STRIP INTEGRAL REPRESENTATIONS AND LAURENT EXPANSIONS FOR SOLUTIONS OF CAUCHY-RIEMANN SYSTEMS

H. RENELT

Abstract. Strip integrals are constructed, by means of an averaging process, and applied to representing solutions of Cauchy- Riemann systems. The main result are (generalized) Laurent expansions for solutions of these systems in annuli, in particular in isolated singularities.

1. Introduction

The contour integral formulae of the classical function theory such as Cauchy integral theorem and formula also have counter parts for generalized Cauchy-Riemann systems (cf. [17], [5], [6], [8]), but require additional smoothness conditions on the coefficients of the respective systems. Thus it is quite natural, or even necessary, to ask for substitutes which yield the same as far as possible and remain in existence when the corresponding contour integrals might cease to exist. Such a substitute, called strip integral, is constructed here by means of an averaging process. This notion yields, in a simple manner, consistent versions of the Cauchy integral theorem and formula (theorem 2 and 3), a strip integral version for generalized Cauchy integrals (theorem 4 and 5), certain decompositions of solutions into simpler solutions (theorem 6 and 7) and (as the main result) generalized Laurent expansions for solutions of Cauchy-Riemann systems in annuli, in particular in isolated singularities (theorem 8). The formulae for the coefficients in these Laurent expansions, quite remarkably, possess the same structure as in the analytical case (which may be considered as another confirmation of the intrinsic strength of the equations u_x = v_y, u_y = −v_x).

The base for these expansions are generalized powers [7]; for certain classes of Cauchy-Riemann systems these generalized powers have been explicitly computed in [15], [16], [18], [19]. Generalized powers

1991 Mathematical Subject Classification: 30G20, 35J45, 30C62. 1

for Carleman-Vekua systems and, in more general terms, for pseudoanalytic functions of the first and second kind and corresponding Taylor expansions have been considered in [1], [2].

For technical reasons Cauchy-Riemann systems are called here again (ν, μ)-systems and their solutions (ν, μ)-solutions, cf. section 3 below.

2. Strip integrals

Let R be the closure of a bounded two-fold connected domain in C , A(·) be a schlicht mapping of R onto an annulus

A(R) = {w : R_1 ≤ |w| ≤ R_2}, 0 < R_1 < R_2 < ∞ .

A(z) is to possess continuous partial derivatives A_z =^{∂A(z)}_{∂z} and A_{z̄} =^{∂A(z)}_{∂z̄} in R (i.e. A is to be continuously differentiable in a domain containing R), and to satisfy |A_z|^2 − |A_{z̄}|^2 > 0 in R.

Let L_r be the image of the positively oriented circle K_r = {re^{iφ} : 0 ≤ φ ≤ 2π}, R_1 ≤ r ≤ R_2 , under the inverse mapping A^{−1}(w) of A(z) and let G_r denote the interior domain of the Jordan curve L_r. Let A(·) be monotone, which means here that G_{r1} ⊂ G_{r2} if R_1 ≤ r_1 < r_2 ≤ R_2; then the L_r are also positively oriented.

Under these conditions on R and A(·) we shall call S := (R, A) a (ring-)strip, L_r = L_r(S) a strip line of S, R the strip region and A the strip mapping of S. L_{R1} , L_{R2} are called the inner and outer boundary curve of S, respectively.

Let S_j := (R_j , A_j ), j = 1, 2, be strips in a domain G (i.e. R_1 ∪ R_2 ⊂ G). S_1 is said to be homotopic to S_2 in G, S_1 ∼ S_2 in G, if one strip line of S_1 is homotopic in G to a strip line of S_2. A strip S is called null-homologous in G, S ∼ 0 in G, if its strip lines are null-homologous in G.

Between the strips in domain G a half-ordering can be defined in an obvious manner. In particular S_1 is said to be less than S_2 (in G), S_1 ≺ S_2, if S_1 ∼ S_2 in G and the outer boundary curve of S_1 is contained in the interior domain of the inner boundary curve of S_2.

In the strip region R of the strip S = (R, A) let two (for the present) continuous functions F , H be given, and let c(r) := Re 1 2πi ∮ L_r (S) F dz + Hdz̄ . (1) With 2πI(S) := ∫ A(R) dσ = |A(R)|

(|e| the Lebesgue measure of the measurable set e) let

C(S) := 1 2πI(S) ∫ A(R) c(|w|)dσ_w . (2) An easy calculation (cf. [13]) yields C(S) = Re 1 2πI(S) ∫ R (F − H̄) ∂|A(z)|^2 ∂z̄ dσ_z . (3) In the following the functions F and H will be of the shape

