Phelps’ Lemma, Danes̆’ Drop Theorem and Ekeland’s Principle in Locally Convex Topological Vector Spaces

Andreas H. Hamel^∗

Abstract

We present a generalization of the Phelps lemma to locally convex topological vector spaces and show the equivalence of this theorem, Ekeland’s principle and Danes̆’ drop theorem in locally convex spaces to their Banach space counterparts and to a Pareto efficiency theorem due to Isac. Concerning the drop theorem this solves a problem proposed by G. Isac in 1997.

We show that another formulation of Ekeland’s principle in locally convex spaces using a family of topology generating semi-norms as perturbation functions rather than a single (in general discontinuous) Minkowski functional turns out to be equivalent to the original version.

Keywords and phrases. Locally convex space, Phelps’ lemma, Ekeland’s variational principle, Danes̆’ drop theorem

Mathematical Subject Classification. 49J40, 46A03

1 Introduction

The famous 1972 theorem of Ekeland called the variational principle is one of the most frequently applied results of nonlinear functional analysis. For example, the progress of variational calculus and optimal control over the last 25 years is unthinkable without Ekeland’s principle.

The importance of it is emphasized by the fact that nearly at the same time but independently of each other a list of theorems were discovered which all charaterize the completeness of the underlying space and are equivalent to Ekeland’s principle in metric spaces, namely the Krasnoslski/Zabrjeko theorem on normal solvability of operator equations [20], the Kirk-Caristi fixed point theorem [3], and the drop theorem of Danes̆ [5].

Over the last three decades a great deal of effort has been done to look for another equivalent formulation or generalization of Ekeland’s principle.

In this paper we continue this story by showing that a 1974 result of Phelps (Lemma 1.2 of [17] with precursor Lemma 1 in [2], called Phelps lemma in the following) can be generalized to sequentially closed sets of locally convex spaces, moreover that the locally convex variant can be proved using the corresponding Banach space variant only and that this procedure is also possible for Ekeland’s principle and the drop theorem of Danes̆.

�Martin-Luther-University Halle-Wittenberg, Department of Mathematics and Computer Sciences, D- 06099 Halle, e-mail: hamel@mathematik.uni-halle.de 1

Beyond this we show the equivalence of these theorems among each other, surprisingly to their Banach space counterparts and to a second variant of Ekeland’s principle due to Fang [7] specialized to locally convex spaces.

Finally, solving a problem stated in [12], we point out the equivalence of the drop theorem in locally convex spaces to a theorem due to Isac which relates Ekeland’s principle to Pareto efficiency.

We close the paper with some conclusions concerning the relations of different versions of the represented theorems. The appendix contains the Banach space versions of the Phelps lemma, Ekeland’s principle and Danes̆’ drop theorem.

Let us start with some notational arrangements.

Let X be a vector space. A functional p : X → (−∞, +∞) is called a seminorm if it satisfies (i) p (αx) = |α| p (x) for all x ∈ X, α ∈ (−∞, +∞), (ii) p (x + y) ≤ p (x) + p (y) for all x, y ∈ X.

Following Treves [19] a pair ( X, {p_i}_{i∈I} ) is said to be a locally convex topological vector space (short: locally convex space) if {p_i}_{i∈I} is a family of seminorms satisfying (iii) i ∈ I, α > 0 implies the existence of j ∈ I such that p_j = αp_i, (iv) i ∈ I, q is a seminorm such that q (x) ≤ p_i (x) for every x ∈ X implies the existence of j ∈ I such that p_j = q.

(v) i_1, i_2 ∈ I implies the existence of j ∈ I such that p_j = sup {p_{i1} , p_{i2} }.

The locally convex space X is said to be Hausdorff (or separated) if (vi) x ≠ y for x, y ∈ X implies the existence of j ∈ I such that p_j (x) ≠ p_j (y).

Throughout the paper, X always denotes a Hausdorff locally convex topological vector space. The family {p_i}_{i∈I} of topology generating seminorms is called the spectrum of X and is denoted by spec (X). A subfamily {p_λ}_{λ∈Λ} of spec (X) is said to be a base of continuous seminorms if for every p ∈ spec (X) on X there are α > 0 and p_λ, λ ∈ Λ such that p (x) ≤ αp_λ (x) for every x ∈ X. Every Hausdorff locally convex topological vector space has always a base of continuous seminorms. It can be constructed in the following way. Starting with spec (X) = {p_i}_{i∈I} we define Λ = {λ ⊂ I, λ finite} and

p_λ (x) = sup_{j∈λ} p_j (x) for x ∈ X, λ ∈ Λ.

