctions of I − T (t) and the definition of T (t). These constructions can be extended to the halfline case, see [122, Thm.5.3] for E = C_0. Theorem 5.1 was also shown independently by A.G. Baskakov in [10] and [11] using completely different methods indicated below. The importance of Theorem 5.1 relies on the equivalence (a)⇔(b) in the next result, see e.g. [25, §3.2.3].

Theorem 5.2. Let U(·, ·) be an exponentially bounded evolution family on X and J = R. Let T (·) be the associated evolution semigroup on E = C_0(R, X) or E = L^p(R, X), 1 ≤ p < ∞, with generator G. Then the following assertions are equivalent. (a) U(·, ·) has an exponential dichotomy with projections P (·). (b) T (·) has an exponential dichotomy with projection P. (c) G is invertible. If this is the case, then

P (·) = P = 1 2πi ∫ ⪌ R(λ, T (t)) dλ, t > 0. (5.1) The equivalence of the hyperbolicity of the evolution family and of the induced evolution semigroup on C_0(R, X) was essentially shown by R. Rau in [118, Thm.6], see also [113]. The corresponding result for L^p(R, X) is due to Y. Latushkin, S. Montgomery- Smith, and T. Randolph, see [72, Thm.3.4] and [74, Thm.3.6], who used a rather involved discretization technique. We gave an elementary proof in the spirit of Rau’s work in [113]. The most important step in each proof is to establish that the spectral projection P of the hyperbolic evolution semigroup is a multiplication operator which then gives the dichotomy projections for U(·, ·). This fact is a consequence of the algebraic structure of T (t). One can also deduce the L^p–case from Rau’s result on C_0(R, X) and the p–independence of the spectra of T (t) and G, see [114]. We further refer to [7], [15], [98] for the case of bounded A(t). Observe that the formula (5.1) gives a substitute for the more direct representations (3.1) and (3.3) valid in the autonomous and periodic case.

In view of (4.1), Theorem 5.2 immediately implies that

U(·, ·) is hyperbolic ⇐⇒ ∀ f ∈ E ∃! u ∈ E satisfying (4.1) (5.2) for E = C_0(R, X) or L^p(R, X), [75]. The equivalence (5.2) also holds for E = C_b(R, X). This can be seen by reducing it to the C_0–case, [25, p.128]. Moreover, V.V. Zhikov proved it already in 1972 directly by clever manipulations of the equation (4.1), see [78, Chap.10] and also [28, §8], [30, §IV.3]. Yet another proof is presented in [75]. Conversely, A.G. Baskakov deduced Theorem 5.1 and 5.2 for J = R from the equivalence (5.2) on E = C_b(R, X), [11].

Theorem 5.1 for J = R_+ and (4.2) allow to characterize exponential stability of an evolution family, see [25, Thm.3.26]. We set (Kf )(t) = ∫_t 0 U(t, τ )f(τ ) dτ for t ≥ 0 and f ∈ L^1_{loc}(R_+, X).

Corollary 5.3. An exponentially bounded evolution family U(·, ·) on X with J = R_+ is exponentially stable if and only if K maps E into E if and only if the generator G of the evolution semigroup on E is invertible, where E = C_{00}(R_+, X) or L^p(R_+, X), 1 ≤ p < ∞.

The use of (4.2) in this context goes back to a paper by O. Perron from 1930. For different proofs and similar results (e.g., for E = C_b(R_+, X)) we refer to [10], [17], [30, §III.5], [36, §5], [97]. A related characterization of exponential stability is due to R. Datko, [36, Thm.1, Rem.3], see also [25, Cor.3.24], [30, Thm.III.6.2], and the references therein. Here we give a new proof of Datko’s theorem based on the spectral theory of evolution semigroups.

Theorem 5.4. Let U(·, ·) be an exponentially bounded evolution family on X with J =

R+. Then U(·, ·) is exponentially stable if and only if for some 1 ≤ p < ∞ and all x ∈ X

and s ≥ 0 there is a constant M such that ∫_∞ s ‖U(t, s)x‖^p dt ≤ M^p ‖x‖^p. (5.3) Proof. The necessity of (5.3) is clear. The integral version of Minkowski’s inequality, [54, §203], and (5.3) yield ( ∫ ∞ 0 ‖ ‖ ‖ ∫_t 0 U(t, s)f(s) ds ‖ ‖ ‖^p dt ) 1_p ≤ ∫_∞ 0 ( ∫ ∞ s ‖U(t, s)f(s)‖^p dt ) 1_p ds ≤ M ∫_∞ 0 ‖f(s)‖ ds = M ‖f‖_1 for f ∈ L^1(R_+, X). Thus, K maps L^1(R_+, X) into L^p(R_+, X). If p = 1, then Corollary 5.3 implies the assertion. For each p ∈ [1, ∞), the equivalence (4.2) shows that the range of the generator G of the evolution semigroup T (·) on E = L^p(R_+, X) contains L^p(R_+, X) ∩ L^1(R_+, X) and is therefore dense in E. Suppose that 0 ∈ Aσ(G). Then 1 ∈ Aσ(T (1)) by the spectral inclusion theorem, see e.g. [40, Thm.IV.3.6]. From this fact one easily derives the existence of a constant c > 0 and functions f_n ∈ E such that ‖f_n‖_p = 1 and ‖T (t)f_n‖_p ≥ c for t ∈ [0, n] and n ∈ N. Now (5.3) yields n c^p ≤ ∫_n 0 ‖T (t)f_n‖^p dt = ∫_n 0 ∫_∞ 0 ‖U(s + t, s)f_n(s)‖^p ds dt ≤ ∫_∞ 0 ∫_∞ 0 ‖U(s + t, s)f_n(s)‖^p dt ds ≤ M^p ∫_∞ 0 ‖f_n(s)‖^p ds = M^p which is impossible. Hence, 0 /∈ Aσ(G) and G is invertible. The theorem is now a consequence of Corollary 5.3. 14