F = fh_z , H = fh_{z̄} . (4) In this case we have C(S) = Re 1 2πI(S) ∫ R f [ h_z ∂|A(z)|^2 ∂z̄ − h_{z̄} ∂|A(z)|^2 ∂z ] dσ_z . Putting, with z = x + iy, h_zg_{z̄} − h_{z̄}g_z = i 2 (h_xg_y − h_yg_x) =: ∂(h, g) ∂(z, z̄) (5) and 1 2πI(S) ∫ R f ∂(h, |A(z)|^2) ∂(z, z̄) dσ_z =: ∫ S f[h]dσ , (6) then we have for C(S) defined by (1), (2), (4) C(S) = Re ∫ S f[h]dσ . (7) An expression as in (6) will be called a strip integral. Of course the symbol [h] on the right-hand-side of (6) is to have only then its special meaning, if the “domain of integration” is a strip.

3. Strip integral formulae for (ν, μ)-solutions Let a (ν, μ)-system, i.e. a linear uniformly elliptic system

f_{z̄} = νf_z + μf_z (8) be given in a domain G. The condition of uniform ellipticity of (8) means that ν, μ ∈ L_∞(C ) =: L_∞ , ‖|ν| + |μ|‖_{L∞} =: k < 1 , (9) and for the sake of simplicity we also assume that ν(z) = μ(z) = 0 in {|z| > R^∗} (10) with a fixed finite R^∗.

Special cases of (ν, μ)-systems are the original Cauchy-Riemann system f_{z̄} = 0, the Beltrami systems f_{z̄} = νf_z, and the (anti-Beltrami) systems f_{z̄} = μf_z defining, under certain additional smoothness conditions on μ, the (p, q)-analytic functions in the sense of Polozhii [5] as well as describing the Bers pseudoanalytic functions of the second kind [3]; if μ(z) is an analytic function in G, then the schlicht solutions of f_{z̄} = μf_z in G are harmonic mappings of G.

We will need a certain extension of the theorems 1 and 3 from [9], namely

Theorem 1. (I) Let B, B_0 be bounded open subsets of C , B ⊂⊂ B_0, and f be a (ν, μ)-solution in B_0, where ν, μ are to satisfy (9), (10). Then there exist ν_n(z) , μ_n(z), n = 1, 2, · · · , such that

(a) ν_n(z) → ν(z), μ_n(z) → μ(z) a.e. in C as n → ∞ , (b) ‖|ν_n| + |μ_n|‖_{L∞} ≤ ‖|ν| + |μ|‖_{L∞} ∀n = 1, 2, · · · , (c) for every ε > 0 ∃n_0(ε) such that n_0(1) = 1 and supp(|ν_n| + |μ_n|) ⊂ supp(|ν| + |μ|) + {z : |z| < ε} ∀n ≥ n_0(ε), (d) ν_n , μ_n ∈ C^∞(C ) ∀n = 1, 2, · · ·

and (ν_n, μ_n)-solutions f_n in B which tend uniformly to f in B as n → ∞. (II) Let H(t, z) , H_n(t, z) be the fundamental solutions of the (ν, μ)- and the (ν_n, μ_n)-systems, respectively, according to [6], chapter IV, and ν , μ , ν_n , μ_n are to satisfy the conditions mentioned in (I). Furthermore, let G_t, D_z be bounded domains in C of positive distance from each other and of the property that arg(t − z) can be defined uniquely, continuously and boundedly on G_t × D_z, and D_t be an open set compactly contained in G_t. Then it holds

(i) |H_n(t, z)| ≤ K ∀(t, z) ∈ D_t × D_z , where K is a constant independent of n, (ii) ‖H_{nt}(·, z) − H_t(·, z)‖_{Ls(Gt)} → 0 as n → ∞ for each fixed s ∈ [1, 2) uniformly ∀z ∈ C , (iii) ‖H_t(·, z)‖_{Ls(Gt)} ≤ K^∗ ∀z ∈ C , where the constant K^∗ depends only on k, R^∗, G_t and s ∈ [1, 2).

We will postpone the proof of theorem 1 to section 6. N.B. For certain classes of (ν, μ)-systems these fundamental solutions have been explicitly computed in [14], [16].