As usual, we define the Minkowski functional of a set A ⊂ X to be μ_A (x) := inf {α > 0 : x ∈ αA} . 2 The Phelps lemma in locally convex spaces

Let X be a locally convex Hausdorff space. For a given set B ⊂ X we define the cone

K := R_+B = {x ∈ X : ∃α ≥ 0, b ∈ B such that x = αb} .

The following theorem is a generalization of Phelps’ lemma 1.2 in [17] (see theorem 11 of the appendix) to locally convex spaces.

Theorem 1 Let X be a Hausdorff sequentially complete locally convex topological vector space. Let M ⊂ X a nonempty sequentially closed subset of X B ⊂ X a nonempty sequentially closed bounded and convex set such that 0 /∈ B.

Then, for each x_0 ∈ X such that M ∩ (x_0 + K) is bounded and nonempty there exists x^∗ ∈ X such that

x^∗ ∈ M ∩ (x_0 + K) and {x^∗} = M ∩ (x^∗ + K) .

Proof. Define the set T := s − cl co {B ∪ −B ∪ {±x_0}} where s − cl co denotes the sequentially closure of the convex hull and let X_1 = span T . Let μ_T be the Minkowski functional of T . We claim that μ_T (·) := ‖·‖_1 is a norm on X_1 and (X_1, ‖·‖_1) is a Banach space.

Note that μ_T is positive homogenous and convex which implies the triangle inequality. The implication ‖x‖_1 = 0 ⇒ x = 0 is a consequence of the boundedness of T . It remains to show the completeness of X_1 with respect to ‖·‖_1. Let {x_n} be a Cauchy sequence in X_1 with respect to ‖·‖_1. Then it is Cauchy with respect to the locally convex topology because of the boundedness of T for every i ∈ I there exists α_i > 0 such that T ⊂ α_iU_i where U_i := {x ∈ X : p_i (x) ≤ 1} and 1 α_i p_i (x_m − x_n) = 1 α_i μ_{Ui} (x_m − x_n) ≤ μ_T (x_m − x_n) .

Hence there exists x_0 ∈ X such that x_n → x_0 in X. Moreover, x_0 ∈ X_1 since X_1 is sequentially closed in X. Finally, we shall show x_n → x_0 with respect to ‖·‖_1. Fix ε > 0. Since {x_n} is Cauchy in X_1 we have x_m − x_n ∈ εT for all m, n sufficiently large. Letting n → ∞ we conclude x_m − x_0 ∈ εT for all m sufficiently large since T is sequentially closed in X. This implies μ_T (x_m − x_0) = ‖x_m − x_0‖_1 ≤ ε

for all m sufficiently large. Hence (X_1, ‖·‖_1) is a Banach space as claimed.

Define M_1 := M ∩ X_1 which is nonempty and closed in the Banach space topology as well as B. Moreover, x_0 ∈ M_1, K ⊂ X_1 and M_1 ∩ (x_0 + K) is bounded in X_1.

The Phelps lemma in Banach spaces (theorem 11 of the appendix) yields a point x^∗ ∈ X_1 such that

x^∗ ∈ M_1 ∩ (x_0 + K) and {x^∗} = M_1 ∩ (x^∗ + K) .

We claim that even {x^∗} = M ∩ (x^∗ + K). Otherwise there would be x ∈ M ∩ (x^∗ + K), x^∗ ≠ x. This would imply x ∈ M \M_1 ⊂ X\X_1 and x ∈ x^∗ + K ⊂ X_1, a contradiction.

The Phelps lemma in Banach spaces turns out to be equivalent to Ekeland’s variational principle in metric spaces as it has been proved by Georgiev [8] and later on by Attouch/Riahi [1], see also [18]. Moreover, it is equivalent to Danes̆’ drop theorem and a long list of theorems all equivalent to Ekeland’s principle as well, see [15], [8], [14], for example. Concerning the drop theorem and ”linear” variants of Ekeland’s principle we show this equivalences in the next sections. The relations for the ”nonlinear” (for uniform spaces) case can be found in [11].