Exponential dichotomy on J = R_+ can be characterized in the spirit of (5.2) using the equation u(t) = U(t, 0)x + ∫_t 0 U(t, τ )f(τ ) dτ, t ≥ 0, (5.4) for x ∈ X. However, in this case u ∈ E is not uniquely determined by f ∈ E if U(·, ·) has an exponential dichotomy with P (0) ≠ 0. For matrices A(t) and assuming ω(U) < ∞, it was shown in [28, §3] or [30, §IV.3] that exponential dichotomy of U(·, ·) is equivalent to the existence of bounded solutions u of (5.4) for each f ∈ C_b(R_+, X). This leads to Fredholm properties of the operator^d_{dt} − A(·) which are studied in [15], [16], [104]. These results were generalized to certain parabolic equations in [145]. In [97] we established similar theorems for general evolution families. It should be noted that these more complicated characterizations can usually be avoided by extending the given problem on R_+ to R, see [123], [126], [127]. Nevertheless, dichotomies on R_+ and R_− play an important role in dynamical systems, cf. [79], [89], and the references therein.

We mention three more characterizations of hyperbolicity. First, one can replace in the equivalence (a)⇔(b) of Theorem 5.2 function spaces on R by sequence spaces over Z, see [26], [55, §7.6], [110], and [11], [25], [73], [74], where this approach is used in the context of evolution semigroups. Sequence spaces over N are considered in [10], [16].

For X = C^n it is known that exponential dichotomy is equivalent to the existence of a bounded, continuously differentiable Hermitian matrix function H such that d dt H(t) + H(t)A(t) + A^∗(t)H(t) ≤ −I (where we use the order of symmetric matrices), see [28, §7]. In Section 4.4 of [25] these results are extended to unbounded operators A(t) on a Hilbert space X which satisfy Kato type conditions, see also [93], [119]. We note that in [25] the characterization is deduced via the evolution semigroup from the easier accessible results for semigroups.

A third characterization of exponential dichotomy involves the hull A of the operators A(s), i.e., the closure of the translates R ∋ τ → A(t + τ ), t ∈ R, in an appropriate metric space, see [25], [26], [27], [28], [78], [110], [121], and the references therein. This approach requires, besides the existence of A, certain compactness and almost periodicity properties. Then one obtains that the evolution family generated by A(·) is hyperbolic if the equations u^′(t) = B(t)u(t), t ∈ R, do not admit a nontrivial bounded solution for any B(·) ∈ A, cf. [28], [121]. Due to space limitations we do not treat this approach in detail, see [25, Chap.6–8], [121], and the bibliography therein for further information.

6. Applications on the asymptotic behaviour of evolution equations

We now review consequences of the results presented in the previous section concentrating on sufficient conditions on the operators A(t) to generate a hyperbolic evolution family. We further mention some results on strong stability of evolution families and discuss the impact of exponential dichotomy on the qualitative behaviour of the inhomogeneous problem.

The following collection is guided by the treatment of exponential dichotomy in the books [28] and [55] by W.A. Coppel and D. Henry, which deal with matrices A(t) and ‘lower order’ perturbations A(t) = A + B(t) of a sectorial operator A, respectively. The 15

basic idea is to find situations where the spectra of A(t) or of a related operator A_0 allow to describe the asymptotic behaviour of the evolution family U(·, ·) generated by A(·).

The reader should further recall the results for time periodic problems which make use of the monodromy operator U(p, 0), compare the references given after (3.3). We add that (exponential) stability can also be tackled by direct estimates or by Lyapunov functions; however we do not give specific references concerning this well–known method.

(a) Robustness. We study the perturbed problem (2.6) assuming that U(·, ·) is hyperbolic. If the perturbations B(t) are small in suitable norms, one can expect that the evolution family U_B(·, ·) given by (2.7) is also hyperbolic. Unfortunately, one has to impose quite restrictive smallness conditions, but for some classes of finite dimensional problems refinements of the standard bounds are known to be optimal, see [101] and the references therein. Among the vast literature on robustness we mention [26], [28], [30], [73], [74] for the case of bounded perturbations, [27], [55], [80], [110], [123] for unbounded perturbations, and [128] for perturbations B(t) : X_t → X_t where X_t → X → X_t. As a sample we state a theorem (put in a slightly different setting) which follows immediately from an estimate due to C.J.K. Batty and R. Chill, [12, Thm.4.7], and Theorem 5.2.