Let for the present ν, μ ∈ C^∞_0 (C ). Then every (ν, μ)-solution f in a domain G is in any case from C^1(G). Let S_1, S_2 be strips homotopic in G. Then by the Cauchy integral theorem, cf. [6], for any strip lines

L_{r1} (S_1), L_{r2} (S_2) it holds Re 1 i ∮ L_{r1} (S_1) fdh = Re 1 i ∮ L_{r2} (S_2) fdh (11) where h is a (ν, μ)-solution in G. Hence according to (1) - (7) we obtain Re ∫ S_1 f[h]dσ = Re ∫ S_2 f[h]dσ . (12) Using theorem 1(I) and well-known compactness properties of (ν_n, μ_n)- solutions (e.g. cf. [6], theorem II.4.1), by means of a limiting process we obtain from (12) the following strip integral version of the Cauchy integral theorem for (ν, μ)-solutions :

Theorem 2. Let ν, μ satisfy (9), S_1, S_2 be strips homotopic in a domain G. Then for every (ν, μ)-solution f and every (ν, μ)-solution h in G it holds (i) Re ∫ S_1 f[h]dσ = Re ∫ S_2 f[h]dσ ; if S is null-homologous in G then (ii) Re ∫ S f[h]dσ = 0 . (Concerning the last assertion note that for null-homologous strip lines both sides of (11) are equal to zero.)

Let us say a set of points E were to lie within the strip S, E ≺ S, if E is contained in the interior domain of the inner boundary curve of S (the latter called for short the interior domain of S); accordingly we will say that E lies outside the strip S, S ≺ E (⇐⇒ E ≻ S), if E is contained in the exterior domain of the outer boundary curve of S (the latter called for short the exterior domain of S). If E consists only of a point z, then we will only write z in place of {z} in the relations just mentioned. Moreover, S_1 ≺ E ≺ S_2 is to mean not only S_1 ≺ E and E ≺ S_2 but also S_1 ≺ S_2. If S_1 ≺ E ≺ S_2, then we will say that E lies between S_1 and S_2.

Let f be again a (ν, μ)-solution in a domain G, M(t, z), N(t, z) be the fundamental solutions of the (ν, μ)- and the (ν, −μ)-systems, respectively, and for the time being let ν, μ be from C^∞_0 (C ). Then f(t), M(t, z), N(t, z) are also (in particular) C^1-functions in G, C \{z}, respectively. Let S^∗ ≺ S in G. Then, by the Cauchy integral formula, for every z between S^∗ and S we have f(z) = Re 1 2πi ∮ L_r(S) f(t)d_tM(t, z) + iIm 1 2πi ∮ L_r (S) f(t)d_tN(t, z) −Re 1 2πi ∮ L_r∗ (S^∗) f(t)d_tM(t, z) − iIm 1 2πi ∮ L_r∗ (S^∗) f(t)d_tN(t, z) . (13)

Analogously as with theorem 2 we obtain from (13) the following strip integral version of the Cauchy integral formula, which is independent of additional smoothness conditions on the coefficients ν , μ (apart from condition (10), which at this place only serves the purpose of a convenient definition of the fundamental solutions M(·, z), N(·, z)).

Theorem 3. Let the coefficients ν, μ satisfy (9) and (10), f be a (ν, μ)- solution in a domain G, and S, S^∗ be strips with S^∗ ≺ S in G. Then (i) f(z) = Re ∫ S f(t)[M(t, z)]dσ_t + iIm ∫ S f(t)[N(t, z)]dσ_t −Re ∫ S^∗ f(t)[M(t, z)]dσ_t − iIm ∫ S^∗ f(t)[N(t, z)]dσ_t for every z between S^∗ and S.

If S ∼ 0 in G then (ii) Re ∫ S f(t)[M(t, z)]dσ_t+iIm ∫ S f(t)[N(t, z)]dσ_t = f(z) ∀z ≺ S 0 ∀z ≻ S Proof. For smooth ν, μ we obtain (i) from (13) via the procedure (1)-(7). From this the validity of (i) for ν, μ satisfying only (9), (10) follows by means of a limiting process while using theorem 1 above.

The assertion (ii) follows from (i) in conjunction with theorem 2(ii) while observing the fact that ih is a (ν, μ)-solution if h is a (ν, −μ)- solution.

An analogue of theorem 3 of course also holds if z is situated in a domain which is “bounded” not only by two but by finitely many strips. Its formulation and proof are now obvious and may be omitted.

Furthermore, we will need a strip integral version of generalized Cauchy integrals. For this let u, v be real-valued functions continuous in the strip region R of the strip S = (R, A), and let f = u + iv. Then Re ∫ S f(t)[M(t, z)]dσ_t + iIm ∫ S f(t)[N(t, z)]dσ_t = ∫ S u(t)[H^−(z, t)]dσ_t + i ∫ S v(t)[H(z, t)]dσ_t (14) where H(t, z), H^−(t, z) are the fundamental solutions of the (ν, μ)- and the (ν, −μ)-systems, respectively, according to [6], chapter IV. The relation (14) is a simple consequence of the interchange relations H(z, t) = Re M(t, z) + iIm N(t, z) + iπ (15) with the argument of t − z suitably chosen, cf. [6], V.2.1, and H^−(z, t) = Re N(t, z) + iIm M(t, z) + iπ (16)

(replace μ by−μ in (15)). This leads to

Theorem 4. Let u, v be real-valued continuous functions in the strip region R of the strip S = (R, A), and the coefficients ν, μ are to satisfy (9), (10). Then ∫ S u[H^−(z, ·)]dσ and i ∫ S v[H(z, ·)]dσ are (ν, μ)-solutions in C \ R with a zero at ∞.