3 Ekeland’s principle in locally convex spaces

In this section we shall present two versions of Ekeland’s principle in locally convex spaces which turn out to be equivalent.

Regardless of their equivalence there is a significant difference. The classical approach due to Phelps from the beginning of the 60s uses a Minkowski gauge discontinuous in general of a bounded set as perturbation function.

The recent approach inspired by Fang’s paper [7] employs not a single perturbation function but a family of uniformly continuous seminorms.

We start with ”the grandfather of it all” (Ekeland [6]), the following theorem due to Phelps [16]. Note that our formulation is slightly more general then the original version because we refer to sequentially completeness and sequentially lower semicontinuity rather then completeness and lower semicontinuity in the sense of the locally convex topology.

Theorem 2 Let X be a Hausdorff sequentially complete locally convex topological vector space. Let f : X → (−∞, +∞] be an extended-valued proper sequentially lower semicontinuous function, bounded from below. Let S ⊂ X be a sequentially closed bounded convex and starshaped (i.e., x ∈ S, 0 ≤ α ≤ 1 implies αx ∈ S) set and μ_S the corresponding Minkowski functional.

Then, for each γ > 0, x_0 ∈ domf there exists x^∗ ∈ X such that

f (x^∗) + γμ_S (x^∗ − x_0) ≤ f (x_0) , (1)

and for all x ∈ X, x ≠ x^∗ we have

f (x^∗) < f (x) + γμ_S (x − x^∗) . (2)

Proof. Define the set T := s − cl co {S ∪ −S ∪ {±x_0}} Let X_1 = span T . Let μ_T be the Minkowski functional of T . Then it is a norm on X_1 and (X_1, μ_T ) is a Banach space, cf. the proof of theorem 1. Next, we define the set

C := {x ∈ X_1 : f (x) + γμ_S (x − x_0) ≤ f (x_0)}

which is closed in X_1 and the function

g (x) := { f (x) : x ∈ C +∞ : otherwise

which is lower semicontinuous with respect to the Banach space topology.

Now, we can apply Ekeland’s variational principle in Banach spaces (theorem 10 of the appendix) getting a point x^∗ ∈ C such that for x ∈ X_1, x ≠ x^∗

g (x^∗) < g (x) + γ ‖x − x^∗‖_1 . (3)

We shall consider different cases.

First, if x ∈ C (3) implies

f (x^∗) < f (x) + γμ_S (x − x^∗) since, because of S ⊂ T , ‖y‖_1 = μ_T (y) ≤ μ_S (y).

Second, if x ∈ X_1\C we have f (x) + γμ_S (x − x_0) > f (x_0) as well as f (x^∗) + γμ_S (x^∗ − x_0) ≤ f (x_0) , hence

f (x^∗) < f (x) + γ (μ_S (x − x_0) − μ_S (x^∗ − x_0)) ≤ f (x) + γμ_S (x − x_0) since μ_S is positive homogenous and convex, hence it satisfies the triangle inequality.

Third, if x ∈ X\X_1 (2) is trivially satisfied because μ_S (y) = +∞ for all y ∈ X\X_1. The Minkowski functional of a bounded set in locally convex spaces is discontinuous in general. A recent result of Fang [7] gives rise to replace the possibly discontinuous perturbation function μ_S by uniformly continuous seminorms. The price we have to pay for is that we can not use a single perturbation function but the family {p_λ}_{λ∈Λ}. The result reads as follows.

Theorem 3 Let X be a Hausdorff sequentially complete locally convex topological vector space. Let f : X → (−∞, +∞] an extended valued proper and sequentially lower semicontinuous function, bounded from below. Let {p_λ}_{λ∈Λ} be a base of continuous seminorms generating the topology on X and {γ_λ}_{λ∈Λ} a family of positive numbers. Then, for every x_0 ∈ domf there exists some x^∗ ∈ X such that f (x^∗) + γ_λp_λ (x^∗ − x_0) ≤ f (x_0) (4) for all λ ∈ Λ and for all x ≠ x^∗ there exists μ ∈ Λ such that f (x^∗) < f (x) + γ_λp_μ (x − x^∗) . (5) Moreover, we shall prove the following Theorem 4 Theorem 1 and theorem 3 are mutually equivalent.