Theorem 6.1. Let A(t) and B(t), t ∈ R, be operators on X such that A(t) − w and B(t) − w are sectorial of the same type and satisfy (2.4) for some w ≥ 0. Assume that the evolution family U(·, ·) generated by A(·) has an exponential dichotomy with projections P_U (·). Then there is a number ε > 0 such that

q := sup_{t∈} ⋛ ‖R(w, A(t)) − R(w, B(t))‖ ≤ ε implies that the evolution family V (·, ·) generated by B(·) has an exponential dichotomy with projections P_V (·). Moreover, dim P_U (t)X = dim P_V (t)X and dim(I − P_U (t))X = dim(I − P_V (t))X.

Proof. Let T_U (·) and T_V (·) be the evolution semigroups on C_0(R, X) induced by U(·, ·) and V (·, ·), respectively. In view of Theorem 5.2 one has to show that

‖T_U (1) − T_V (1)‖ = sup_{t∈} ⋛ ‖U(t + 1, t) − V (t + 1, t)‖ =: δ is smaller than a certain number δ_0 > 0 depending on the dichotomy constants of U(·, ·), see [126, Prop.2.3]. So the assertion is a consequence of Theorem 4.7 of [12] which says that δ ≤ cq^η for some η > 0 and a constant c independent of q.

Looking at the results used in the above proof, one sees that ε only depends on the constants in (2.4), w, the type of A(t) − w and B(t) − w, and the dichotomy constants of U(·, ·). Moreover, the operators A(t) and B(t) need not be densely defined.

Instead of T_U (1) − T_V (1), one can also try to estimate the difference G_U − G_V of the corresponding generators. This approach leads to better numerical values of ε but does not seem to work in the same generality as the above theorem, see [123].

Analogous results for functional differential equations are treated in [79] for X = C^n and in [49], [124], [127] for the infinite dimensional case, where [127] deals with perturbations of the type B(t)ϕ = ϕ(−τ (t)). In [49] and [127] we employed a generalized ‘characteristic 16

equation’ which determines the exponential dichotomy of the delay problem. This characteristic equation was derived in [49] from Theorem 5.2. We also refer to [37], [51], [52], and the references therein for further results in the context of (exponential) stability.

Exponential dichotomy is also inherited in some cases if the perturbation is ‘integrally small’, i.e., a suitable norm of ∫_{s+t} s B(τ ) dτ is small uniformly for s ≥ 0 and t ∈ [0, t_0], see [28, §5], [55, §7.6].

(b) Asymptotically autonomous equations. Assume that A(t) tends in a suitable sense to an operator A as t → ∞. If A generates a hyperbolic semigroup e^{tA} with projection P , one can expect that U(·, ·) has an exponential dichotomy on a halfline [a, ∞). It is not difficult to reduce this problem to case (a), see [78, p.180] or [126, (3.2)]. Such inheritance properties were established in [78, Chap.10] for bounded A(t), in [79], [89] for ordinary delay equations (see also [53, §6.6.3], [108], [109] for the case of a dominant eigenvalue of the autonomous problem), in [12], [126] for parabolic problems (see also [50], [135, §5.8] for the case of exponential stability), and in [124], [127] for retarded parabolic equations. Further, the operators U(s + t, s) and the dichotomy projections P (s) tend strongly to e^{tA} and P as s → ∞, and P (s) and I − P (s) inherit the rank of P and I − P , respectively, due to [126], [127]. In view of (6.1) below, these facts imply the convergence of the mild solution of (CP) if f(t) → f_∞, see [50], [126], [127], [135]. In [12] also asymptotically periodic problems and the almost periodicity of U(·, ·) were studied.

(c) Slowly oscillating coefficients. Example 3.4 shows that the hyperbolicity of the semigroups e^{τ A(t)} does not imply the exponential dichotomy of U(·, ·), in general. Nevertheless, U(·, ·) is hyperbolic if in addition the Hölder constant of t → A(t) is small enough (in an appropriate sense). For bounded A(t) this has been established in [9], [28, Prop.6.1], and for ordinary delay equations in [83], see also [53, §12.7]. Extending the approach of [9], we studied parabolic problems in [123] and [125]. There we showed the left– and right–invertibility of the generator G of the induced evolution semigroup making heavy use of parabolic regularity and inter/extrapolation spaces. Thus U(·, ·) has an exponential dichotomy, and one can also see that its dichotomy projections have the same rank as those of e^{τ A(r)}.

(d) Rapidly oscillating coefficients. Suppose that lim_{T →∞}^1_T ∫_{t+T} t A(s) ds = A (in a suitable sense) uniformly for t ≥ 0 and that e^{τ A} is hyperbolic. Then it is known in some cases that A(ωt) generates an hyperbolic evolution family for large ω. This is shown for matrices A(t) in [28, Prop.5.3], for bounded operators in [78, Chap.11], and for certain classes of parabolic problems in [55, §7.6], [77], [78, Chap.11]; see also [53, §12.4]. We note that in [28] and [55] the problem is reduced to integrally small perturbations.

(e) Strong stability. The Arendt–Batty–Lyubich–Vũ theorem shows that a bounded semigroup T (·) with generator A tends strongly to 0 if σ(A) ∩ iR is countable and P σ(A^′) ∩ iR is empty, see e.g. [40, Thm.V.2.21]. This result cannot be applied to evolution semigroups since σ(G) consists of vertical strips. However, C.J.K. Batty, R. Chill, and Y. Tomilov could characterize strong stability of a bounded evolution family (i.e., U(t, s)x → 0 as t → ∞ for each s ≥ 0 and x ∈ X) by the density of the range of G on L^1(R_+, X), see [13, Thm.2.2] for this and related facts. 17

In the time periodic case the asymptotic behaviour of U(·, s)x is essentially determined by the operator U(s + p, s) due to (3.2). This allows to apply discrete time versions of the Arendt–Batty–Lyubich–Vũ theorem and its relatives to deduce strong stability or almost periodicity of U(·, s)x, see [14], [59], [120], [140].