Proof. First let additionally ν, μ ∈ C^∞(C ). With an arbitrary z_0 ∈ C \ R we fix an open disk K with center z_0 of a positive distance from R. We divide R into two simply connected closed regions B, B^′ with piece-wise smooth boundaries and such that B ∩ B^′ has no interior points and B ∪ B^′ = R. There exists a bounded domain B_0 containing B and of positive distance to K such that (after a possible diminution of the radius of K ) B_0 and K satisfy the conditions of theorem 1(II) concerning B_0(= G_t) and K (= D_z). Thus, for every t ∈ B_0, H(z, t) can be defined uniquely in K and is a (ν, μ)-solution there. Hence every difference quotient H(z, t + Δξ) − H(z, t) Δξ , H(z, t + iΔη) − H(z, t) Δη is a (ν, μ)-solution in K , if Δξ, Δη are real, different from zero and of sufficiently small absolute value.

By [6], theorem II.5.2.(II) (under observing (15) as well as theorem 1(II) above), the limits of these difference quotients as Δξ → 0, Δη → 0 exist and are uniformly bounded ∀(t, z) ∈ B_0 × K (understand these difference quotients as corresponding expressions of Re M(t, z), Im N(t, z) and consider the set M of theorem II.5.2 to be the set of M(·, z) or N(·, z), respectively, where z is considered as a parameter with range K ; the set P mentioned there consists here only of the single pair (ν, μ)). Moreover, as the proof of theorem II.5.2 from [6] shows or as we see subsequently by means of the mean value theorem for derivatives, these difference quotients themselves are uniformly bounded ∀(t, z) ∈ B × K . Hence H_ξ(z, t), H_η(z, t) (where t = ξ + iη) are (ν, μ)-solutions in K uniformly bounded for every t ∈ B.

Due to the smoothness of ν, μ the derivatives H_{ξz}(z, t), H_{ξz̄}(z, t) are continuous and uniformly bounded in K for every t ∈ B. Therefore ∫ B v^∗(t)H_ξ(z, t)dσ_t with v^∗(t) = −1 4πI(S) v(t) ∂|A(t)|^2 ∂η may be differentiated under the integral sign and thus is also a (ν, μ)- solution in K . The same holds for the other three parts of i ∫ S v[H(z, ·)]dσ.

Due to the arbitrariness of z_0 this proves that F (z) := i ∫ S v[H(z, ·)]dσ is a (ν, μ)-solution in C \ R (if ν, μ are smooth).

Next, we show that F (∞) = 0. First we observe that H(z, t) = log(z − t) + a(z, t) where a(z, t) is an analytic function of z in {|z| > R^∗} for each t ∈ C , and lim_{z→∞} a(z, t) = 0 ∀t ∈ C . (cf. [6], definition IV.3.3).

Let U(∞) = {|z| > R_∞} where R_∞ is any constant greater than max{R^∗, sup{|z| : z ∈ R}}. The difference quotient Δ(z, t, n) := H(z, t + h_n) − H(z, t) h_n , h_n real and ≠ 0, h_n → 0 as n → ∞, is an analytic function of z in the closure of U(∞) with a zero at ∞ for every n. By the maximum modulus principle, |Δ(z, t, n)| attains its maximum in the closure of U(∞) on {|z| = R_∞}. On this bounded set the Δ(z, t, n) are uniformly bounded ∀t ∈ R, ∀n, according to the considerations at the beginning of the proof (under using a covering of {|z| = R_∞} by a finite number of sufficiently small disks). Thus the analytic functions Δ(·, t, n) are uniformly bounded also in U(∞) for these t and n, H_ξ(z, t) is in U(∞) also uniformly bounded ∀t ∈ R, and H_ξ(∞, t) = 0. Therefore, ∫ B v^∗(t)H_ξ(z, t)dσ_t has also a zero at ∞ (e.g. by the Lebesgue theorem on dominated convergence). In the same way the assertion follows for the remaining parts of i ∫ S v[H(z, ·)]dσ as well as for ∫ S u[H^−(z, ·)]dσ. The validity of theorem 4 for ν, μ, which only satisfy (9), (10), is now followed immediately by means of theorem 1 above and e.g. [6], theorem II.4.1, which concludes the proof of theorem 4.

By means of theorem 1 we obtain further in an obvious way

Theorem 5. Let E be a bounded measurable set ⊂ C , let ν, μ satisfy (9), (10), and v_1, v_2 be real-valued functions from L_p(E), p > 2.