Proof. First we show that theorem 1 implies theorem 3. In order to do this we define the locally convex space Y = X × R where the elements of the spectrum are given by q_i ((x, r)) = max {p_i (x) , |r|} for (x, r) ∈ Y , i ∈ I. Let M = epif and B := {(x, −1) ∈ Y : γ_λp_λ (x) ≤ 1 for all λ ∈ Λ} .

Then M is nonempty and sequentially closed since f is proper and sequentially lower semicontinuous and B is nonempty closed convex and bounded. We note that the cone

K = R+B is given by

K = {(y, r) ∈ Y : s + γ_λp_λ (y) ≤ 0 for all λ ∈ Λ} .

Let (x_0, f (x_0)) be an element of M and m = inf f. Then M_0 = M ∩ ((x_0, f (x_0)) + K) is bounded because for (x, r) ∈ M_0 and for each λ ∈ Λ we have m − f (x_0) + γ_λp_λ (x − x_0) ≤ r − f (x_0) + γ_λp_λ (x − x_0) ≤ 0 hence p_λ (x − x_0) ≤ f (x_0) − m γ_λ . Applying theorem 1 to Y , M and K as defined above we get (x^∗, r^∗) ∈ M_0 such that {(x^∗, r^∗)} = M ∩ ((x^∗, r^∗) + K) .

It is an easy task to derive (4) and (5) from these relationships.

Now, we prove the converse, namly theorem 3 implies theorem 1. The first step is to prove the existence of a linear continuous functional l ∈ X^∗ and numbers 0 < γ_λ < 1 such that K ⊂ K_Λ := {x ∈ X : γ_λp_λ (x) ≤ l (x) for all λ ∈ Λ} .

Since 0 /∈ B there exists a neighborhood U of 0 ∈ X such that U ∩ B = ∅. The separation theorem (theorem 13 of the appendix) yields l ∈ X^∗, ‖l‖ = 1 such that δ := sup l (U) ≤ inf l (B) .

Since B is bounded there exists for each λ ∈ Λ a constant η_λ > 0 such that p_λ (x) ≤ η_λ for all x ∈ B. Then δ η_λ p_λ (x) ≤ δ ≤ l (x) for all x ∈ B, λ ∈ Λ, hence taking γ_λ =^δ_{η˘} we see that γ_λp_λ (x) ≤ l (x) for all x ∈ B, λ ∈ Λ which means B ⊂ K_Λ. For the next step, we define the function f = l + δ_{M0} where M_0 = M ∩ (x_0 + K) and δ_{M0} denotes the indicator function of the set M_0. Then f is bounded below and sequentially lower semicontinuous. Applying theorem 3 we get x^∗ ∈ M_0 such that l (x^∗) + γ_λp_λ (x^∗ − x_0) ≤ l (x_0) for all λ ∈ Λ (6) and for all x ∈ M_0, x ≠ x^∗ there exists μ ∈ Λ such that l (x^∗) < l (x) + γ_μp_μ (x − x^∗) . (7) Note that since x^∗ ∈ M_0 we have x^∗ ∈ x_0 +K. Next, we claim that {x^∗} = M_0 ∩ (x^∗ + K). This is true since from (7) we conclude that, for x ∈ M_0, x ≠ x^∗, l (x − x^∗) + γ_μp_μ (x − x^∗) > 0 which implies x /∈ x^∗ + K_Λ and further x /∈ x^∗ + K. At last we show by contradiction {x^∗} = M ∩ (x^∗ + K). Assume there exists z ∈ M ∩ (x^∗ + K), z /∈ M_0 ∩ (x^∗ + K) = M ∩ (x_0 + K) ∩ (x^∗ + K). This would imply z /∈ x_0 + K. Since x^∗ ∈ x_0 + K we have z ∈ x^∗ + K ⊂ x_0 + K + K = x_0 + K, a contradiction. The proof is complete.

Almost the same proof can be used to show the equivalence of Phelps’ lemma and the variational principle with Minkowski functional.

Theorem 5 Theorem 1 and theorem 2 are mutually equivalent.

Proof. We indicate the minor modifications of the proof of theorem 4.