(f) Inhomogeneous problems. Observe that due to (5.2) the exponential dichotomy of U(·, ·) implies the strong convergence to 0 of the mild solution u to (CP) with f ∈ C_0(R, X). This follows in a more direct way also from the formula u(t) = ∫_t −∞ U(t, s)P (s)f(s) ds − ∫_∞ t U_Q(t, s)Q(s)f(s) ds, t ∈ R, (6.1) which is an easy consequence of (4.1) (see e.g. [25, p.108]). If U(·, ·) is periodic, one can further prove the equivalence (5.2) for the space E = AP (R, X) of almost periodic functions, see [95] and also [59]. As a result, the almost periodicity of the inhomogeneity f is inherited by the mild solution u if U(·, ·) is periodic and hyperbolic. Delay equations were treated in an analogous way in [49] by means of evolution semigroups and in [48], [53, Chap.6], [127] using variants of (6.1).

Related results (also for non hyperbolic U(·, ·)) are shown by differing methods in [14], [28, Chap.8], [31], [55, §7.6], [59], [69], [78, Chap.8], [88, §6.3].

References

[1] P. Acquistapace, Evolution operators and strong solutions of abstract linear parabolic equations, Differential Integral Equations 1 (1988), 433–457.

[2] P. Acquistapace, Abstract linear nonautonomous parabolic equations: A survey, in: G. Dore, A. Favini, E. Obrecht, A. Venni (Eds.), “Differential Equations in Banach Spaces” (Proceedings Bologna 1991), Marcel Dekker, 1993, 1–19.

[3] P. Acquistapace, B. Terreni, Linear parabolic equations in Banach spaces with variable domain but constant interpolations spaces, Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4) 13 (1986), 75–107.

[4] P. Acquistapace, B. Terreni, A unified approach to abstract linear nonautonomous parabolic equations, Rend. Sem. Mat. Univ. Padova 78 (1987), 47–107.

[5] H. Amann, Dynamic theory of quasilinear parabolic equations – I. Abstract evolution equations, Nonlinear Anal. 12 (1988), 895–919.

[6] H. Amann, Linear and Quasilinear Parabolic Problems. Volume 1: Abstract Linear Theory, Birkhäuser, 1995.

[7] B. Aulbach, Nguyen Van Minh, P.P. Zabreiko, Groups of weighted translation operators in L_p and linear nonautonomous differential equations, J. Math. Anal. Appl. 193 (1995), 622–631.

[8] M.E. Ballotti, J.A. Goldstein, M.E. Parrott, Almost periodic solutions of evolution equations, J.

Math. Anal. Appl. 138 (1989), 522–536.

[9] A.G. Baskakov, Some conditions for invertibility of linear differential and difference operators, Russian Acad. Sci. Dokl. Math. 48 (1994), 498–501.

[10] A.G. Baskakov, Linear differential operators with unbounded operator coefficients and semigroups of bounded operators, Math. Notes 59 (1996), 586–593.

[11] A.G. Baskakov, Semigroups of difference operators in spectral analysis of linear differential operators, Funct. Anal. Appl. 30 (1996), 149–157.

[12] C.J.K. Batty, R. Chill, Approximation and asymptotic behaviour of evolution families, as a preprint in: Ulmer Seminare 5 (2000), 105–136.

[13] C.J.K. Batty, R. Chill, Y. Tomilov, Characterizations of strong stability of uniformly bounded evolution families and semigroups, as a preprint in: Ulmer Seminare 4 (1999), 122–139. 18

[14] C.J.K. Batty, W. Hutter, F. Räbiger, Almost periodicity of mild solutions of inhomogeneous Cauchy problems, J. Differential Equations 156 (1999), 309–327.

[15] A. Ben-Artzi, I. Gohberg, Dichotomies of systems and invertibility of linear ordinary differential operators, Oper. Theory Adv. Appl. 56 (1992), 90–119.

[16] A. Ben-Artzi, I. Gohberg, M.A. Kaashoek, Invertibility and dichotomy of differential operators on the half-line, J. Dynam. Differential Equations 5 (1993), 1–36.

[17] C. Buşe, On the Perron–Bellman theorem for evolutionary processes with exponential growth in Banach spaces, New Zealand J. Math. 27 (1998), 183–190.

[18] A. Buttu, On the evolution operator for a class of non–autonomous abstract parabolic equations, J.

Math. Anal. Appl. 170 (1992), 115–137.

[19] A. Buttu, A construction of the evolution operator for a class of abstract parabolic equations, Dynam. Systems Appl. 3 (1994), 221–234.

[20] P. Cannarsa, G. Da Prato, Some results on abstract evolution equations of hyperbolic type, in:

G. Dore, A. Favini, E. Obrecht, A. Venni (Eds.), “Differential Equations in Banach Spaces” (Proceedings Bologna 1991), Marcel Dekker, 1993, 41–50.