Then (with t = ξ + iη) ∫ E (v_1(t)H_ξ(z, t) + v_2(t)H_η(z, t))dσ_t

is a (ν, μ)-solution in C \ (closure of E) with a zero at ∞.

For proof one merely has to approximate v_j (t)χ_E (t) (χ_E the characteristic function of E) by appropriate continuous functions, to apply theorem 4 and to carry out a limiting process using also theorem 1.

(A more detailed consideration, which however requires an extension of theorem 1(II), shows that theorem 5 also holds with p = 1.)

4. Decomposition of (ν, μ)-solutions Now let G be a two-fold connected domain ⊂ C , and let G_1 = G ∪ D_1, D_1 the bounded component of C \ G, G_2 = G ∪ D_2, D_2 the unbounded component of (C ∪ {∞}) \ G.

Until further notice, the coefficients ν, μ are to satisfy the conditions (9), (10). Then the following theorem holds.

Theorem 6. Let f be a (ν, μ)-solution in G. Then there exist (ν, μ)- solutions f_1 in G_1 and f_2 in G_2 with f_2(∞) = 0 such that f = f_1 + f_2 in G .

f_1 is called the regular part of f (with respect to G), f_2 is called the principle part of f (with respect to G). f_1, f_2 are uniquely determined by these properties.

Proof. Let E_n, n = 1, 2, · · · , be a sequence of open sets such that E_n ⊂ E_{n+1}, E_n ⊂⊂ G ∀n and ⋃ n E_n = G. There are two sequences of strips S^1_n, S^2_n in G such that S^2_{n+1} ≺ S^2_n ≺ S^1_n ≺ S^1_{n+1} and S^2_n ≺ E_n ≺ S^1_n for every n. By theorem 3 and (14) f(z) = ∫ S^1_m (u[H^−(z, ·)] + iv[H(z, ·])dσ − ∫ S^2_l (u[H^−(z, ·)] + iv[H(z, ·])dσ ∀z ∈ E_n if m, l ≥ n. Let f_{j,m}(z) = (−1)^{j−1} ∫ S^j_m (u[H^−(z, ·)] + iv[H(z, ·])dσ , j = 1, 2 . Then f(z) = f_{1,m}(z) + f_{2,l}(z) in E_n ∀m, l ≥ n . If one keeps l fixed, this implies that f_{1,m}(z) does not depend on m for z ∈ E_n. By theorem 4, f_{1,m}(z) is a (ν, μ)-solution (in particular) in the interior domain of S^1_n, and by the uniqueness theorem for (ν, μ)- solutions f_{1,m}(z) does not depend on m there as well. Hence f_1(z) := lim_{m→∞} f_{1,m}(z) is a (ν, μ)-solution in the interior domain of S^1_n for every n, i.e. f_1(z) is a (ν, μ)-solution in G_1, and

f(z) = f_1(z) + f_{2,l}(z) in E_n ∀l ≥ n .

In the same way we now find an f_2(z) with the properties asserted. The uniqueness of these f_1, f_2 is an immediate consequence of Liouville’s theorem for (ν, μ)-solutions, which finishes the proof of theorem 6.

If the bounded component of C \ G consists only of a point a, then the principle part of f with respect to G is called principle part of f at a. If the unbounded component of C \ G is empty, then the regular part of f with respect to G is called principle part of f at ∞.

Of course, theorem 6 has an obvious analogue, if G is an n-fold connected subdomain of C . We only state this in a special case.

Theorem 7. Let f be a (ν, μ)-solution in C \ {a_1, a_2, · · · , a_N }, where a_1, · · · , a_N are finite points. (i) Then

f(z) = f_1(z, ∞) + N∑ j=1 f_2(z, a_j ) ,

where f_1(z, ∞), f_2(z, a_j ) mean the principle parts of f at ∞ and a_j , respectively.

(ii) If a_j is a pole of f then f_2(z, a_j ) also has a pole at a_j , and if a_j is an essential singularity of f then also of f_2(z, a_j ). The corresponding statements hold for f_1(z, ∞).

(If ν, μ satisfy e.g. a Bojarski condition at a_j , cf. (19) below, then more can be said on account of theorem 8 below.)

Proof. Let P (z) = ∑_∞ j=0 a_jz^j be the principle part of the (ordinary) Laurent expansion of f(z) at ∞. Then

UP (·)(z) =: f_1(z, ∞)

(U the transformation defined in [6], theorem IV.1.9) is a (ν, μ)-solution in C , and its principle part of the ordinary Laurent expansion at ∞ is the same as that of f. Hence f^∗(z) := f(z) − f_1(z, ∞) is also a (ν, μ)-solution in C \ {a_1, a_2, · · · , a_N }, and f^∗(∞) = 0.