First, let theorem 1 be valid. Define Y = X × R, M = epif, B = {(x, −1) ∈ Y : γμ_S (x) ≤ 1} and K = R_+B = {(y, s) ∈ Y : s + γμ_S (y) ≤ 0}. Then the set M_0 = M ∩ ((x_0, f (x_0)) + K) is bounded since S is bounded. The remaining part of the proof goes along the lines of the first part of the proof of theorem 4.

Second, let theorem 2 be true. Define S = {y ∈ X : y = αx, 0 ≤ α ≤ 1, x ∈ B} = co {{0} , B}. Find by means of the separation theorem (theorem 13 of the appendix) l ∈ X^∗ and 0 < γ < 1 such that K ⊂ {x ∈ X : γμ_S (x) ≤ l (x)} and proceed as in the second part of the proof of theorem 4.

Since both versions of Ekeland’s principle in locally convex spaces are equivalent to the Phelps lemma they are equivalent to each other:

Theorem 6 Theorem 3 and theorem 2 are mutually equivalent.

Phelps’ lemma in the product space X ×R is often called maximal point lemma because of the underlying ordering argument, see [18]. Very general versions of the maximal point lemma (in spaces X × Z, X a complete metric space, Z a locally convex Hausdorff space) can be found for example in [9], [10].

Note that it is also possible to derive theorem 3 from Fang’s theorem 3.2 in [7].

4 The drop theorem in locally convex spaces

Mizoguchi [13] as well as Cheng et al. [4] extended the drop theorem to locally convex spaces. We shall give a reformulation of Cheng’s version which is at the same time an improvement of Mizoguchi’s result. We prove it using the drop theorem in Banach spaces (theorem 12 of the appendix) only.

The drop D (x, B) generated by x ∈ X and B ⊂ X is defined to be the set D (x, B) := co {{x} , B} = {tx + (1 − t) b : b ∈ B, t ∈ [0, 1]} . Note that the simple definition of drops does not require any topological notion. The crucial point in formulating the drop theorem is to say when two closed sets are of positive distance. Here we use a single element of the base of seminorms to make available a substitute for the distance of sets in metric spaces.

Theorem 7 Let X be a Hausdorff sequentially complete locally convex topological vector space. Let A ⊂ X be a nonempty sequentially closed set and B ⊂ X a nonempty sequentially closed bounded and convex set. Let {p_λ}_{λ∈Λ} be a base of continuous seminorms on X and μ ∈ Λ, δ > 0 such that for all a ∈ A, b ∈ B we have p_μ (a − b) ≥ δ. (8) Then, for each x_0 ∈ A there exists x^∗ ∈ X such that x^∗ ∈ A ∩ D (x_0, B) and {x^∗} = A ∩ D (x^∗, B) .

Proof. Without loss of generality we may assume 0 ∈ B. Define the set T := s − cl co {B ∪ −B ∪ {±x_0}} and let X_1 = span T . Let μ_T be the Minkowski functional of T ; then it is a norm on X_1 and (X_1, ‖·‖_1) is a Banach space where ‖·‖_1 = μ_T (·), cf. the proof of theorem 1. Define A_1 := A ∩ X_1 which is nonempty and closed in the Banach space topology as well as B.

We shall apply the drop theorem in Banach spaces, theorem 12 of the appendix. This is possible because the sets A_1 and B are of positive distance in X_1: Since T is bounded there exists α > 0 such that T ⊂ αU where U = {x ∈ X : p_μ (x) ≤ 1}. This implies p_μ (x) ≤ μ_{αU} (x) ≤ μ_T (x) for all x ∈ X. Hence μ_T (a − b) ≥ 1 α μ_U (a − b) ≥ δ α ∀a ∈ A, b ∈ B and it follows ‖a − b‖_1 := μ_T (a − b) ≥ δ α ∀a ∈ A_1, b ∈ B. According to the drop theorem in Banach spaces there exists x^∗ ∈ X_1 such that

x^∗ ∈ A_1 ∩ D (x_0, B) and {x^∗} = A_1 ∩ D (x^∗, B) .

We claim that {x^∗} = A ∩ D (x^∗, B). Otherwise there would exist x ∈ A ∩ D (x^∗, B) such that x^∗ ≠ x. This would imply x ∈ A\A_1 ⊂ X\X_1 and x ∈ D (x^∗, B) ⊂ X_1, a contradiction.