[21] P. Cannarsa, G. Da Prato, J.P. Zolésio, Evolution equations in noncylindrical domains, Atti Accad.

Naz. Lincei Rend. Cl. Sci. Fis. Mat. Natur. (8) 83 (1989), 72–77.

[22] P. Cannarsa, G. Da Prato, J.P. Zolésio, The damped wave equation in a noncylindrical domain, J.

Differential Equations 85 (1990), 1–14.

[23] O. Caps, Wellposedness of the time–dependent Cauchy problem in scales of Hilbert spaces, Preprint Reihe des Fachbereiches Mathematik Universität Mainz 16, 1998.

[24] O. Caps, Wellposedness of the time–dependent Cauchy problem in scales of Banach spaces, Preprint Reihe des Fachbereiches Mathematik Universität Mainz 1, 1999.

[25] C. Chicone, Y. Latushkin, Evolution Semigroups in Dynamical Systems and Differential Equations, Amer. Math. Soc., 1999.

[26] S.-N. Chow, H. Leiva, Existence and roughness of the exponential dichotomy for skew product semiflow in Banach space, J. Differential Equations 120 (1995), 429–477.

[27] S.-N. Chow, H. Leiva, Unbounded perturbations of the exponential dichotomy for evolution equations, J. Differential Equations 129 (1996), 509–531.

[28] W.A. Coppel, Dichotomies in Stability Theory, Springer–Verlag, 1978.

[29] M.G. Crandall, A. Pazy, Nonlinear evolution equations in Banach spaces, Israel J. Math. 11 (1972), 57–94.

[30] J.L. Daleckij, M.G. Krein, Stability of Solutions of Differential Equations in Banach Spaces, Amer.

Math. Soc., 1974.

[31] D. Daners, P. Koch Medina, Abstract Evolution Equations, Periodic Problems and Applications, Longman, 1992.

[32] G. Da Prato, P. Grisvard, Sommes d’opérateurs linéaires et équations différentielles opérationelles, J. Math. Pures Appl. 54 (1975), 305–387.

[33] G. Da Prato, P. Grisvard, Equations d’évolution abstraites non linéaires de type parabolique, Ann.

Mat. Pura Appl. 120 (1979), 329–396.

[34] G. Da Prato, M. Iannelli, On a method for studying abstract evolution equations in the hyperbolic case, Commun. Partial Differential Equations 1 (1976), 585–608.

[35] G. Da Prato, E. Sinestrari, Non autonomous evolution operators of hyperbolic type, Semigroup Forum 45 (1992), 302-321.

[36] R. Datko, Uniform asymptotic stability of evolutionary processes in a Banach space, SIAM J. Math.

Anal. 3 (1972), 428–445.

[37] W. Desch, I. Győri, G. Gühring, Stability of nonautonomous delay equations with a positive fundamental solution, as a preprint in: Tübinger Berichte zur Funktionalanalysis 9 (2000), 125–139.

[38] O. Diekman, M. Gyllenberg, H.R. Thieme, Perturbing evolutionary systems by step responses and cumulative outputs, Differential Integral Equations 8 (1995), 1205–1244.

[39] J.R. Dorroh, A linear evolution equation without a common dense core for the generators, J. Differential Equations 31 (1979), 109-116.

[40] K.J. Engel, R. Nagel, One–Parameter Semigroups for Linear Evolution Equations, Springer–Verlag, 2000.

[41] D.E. Evans, Time dependent perturbations and scattering of strongly continuous groups on Banach spaces, Math. Ann. 221 (1976), 275–290.

[42] L. C. Evans, Nonlinear evolution equations in an arbitrary Banach space, Israel J. Math 26 (1977), 1–42.

[43] H.O. Fattorini, The Cauchy Problem, Addison Wesley, 1983.

[44] M. Giga, Y. Giga, H. Sohr, L^p estimate for abstract linear parabolic equations, Proc. Japan Acad.

Ser. A 67 (1991), 197–202.

[45] J.A. Goldstein, An example of a nonlinear semigroup, Nieuw Arch. Wisk. (3) 22 (1974), 170–174. [46] J.A. Goldstein, On the absence of necessary conditions for linear evolution operators, Proc. Amer.

Math. Soc. 64 (1977), 177–180.

[47] J.A. Goldstein, Periodic and pseudo–periodic solutions of evolution equations, in: H. Brézis, M.G.

Crandall, F. Kappel (Eds.), “Semigroups, Theory and Applications I,” Longman, 1986, 142–146. [48] G. Gühring, F. Räbiger, Asymptotic properties of mild solutions of nonautonomous evolution equations with applications to retarded differential equations, to appear in Abstr. Appl. Anal..

[49] G. Gühring, F. Räbiger, R. Schnaubelt, A characteristic equation for nonautonomous partial functional differential equations, as a preprint in: Tübinger Berichte zur Funktionalanalysis 9 (2000), 188–205.

[50] D. Guidetti, On the asymptotic behavior of solutions of linear nonautonomous parabolic equations, Boll. Un. Mat. Ital. B (7) 1 (1987), 1055–1076.

[51] I. Győri, F. Hartung, Stability in delay perturbed differential and difference equations, in: T. Faria, P. Freitas (Eds.): “Topics in Functional Differential and Difference Equations (Proceedings Lisboa 1999),” Amer. Math. Soc., 2001.