Let f^∗_2 (z, a_j ) be the principle part of f^∗ at a_j , i.e. that unique (ν, μ)- solution in C \ {a_j} with a zero at ∞, which satisfies

f^∗(z) = f^∗_1 (z) + f^∗_2 (z, a_j )

where f^∗_1 (z) is a (regular) (ν, μ)-solution in a full neighbourhood of a_j; the uniqueness of this decomposition is again an obvious consequence of Liouville’s theorem. (Analogously with the proof of theorem 6, this f^∗_2 (z, a_j ) arises as the limit of a sequence −Re ∫ S_n f^∗(t)[M(t, z)]dσ_t − iIm ∫ S_n f^∗(t)[N(t, z)]dσ_t with e.g. S_n = (R_n, A), R_n = {t : r_{1n} ≤ |t − a_j| ≤ r_{2n}}, 0 < r_{1n} < r_{2n} ∀n ∈ N, r_{2n} → 0 as n → ∞, and A(t) = t − a_j .)

With the principle part f_2(z, a_j ) of f at a_j defined in the same way, it must hold f_2(z, a_j ) = f^∗_2 (z, a_j ) (because f(z)−f^∗(z) is a (ν, μ)-solution even in C ). Thus

h(z) := f^∗(z) − N∑ j=1 f_2(z, a_j )

is a (ν, μ)-solution in C \ {a_1 , a_2, · · · , a_N } with a zero at ∞ and removable singularities at the a_j . We obtain then from Liouville’s theorem our assertion (i). Assertion (ii) is now an immediate consequence of e.g. the Casorati-Weierstraß theorem for (ν, μ)-solutions.

In the analytic case, ν(z) = μ(z) ≡ 0 in C , the statement of theorem 6 is an immediate consequence of the Cauchy integral formula and simple properties of Cauchy integrals. If, in theorem 7, the points a_1, · · · , a_N and ∞ are at most poles of f and if again ν(z) = μ(z) ≡ 0 in C , then theorem 7(i) simply means the representation of f by partial fractions.

5. Generalized Laurent expansions for (ν, μ)-solutions

Now let G be an annulus, and without loss of generality we assume that G = {z : ρ < |z| < ρ^∗} where 0 ≤ ρ < ρ^∗ ≤ ∞ . (17) Until further notice, a strip S = (R, A) in G is now to be of the special shape

R = {z : R_1 ≤ |z| ≤ R_2} with ρ < R_1 < R_2 < ρ^∗ (18)

and A(z) ≡ z in R.

The coefficients ν, μ are now supposed to satisfy (9), (10) as well as a Bojarski condition, cf. [4], p. 499, at the center of G, i.e. here ν(z) − ν(0) z , μ(z) − μ(0) z ∈ L_p(C ) with a p > 2 . (19)

Then the existence and uniqueness of the generalized powers [az^n]_{ν,μ} of the (ν, μ)-system (and also of the (ν, μ)- and the (ν, −μ)-systems) are assured and we may ask for expansions of a (ν, μ)-solution f in (at least subsets of) G of the form f(z) = +∞∑ n=−∞ [a_nz^n]_{ν,μ} . (20)

As in [10] let Λ(z, g) := (1 − z̄ z ν(z))g(z) − μ(z)g(z) . (21) Further let

Ω_j (t, g) := Re { ∂[t^{−j} ]_{ν,μ} ∂t tΛ(t, g) } + iIm { ∂[t^{−j} ]_{ν,−μ} ∂t tΛ(t, g) } (22) for every j ∈ Z \ {0}, and Ω_0(t, z, g) := Re {M_t(t, z)tΛ(t, g)} + iIm {N_t(t, z)tΛ(t, g)} , Ω_0(t, g) := Ω_0(t, 0, g) . (23) Let S = (R, id) be a strip in G, and g be any (ν, μ)-solution in G. A simple calculation shows that Re ∫ S g(t) [ [t^{−j} ]_{ν,μ} ] dσ_t + iIm ∫ S g(t) [ [t^{−j} ]_{ν,−μ} ] dσ_t = 1 2πI(S) ∫ R Ω_j (t, g)dσ_t (24) for every j ∈ Z \ {0} and Re ∫ S g[M(·, z)]dσ + iIm ∫ S g[N(·, z)]dσ = 1 2πI(S) ∫ R Ω_0(t, z, g)dσ_t (25) for z /∈ R. Thus, by theorem 2(i), 1 |R| ∫ R Ω_j (t, g)dσ_t (26) is for every j ∈ Z\{0} independent of R for every R as in (18). Further, because of (14) and (25), 1 |R| ∫ R Ω_0(t, g)dσ_t = g_1(0) (27) for every R as in (18), where g_1 is the regular part of g with respect to G, cf. theorem 6 and its proof. Hence, also the left-hand-side in (27) is independent of these R.