Next, we clarify the relation of the above theorem to Cheng’s variant of [4]. Cheng et al. introduced the following definition.

Definition 1 Two nonempty subsets of the locally convex space X are said to be strongly Minkowski separated iff there exists a seminorm p ∈ spec (X) and z ∈ X such that either

inf {p (a + z) : a ∈ A} > sup {p (b + z) : b ∈ B} (9) or sup {p (a + z) : a ∈ A} < inf {p (b + z) : b ∈ B} . (10)

The following proposition is an extension of proposition 2 of Cheng et al. [4]. It shows that our drop theorem 7 implies Cheng’s version.

Proposition 1 Let X be a Hausdorff sequentially complete locally convex topological vector space. Let A ⊂ X a nonempty sequentially closed set and B ⊂ X a nonempty sequentially closed bounded and convex set. If (8) is satisfied for some μ ∈ Λ, δ > 0 then A and B are strongly Minkowski separated.

Proof. Define δ = inf {p_μ (a − b) : a ∈ A, b ∈ B} , S = { s ∈ X : inf { p_μ (s − a) ≤ δ 2 : a ∈ A }} .

Then int S ≠ ∅ and inf {p_μ (s − b) : s ∈ S, b ∈ B} ≥ δ 2 (11)

since p_μ (s − b) = p_μ ((a − b) − (a − s)) ≥ p_μ (a − b) − p_μ (a − s) ≥ δ 2 . Without loss of generality we may assume 0 ∈ int S. To complete the proof it suffices to show r = inf {μ_S (b) − μ_S (s) : b ∈ B, s ∈ S} > 0. Suppose the contrary, i.e. r = 0. Then there exist, for each ε > 0, b_ε ∈ B, s_ε ∈ S such that 0 < μ_S (b_ε) − μ_S (s_ε) < ε. Since μ_S (b_ε) > 1, μ_S (s_ε) ≤ 1 we get 1 < μ_S (b_ε) ≤ 1 + ε, hence μ_S (b_ε) → 0 as ε → 0. Let β_ε = μ_S (b_ε)^{−1}. Then μ_S (β_εb_ε) = 1, i.e. β_εb_ε ∈ S. Since B is bounded we have

p_μ (b_ε − β_εb_ε) = (1 − β_ε) p_μ (b_ε) → 0

as ε → 0. This contradicts (11) since b_ε ∈ B, β_εb_ε ∈ S.

Mizoguchi [13] in 1990 presented a generalization of Danes̆’ drop theorem to locally convex spaces which turns out to be equivalent to Ekeland’s principle and Caristi’s fixed point theorem in uniform spaces. A stronger separation property is assumed, i.e. (8) has to be valid not for a single seminorm but for members of a base of seminorms. A careful analysis of the proof shows that it goes through assuming the separation property (8) only. We omit the details.

5 The Pareto efficiency theorem due to Isac

In a recent paper [12] G. Isac presented a version of the variational principle in locally convex spaces which relates it to vectorial optimization.

Following Isac, we shall call a point x ∈ A ⊂ X an efficient point of A with respect to the pointed convex cone K ⊂ X iff A ∩ (x + K) = {x}. The set of efficient points of A with respect to the cone K is denoted by Eff (A; K). The notion of efficiency replaces minimality if one deals with optimization of vector valued functions.

As before, let {p_λ}_{λ∈Λ} be a base of continuous seminorms generating the topology on X. Let {γ_λ}_{λ∈Λ} be a family of positive numbers. We define the cone K = {(x, r) ∈ Y : r + γ_λp_λ (x) ≤ 0, λ ∈ Λ} which is a nuclear cone in the product space Y = X × R, see Isac [12].

The following theorem is a slightly simplified version of theorem 3 of [12] for sequentially complete locally convex spaces.

Theorem 8 Let X be a Hausdorff sequentially complete locally convex topological vector space. Let f : X → (−∞, +∞] an extended-valued proper sequentially lower semicontinuous function, bounded from below. Then Eff (epi f; K) is nonempty and for each x_0 ∈ X there exists some x^∗ ∈ X such that

(x^∗, f (x^∗)) ∈ (x_0, f (x_0)) + K (12)

(x^∗, f (x^∗)) ∈ Eff (epi f; K) . (13)

Moreover, we prove the following

Theorem 9 Theorem 9 and theorem 3 are mutually equivalent. Proof. First, let us note that the relations (12) and (4) are in fact equivalent.