[52] I. Győri, F. Hartung, Preservation of stability in a linear neutral differential equation under delay perturbations, Dynam. Systems Appl., to appear.

[53] J.K. Hale, S.M. Verduyn Lunel, Introduction to Functional Differential Equations, Springer–Verlag, 1993.

[54] G.H. Hardy, J.E. Littlewood, G. Pòlya, Inequalities, Cambridge University Press, 1952. [55] D. Henry, Geometric Theory of Semilinear Parabolic Equations, Springer–Verlag, 1981. [56] M. Hieber, S. Monniaux, Heat–kernels and maximal L^p–L^q–estimates: the non–autonomous case, J. Fourier Anal. Appl. 6 (2000), 467–481.

[57] M. Hieber, S. Monniaux, Pseudo-differential operators and maximal regularity results for nonautonomous parabolic equations, Proc. Amer. Math. Soc. 128 (2000), 1047–1053.

[58] J.S. Howland, Stationary scattering theory for time–dependent Hamiltonians, Math. Ann. 207 (1974), 315–335.

[59] W. Hutter, Spectral theory and almost periodicity of mild solutions of non–autonomous Cauchy problems, Ph.D. thesis, Tübingen, 1997.

[60] S. Ishii, Linear evolution equations du/dt + A(t)u = 0: a case where A(t) is strongly uniformmeasurable, J. Math. Soc. Japan 34 (1982), 413-423.

[61] S. Karrmann, Non–autonomous forms and unique existence of solutions, as a preprint in: Ulmer Seminare 5 (2000), 202–211.

[62] T. Kato, Integration of the equation of evolution in a Banach space, J. Math. Soc. Japan 5 (1953), 208-234.

[63] T. Kato, Abstract evolution equations of parabolic type in Banach and Hilbert spaces, Nagoya Math.

J. 19 (1961), 93-125.

[64] T. Kato, Linear evolution equations of “hyperbolic” type, J. Fac. Sci. Univ. Tokyo 25 (1970), 241- 258.

[65] T. Kato, Quasilinear equations of evolution, with applications to partial differential equations, in:

N.V. Everitt (Ed.), “Spectral Theory and Differential Equations” (Proceedings Dundee 1974), Springer–Verlag, 1975, 25–70.

[66] T. Kato, Abstract evolution equations, linear and quasi–linear, revisited, in: H. Komatsu (Ed.), “Functional Analysis and Related Topics” (Proceedings Kyoto 1991), Springer–Verlag, 1993, 103– 125.

[67] T. Kato, H. Tanabe, On the abstract evolution equation, Osaka Math. J. 14 (1962), 107-133. [68] K. Kobayasi, On a theorem for linear evolution equations of hyperbolic type, J. Math. Soc. Japan

31 (1979), 647-654.

[69] J. Kreulich, Eberlein–weakly almost–periodic solutions of evolution equations in Banach spaces, Differential Integral Equations 9 (1996), 1005–1027.

[70] R. Labbas, B. Terreni, Somme d’opérateurs linéaires de type parabolique. 1^{re} Partie. Boll. Un. Mat.

Ital. B(7) 1 (1987), 545–569.

[71] R. Labbas, B. Terreni, Somme d’opérateurs de type elliptique and parabolique. 2^e partie: Applications. Boll. Un. Mat. Ital. B(7) 2 (1988), 141–162.

[72] Y. Latushkin, S. Montgomery–Smith, Evolutionary semigroups and Lyapunov theorems in Banach spaces, J. Funct. Anal. 127 (1995), 173–197.

[73] Y. Latushkin, S. Montgomery–Smith, T. Randolph, Evolutionary semigroups and dichotomy of linear skew–product flows on locally compact spaces with Banach fibers, J. Differential Equations

125 (1996), 73–116.

[74] Y. Latushkin, T. Randolph, Dichotomy of differential equations on Banach spaces and an algebra of weighted translation operators, Integral Equations Operator Theory 23 (1995), 472–500.

[75] Y. Latushkin, T. Randolph, R. Schnaubelt, Exponential dichotomy and mild solutions of nonautonomous equations in Banach spaces, J. Dynam. Differential Equations 10 (1998), 489–510.

[76] Y. Latushkin, A. M. Stepin, Weighted translation operators and linear extension of dynamical systems, Russian Math. Surveys 46 (1991), 95–165.

[77] V.B. Levenshtam, Averaging of quasilinear parabolic equations with rapidly oscillating principal part. Exponential dichotomy, Russian Acad. Sci. Izv. Math. 41 (1993), 95–132.

[78] B.M. Levitan, V.V. Zhikov, Almost Periodic Functions and Differential Equations, Cambridge University Press, 1982.

[79] X.B. Lin, Exponential dichotomies and homoclinic orbits in functional differential equations, J.

Differential Equations 63 (1986), 227–254.

[80] X.B. Lin, Exponential dichotomy and stability of long periodic solutions in predator–prey models with diffusion, in: J. Hale, J. Wiener (Ed.), “Partial Differential Equations” (Proceedings Edinburgh (TX), 1991), Pitman, 1992, 101–105.

[81] J.L. Lions, Optimal Control of Systems Governed by Partial Differential Equations, Springer– Verlag, 1971.