The next theorem clarifies the question after the above mentioned generalized Laurent expansions.

Theorem 8. Let f be a (ν, μ)-solution in G, G as in (17), and ν, μ are to satisfy (9), (10) and (19). With f_1, f_2 being the regular and principle parts, respectively, of f with respect to G, it holds

(i) f_1(z) = ∞∑ j=0 [a_j z^j ]_{ν,μ} in {|z| < ρ^∗κ^{−2}} (where [a_0z^0]_{ν,μ} := a_0) and

(ii) f_2(z) = ∞∑ j=1 [a_{−j}z^{−j} ]_{ν,μ} in {|z| > ρκ^2} , κ a constant from [1, ∞) depending only on ν, μ (cf. (32) below). The series in (i), (ii) converge absolutely and uniformly in every compact subset of the respective domains. The constants a_j are uniquely determined for every j ∈ Z and are given by a_j =^{−1}_{j(1−|b|2)} { Re ∫ S f(t) [ [t^{−j}]_{ν,μ} ] dσ_t + iIm ∫ S f(t) [ [t^{−j} ]_{ν,−μ} ] dσ_t }

for every j ∈ Z \ {0} and

a_0 = Re ∫ S f(t)[M(t, 0)]dσ_t + iIm ∫ S f(t)[N(t, 0)]dσ_t where S is any strip in G homotopic to a strip as with (18), and b is an algebraic expression of ν(0), μ(0) with |b| ≤ k (cf. [6], p. 52).

Thus, if ρ^∗ ρ > κ^4 then the series (i), (ii) have a common domain of convergence and hence there exists an expansion (20) of f itself. This (of course only sufficient) condition is in any case satisfied if ρ = 0 or if ρ^∗ = ∞. In particular a (ν, μ)-solution f admits a generalized Laurent expansion (20) at each isolated singularity, and the type of the expansion then must correspond in the usual way with the type of the singularity, i.e. for instance if it is a pole of order N, then the expansion must read f(z) = +∞∑ n=−N [a_nz^n]_{ν,μ} with a_{−N} ≠ 0 ;

the latter follows in an obvious way from general properties of (ν, μ)- solutions at poles where a condition (19) is satisfied, cf. [6], theorem III.3.2, from the asymptotic behaviour of generalized powers, cf. [7], and from the uniqueness statement concerning the a_j in theorem 8.

In the Beltrami case, μ ≡ 0, the formulae for the a_j simplify to

a_j = −1 j ∫ S f(t) [ [t^{−j}]_{ν,0} ] dσ_t ∀j ∈ Z \ {0} (because b = 0 if μ(0) = 0) and

a_0 = ∫ S f(t)[ log [t^1]_{ν,0}]dσ_t ;

moreover, [t^k]_{ν,0} = ([t^1]_{ν,0})^k for every k ∈ Z.

If also ν ≡ 0 in C , then [t^1]_{ν,0} ≡ t, κ = 1, and

a_j = −1 j ∫ S f(t)[t^{−j}]dσ_t ∀j ∈ Z \ {0} , a_0 = ∫ S f(t)[ log t ]dσ_t are the elementary Laurent coefficients of f in the annulus G, now in strip integral form (arising also directly by means of the averaging procedure of section 2 from the usual contour integral formulae for the a_j).

Proof of theorem 8. We start with proving (ii). By theorem 6, f_2 is a (ν, μ)-solution in G_2 = {|z| > ρ} with a zero at ∞. According to the considerations near (26), (27), now applied to f_2 in G_2, 1 |R| ∫ R Ω_j (t, f_2)dσ_t

is, for each j ∈ Z, independent of R = {z : r_1 ≤ |z| ≤ r_2} with ρ < r_1 < r_2 < ∞.

To start with we assume that f_2 admits an expansion with the properties mentioned above. Then there exists an R = {z : r_1 ≤ |z| ≤ r_2} contained in G_2 where the expansion for f_2 converges uniformly. Hence, for each l ∈ Z, ∫ R Ω_l(t, f_2)dσ_t = ∞∑ j=1 ∫ R Ω_l(t, [a_{−j}t^{−j} ]_{ν,μ})dσ_t , and that now again for every annulus R with ρ < r_1 < r_2 < ∞ and center zero.

By [10], theorem 3, 1 |R| ∫ R Ω_l(t, [at^n]_{ν,μ})dσ_t = −na(1 − |b|^2)δ_{l,n} (28) ∀l, n ∈ Z, l ≠ 0; here b is the constant mentioned in theorem 8, and δ_{l,n} means the Kronecker symbol.