Let (x^∗, f (x^∗)) ∈ Eff (epif; K). Then, by definition

epif ∩ (x^∗, f (x^∗)) + K = {(x^∗, f (x^∗))} .

Thus, if (x, f (x)) ∈ epif, (x, f (x)) ≠ (x^∗, f (x^∗)) we have (x, f (x)) − (x^∗, f (x^∗)) /∈ K, hence f (x) − f (x^∗) + γ_λp_μ (x − x^∗) > 0 for some μ ∈ Λ which proves (5).

Conversely, let (x, r) ∈ epif, (x, r) ≠ (x^∗, f (x^∗)) and

(x, r) ∈ (x^∗, f (x^∗)) + K (14)

Then, for each λ ∈ Λ

f (x) − f (x^∗) + γ_λp_λ (x − x^∗) ≤ r − f (x^∗) + γ_λp_λ (x − x^∗) ≤ 0

which contradicts (5). Hence an element (x, r) ∈ epif such that (x, r) ≠ (x^∗, f (x^∗)) satisfying (14) does not exist which proves (13).

6 Conclusion and comments

We summarize the considerations above to the following conclusions.

Conclusion 1 Phelps’ lemma (theorem 1), Ekeland’s principle with Minkowski functional (theorems 2) and the drop theorem (theorem 7) in locally convex spaces are equivalent to their Banach space counterparts (theorem 10 - 12 of the appendix).

Conclusion 2 Phelps’ lemma (theorem 1), both versions of Ekeland’s principle (theorems 2, 3) and the drop theorem in locally convex spaces are equivalent to each other.

Conclusion 3 The drop theorem in locally convex spaces and Isac’s efficiency theorem (theorem 8) are equivalent.

This solves a problem stated by Isac in [12].

Conclusion 4 Phelps’ lemma (theorem 1), both versions of Ekeland’s principle (theorems 2, 3) and the drop theorem in locally convex spaces are equivalent to Ekeland’s principle in metric spaces.

We conclude that Phelps’ lemma 1 in [16] is in fact the first of a list of theorems equivalent to Ekeland’s variational principle in metric spaces and to each other which characterize the property of completeness of the space they play in. We only mention Caristi’s fixed point theorem, Penot’s flower petal theorem and the equilibirum version of Ekeland’s principle due to Oettli and Théra.

Of course, it is possible to put (and to show its equivalence) the mentioned theorems into the context of locally convex and even more general topological spaces, namely the F -type spaces of Fang [7]. This has been done elsewhere [11].

7 Appendix

For the convenience of the reader we give the Banach space versions of Ekeland’s principle, Phelps’ lemma and Danes̆’ drop theorem.

Theorem 10 Ekeland’s variational principle in Banach spaces Let (X, ‖·‖) be a Banach space and f : X → (−∞, +∞] an extended-valued proper lower semicontinuous function, bounded from below. Then, for each γ > 0, x_0 ∈ domf there exists x^∗ ∈ X such that f (x^∗) + γ ‖x^∗ − x_0‖ ≤ f (x_0) , f (x^∗) < f (x) + γ ‖x − x^∗‖ ∀x ∈ X\ {x^∗} . Theorem 11 Phelps’ lemma in Banach spaces Let (X, ‖·‖) be a Banach space. Let Let A ⊂ X a nonempty closed set and B ⊂ X a nonempty closed bounded and convex set such that 0 /∈ B. Let K be the cone defined by K := R_+B = {x = αb : α ≥ 0, b ∈ B} . Then, for each x_0 ∈ A such that A∩(x_0 + K) is bounded and nonempty there exists x^∗ ∈ X such that x^∗ ∈ A ∩ (x_0 + K) and {x^∗} = A ∩ (x^∗ + K) .

Theorem 12 Danes̆’ drop theorem in Banach spaces Let (X, ‖·‖) be a Banach space. Let A ⊂ X a nonempty closed set and B ⊂ X a nonempty closed bounded and convex set such that d (A, B) = inf {‖a − b‖ : a ∈ A, b ∈ B} > 0. Then, for each x_0 ∈ A there exists x^∗ ∈ X such that x^∗ ∈ A ∩ D (x_0, B) and {x^∗} = A ∩ D (x^∗, B) . Finally, we quote the separation theorem (Bishop/Phelps [2]) used for the proof of theorems 4, 5.