[82] J.L. Lions, E. Magenes, Non–homogeneous Boundary Value Problems and Applications I, Springer– Verlag, 1972.

[83] M. Lizana Peña, Exponential dichotomy of singularly perturbed linear functional differential equations with small delays, Appl. Anal. 47 (1992), 213–225.

[84] G. Lumer, Équations d’évolution, semigroupes en espace-temps et perturbations, C.R. Acad. Sci.

Paris Série I 300 (1985), 169–172.

[85] G. Lumer, Opérateurs d’évolution, comparaison de solutions, perturbations et approximations, C.R.

Acad. Sci. Paris Série I 301 (1985), 351–354.

[86] G. Lumer, Equations de diffusion dans les domaines (x, t) non–cylindriques et semigroupes “éspace– temps”, Séminaire de Théorie du Potentiel Paris 9 (1989), 161–179.

[87] G. Lumer, R. Schnaubelt, Local operator methods and time dependent parabolic equations on noncylindrical domains, in: M. Demuth, E. Schrohe, B.-W. Schulze, J. Sjöstrand (Eds.), “Evolution Equations, Feshbach Resonances, Singular Hodge Theory,” Wiley–VCH, 1999, 58–130.

[88] A. Lunardi, Analytic Semigroups and Optimal Regularity in Parabolic Problems, Birkhäuser, 1995.

[89] J. Mallet–Paret, The Fredholm alternative for functional differential equations of mixed type, J.

Dynam. Differential Equations 11 (1999), 1–48.

[90] J. Mather, Characterization of Anosov diffeomorphisms, Indag. Math. 30 (1968), 479–483. [91] S. Monniaux, J. Prüss, A theorem of Dore–Venni type for non–commuting operators, Trans. Amer.

Math. Soc. 349 (1997), 4787–4814.

[92] S. Monniaux, A. Rhandi, Semigroup methods to solve non–autonomous evolution equations, Semigroup Forum 60 (2000), 1–13.

[93] R. Nagel, A. Rhandi, Positivity and Lyapunov stability conditions for linear systems, Adv. Math.

Sci. Appl. 3 (1993), 33–41.

[94] R. Nagel, A. Rhandi, A characterization of Lipschitz continuous evolution families on Banach spaces, Oper. Theory Adv. Appl. 75 (1995), 275–286.

[95] T. Naito, Nguyen Van Minh, Evolution semigroups and spectral criteria for almost periodic solutions of periodic evolution equations, J. Differential Equations 152 (1999), 338–376.

[96] H. Neidhardt, On abstract linear evolution equations I, Math. Nachr. 103 (1981), 283–293. [97] Nguyen Van Minh, F. Räbiger, R. Schnaubelt, Exponential stability, exponential expansiveness, and exponential dichotomy of evolution equations on the half-line, Integral Equations Operator Theory

32 (1998), 332–353.

[98] Nguyen Van Minh, Semigroups and stability of nonautonomous differential equations in Banach spaces, Trans. Amer. Math. Soc. 345 (1994), 223–241.

[99] G. Nickel, On evolution semigroups and wellposedness of nonautonomous Cauchy problems, Ph.D.

thesis, Tübingen, 1996.

[100] G. Nickel, R. Schnaubelt, An extension of Kato’s stability condition for nonautonomous Cauchy problems, Taiwanese J. Math. 2 (1998), 483–496.

[101] D.G. Obert, Examples and bounds in the general case of exponential dichotomy roughness, J. Math.

Anal. Appl. 174 (1993), 231–241.

[102] N. Okazawa, Remarks on linear evolution equations of hyperbolic type in Hilbert space, Adv. Math.

Sci. Appl. 8 (1998), 399-423.

[103] N. Okazawa, A. Unai, Linear evolution equations of hyperbolic type in Hilbert spaces, SUT J. Math.

29 (1993), 51–70.

[104] K.J. Palmer, Exponential dichotomy and Fredholm operators, Proc. Amer. Math. Soc. 104 (1988), 149–156.

[105] L. Paquet, Semigroupes géneralisés et équations d’évolution, Séminaire de Théorie du Potentiel Paris 4 (1979), 243–263.

[106] A. Pazy, Semigroups of Linear Operators and Applications to Partial Differential Equations, Springer–Verlag, 1983.

[107] R.S. Phillips, Perturbation theory for semi-groups of linear operators, Trans. Amer. Math. Soc. 74 (1953), 199–221.

[108] M. Pituk, Asymptotic behaviour of solutions of a differential equation with asymptotically constant delay, Nonlinar Anal. 30 (1997), 1111-1118.

[109] M. Pituk, The Hartman–Wintner theorem for functional differential equations, J. Differential Equations 155 (1999), 1–16.

[110] V.A. Pliss, G.R. Sell, Robustness of exponential dichotomies in infinite–dimensional dynamical systems, J. Dynam. Differential Equations 11 (1999), 471–514.

[111] J. Prüss, R. Schnaubelt, Solvability and maximal regularity of parabolic evolution equations with coeffcients continuous in time, to appear in J. Math. Anal. Appl..

[112] F. Räbiger, A. Rhandi, R. Schnaubelt, J. Voigt, Non-autonomous Miyadera perturbations, Differential Integral Equations 13 (1999), 341–368.

[113] F. Räbiger, R. Schnaubelt, A spectral characterization of exponentially dichotomic and hyperbolic evolution families, Tübinger Berichte zur Funktionalanalysis 3 (1994), 222–234.