Theorem 13 Suppose that A and B are convex subsets of a real Hausdorff topological vector space, and that the interior of B is nonempty and disjoint from A. Then there exists a continuous linear functional l ≠ 0 on X such that sup l (A) ≤ inf l (B).

References

[1] ATTOUCH, H. and RIAHI, H. Stability Results for Ekeland’s ε-Variational Principle and Cone Extremal Solutions. Mathematics of Operations Research, 18(4):173–201, 1993.

[2] BISHOP, E. and PHELPS, R. R. The Support Functionals of Convex Sets. In KLEE, V., editor, Convexity, volume VII of Proceedings of Symposia in Pure Mathematics, pages 27–35. American Mathematical Society, 1963.

[3] CARISTI, J. Fixed Point Theorems for Mappings Satisfying Inwardness Conditions.

Transactions of the American Mathematical Society, 215:241–251, 1976.

[4] CHENG, L., ZHOU, Y. and ZHANG, F. Danes’ Drop Theorem in Locally Convex Spaces. Proceedings of the American Mathematical Society, 124(12):3699–3702, 1996.

[5] DANES̆, J. A Geometric Theorem Useful in Nonlinear Functional Analysis. Bulletino U.M.I., 6(4):369–375, 1972.

[6] EKELAND, I. Nonconvex Minimization Problems. Bulletin of the American Mathematical Society, 1(3):443–474, 1979.

[7] FANG, J.-X. The Variational Principle and Fixed Point Theorem in Certain Topological Spaces. Journal Mathematical Analysis and Applications, 202:398–412, 1996.

[8] GEORGIEV, P. G. The Strong Ekeland Variational Principle, the Strong Drop Theorem and Applications. Journal of Mathematical Analysis and Application, 131:1–21, 1988.

[9] GöPFERT, A. and TAMMER, CHR. A New Maximal Point Theorem. Journal for Mathematical Analysis and its Applications, 15(2):379–390, 1995.

[10] GöPFERT, A., TAMMER, CHR. and ZĂLINESCU, C. On the vectorial Ekeland’s variational principle and minimal points in product spaces. Nonlinear Analysis. Theory, Methods & Applications, 39:909–922, 2000.

[11] HAMEL, A. Equivalents to Ekeland’s Variational Principle in F-type Topological Spaces. Report of the Institut of Optimization and Stochastics, Martin-Luther- University Halle-Wittenberg, Department of Mathematics and Computer Science, 2001.

[12] ISAC, G. Ekeland’s Principle and Nuclear Cones: A Geometrical Aspect. Mathematical Computer Modelling, 0(0):1–100, 1997.

[13] MIZOGUCHI, N. A Generalization of Brøstedt’s Result and its Application. Proceedings of the American Mathematical Society, 108(3):707–714, 1990.

[14] OETTLI, W. and THÉRA, M. Equivalents of Ekeland’s Principle. Bulletin of the Australian Mathematical Society, 48(3):385–392, 1993.

[15] PENOT, J.-P. The Drop Theorem, the Petal Theorem and Ekeland’s Variational Principle. Nonlinear Analysis. Theory, Methods & Applications, 10(9):813–822, 1986.

[16] PHELPS, R. R. Support Cones and their Generalization. In KLEE, V., editor, Convexity, volume VII of Proceedings of Symposia in Pure Mathematics, pages 393– 401. American Mathematical Society, 1963.

[17] PHELPS, R. R. Support Cones in Banach Spaces and Their Applications. Advances in Mathematics, 13:1–19, 1974.

[18] PHELPS, R. R. Convex Functions, Monotone Operators and Differentiability, volume 1364 of Lecture Notes in Mathematics. Springer-Verlag, 1989.

[19] TREVES, F. Locally Convex Spaces and Linear Partial Differential Equations, volume 146 of Die Grundlehren der mathematischen Wissenschaften. Springer-Verlag, 1967.

[20] ZABREIKO, P. P. and KRASNOSEL’SKII, M. A. Solvability of Nonlinear Operator Equations. Functional Analysis and Applications, 5:206–208, 1971.