[114] F. Räbiger, R. Schnaubelt, The spectral mapping theorem for evolution semigroups on spaces of vector–valued functions, Semigroup Forum 52 (1996), 225–239.

[115] F. Räbiger, R. Schnaubelt, Absorption evolution families and exponential stability of non– autonomous diffusion equations, Differential Integral Equations 12 (1999), 41–65.

[116] R. Rau, Hyperbolic evolution semigroups, Ph.D. thesis, Tübingen, 1992.

[117] R. Rau, Hyperbolic evolution groups and dichotomic evolution families, J. Dynam. Differential Equations 6 (1994), 335–350.

[118] R. Rau, Hyperbolic evolution semigroups on vector valued function spaces, Semigroup Forum 48 (1994), 107–118.

[119] A. Rhandi, Positivity methods for dichotomy of linear skew–product flows on Hilbert spaces, Quast.

Math. 17 (1994), 499–512.

[120] W.M. Ruess, W.H. Summers, Weak almost periodicity and the strong ergodic limit theorem for periodic evolution systems, J. Funct. Anal. 94 (1990), 177–195.

[121] R.J. Sacker, G.R. Sell, Dichotomies for linear evolutionary equations in Banach spaces, J. Differential Equations 113 (1994), 17–67.

[122] R. Schnaubelt, Exponential bounds and hyperbolicity of evolution families, Ph.D. thesis, Tübingen, 1996.

[123] R. Schnaubelt, Sufficient conditions for exponential stability and dichotomy of evolution equations, Forum Math. 11 (1999), 543–566.

[124] R. Schnaubelt, Exponential dichotomy of non–autonomous evolution equations, Habilitation thesis, Tübingen, 1999.

[125] R. Schnaubelt, A sufficient condition for exponential dichotomy of parabolic evolution equations, in: G. Lumer, L. Weis (Eds.), “Evolution Equations and their Applications in Physical and Life Sciences (Proceedings Bad Herrenalb, 1998),” Marcel Dekker, 2000, 149–158.

[126] R. Schnaubelt, Asymptotically autonomous parabolic evolution equations, J. Evol. Equ. 1 (2001), 19–37.

[127] R. Schnaubelt, Parabolic evolution equations with asymptotically autonomous delay, Report No. 02 (2001), Fachbereich Mathematik und Informatik, Universität Halle (preprint).

[128] R. Schnaubelt, Feedback for non–autonomous regular linear systems, in preparation. [129] R. Schnaubelt, J. Voigt, The non–autonomous Kato class, Arch. Math. 72 (1999), 454–460. [130] P.E. Sobolevskii, Equations of parabolic type in a Banach space, Amer. Math. Soc. Transl. 49 (1966), 1-62. (First published 1961 in Russian.)

[131] P.E. Sobolevskii, Parabolic equations in a Banach space with an unbounded variable operator, a fractional power of which has a constant domain of definition, Soviet Math. Dokl. 2 (1961), 545– 548.

[132] W. Stannat, The theory of generalized Dirichlet forms and its applications in analysis and stochastics, Memoirs Amer. Math. Soc. 142 (1999), no. 678.

[133] Ž. Štrkalj, R–Beschränkheit, Summensätze abgeschlossener Operatoren und operatorwertige Pseudodifferentialoperatoren, Ph.D. thesis, Karlsruhe, 2000.

[134] H. Tanabe, Remarks on the equations of evolution in a Banach space, Osaka Math. J. 112 (1960), 145-166.

[135] H. Tanabe, Equations of Evolution, Pitman, 1979.

[136] H. Tanabe, Functional Analytic Methods for Partial Differential Equations, Marcel Dekker, 1997. [137] N. Tanaka, Linear evolution equations in Banach spaces, Proc. Lond. Math. Soc. 63 (1991), 657– 672.

[138] N. Tanaka, Semilinear equations in the “hyperbolic” case, Nonlinear Anal. 24 (1995), 773–788. [139] N. Tanaka, Quasilinear evolution equations with non–densely defined operators, Differential Integral Equations 9 (1996), 1067–1108.

[140] Vũ Quôc Phóng, Stability and almost periodicity of trajectories of periodic processes, J. Differential Equations 115 (1995), 402–415.

[141] A. Yagi, On the abstract evolution equations of parabolic type, Osaka J. Math. 14 (1977), 557-568. [142] A. Yagi, Parabolic equations in which the coefficients are generators of infinitely differentiable semigroups II, Funkcial. Ekvac. 33 (1990), 139–150.

[143] A. Yagi, Abstract quasilinear evolution equations of parabolic type in Banach spaces, Boll. Un. Mat.

Ital. B (7) 5 (1991), 351–368.

[144] Y. Yamamoto, Solutions in L^p of abstract parabolic equations in Hilbert spaces, J. Math. Kyoto Univ. 33 (1993), 299–314.

[145] W. Zhang, The Fredholm alternative and exponential dichotomies for parabolic equations, J. Math.

Anal. Appl. 191 (1995), 180–201.

R. Schnaubelt, FB Mathematik und Informatik, Martin–Luther–Universität, Theodor– Lieser–Str. 5, 06120 Halle, Germany.

E-mail address: roland@euler.mathematik.uni-halle.de