Thus for every j ∈ N j(1 − |b|^2)a_{−j} = 1 |R| ∫ R Ω_{−j} (t, f_2)dσ_t = 1 |R^∗| ∫ R^∗ Ω_{−j} (t, f)dσ_t (29)

(the latter by the Cauchy integral theorem, applied to the regular part f_1 of f, where R^∗ is an annulus with center at zero contained in G).

Next we ask for the convergence of the series to the right of (ii) with the a_{−j} defined by (29). First we obtain the estimate |a_{−j} |(1 − |b|^2)j ≤ 1 π(r^2 − r^2_1) ∫ r_1<|t|<r_2

(| | | | ∂[t^j ]_{ν,μ} ∂t | | | | | + | | | | | ∂[t^j ]_{ν,−μ} ∂t | | | | | ) |tΛ(t, f_2)|dσ_t . (30) Further we have

[t^j ]_{ν,μ} = (χ_1(t))^j , [t^j ]_{ν,−μ} = (χ_2(t))^j (31)

where χ_1, χ_2 are^{1+k}_{1−k} -quasiconformal mappings of C onto itself with χ_1(0) = χ_2(0) = 0. By [12] there exists a constant κ ≥ 1 depending only on k, on the L_p-norms of^{ν(z)−ν(0)}_z and^{μ(z)−μ(0)}_z and on R^∗, such that for every χ = χ_1 or χ = χ_2 from (31) with any j ∈ Z \ {0} it holds κ ≥ | | | | χ(t) t | | | | ≥ 1 κ ∀t ∈ C \ {0} (32) (for concrete values of κ in special cases cf. [19], p. 107, [16]).

Putting M(r, h) = max{|h(t)| : |t| = r} we thus have ∫ r_1<|t|<r_2

| | | | | ∂[t^j ]_{ν,μ} ∂t | | | | | |tΛ(t, f_2)|dσ_t ≤

j ∫ r_1<|t|<r_2 |χ_{1t}(t)| | | | | χ_1(t) t | | | | j−1 |t|^j(1 + k)|f_2(t)|dσ_t ≤

(1 + k)jκ^{j−1}M(r_1, f_2) ∫ r_1<|t|<r_2 |χ_{1t}(t)|^2dσ_t 1/2 · √ π(r^2 − r^2_1) r^j_2 .

Furthermore, because of (32) and |χ¯_t| ≤ k|χ_t|, ∫ r_1<|t|<r_2 |χ_t(t)|^2dσ_t ≤ πκ^2r^2 1 − k^2

(33)

for χ = χ_1 and χ = χ_2.

Now let r_2 = dr_1, d > 1. Then 1 π(d^2r^2_1 − r^2_1) ∫ r_1<|t|<dr_1

| | | | | ∂[t^j ]_{ν,μ} ∂t | | | | | |tΛ(t, f_2)|dσ_t

≤ j √ 1 + k 1 − k M(r_1, f_2) d √ d^2 − 1

(dr_1κ)^j .

The same estimate exists for the other part on the right-hand-side in (30). Thus for any fixed d > 1, for any fixed r_1 > ρ and every j ∈ N it holds |a_{−j}| ≤ 2M(r_1, f_2) √ (1 − k)^3 d √ d^2 − 1

(dr_1κ)^j . (34)

By [12] |[az^l]_{ν,μ}| ≤ |a|κ^{|l|}|z|^l (35) for every l ∈ Z and every z ∈ C \ {0}, hence |[a_{−j}z^{−j} ]_{ν,μ}| ≤ |a_{−j}|κ^j |z|^{−j} ∀j ∈ N , which gives in conjunction with (34) the absolute and uniform convergence of the series on the right-hand-side of (ii) in every compact subset of G^∗_2 := {|z| > κ^2ρ}.

Next we have to show that

h(z) := f_2(z) − ∞∑ j=1 [a_{−j} z^{−j} ]_{ν,μ} vanishes identically in G^∗_2. In any case, h is a (ν, μ)-solution in G^∗_2 and h(∞) = 0. If h ≢ 0, then h were to posses a Laurent expansion

h(z) =: α_m z^m + α_{m+1} z^{m+1} + · · · at ∞ with m ≥ 1 and α_m ≠ 0. There exists exactly one [c_{−m}z^{−m}]_{ν,μ} with c_{−m} ≠ 0 whose Laurent expansion at ∞ starts with^{αm}_{zm} . Hence g(z) := h(z) − [c_{−m}z^{−m}]_{ν,μ} is a (ν, μ)-solution in G^∗_2, and g(z) = β_{m+1} z^{m+1} + β_{m+2} z^{m+2} + · · · (36) for |z| > max{R^∗, κ^2ρ} =: R^{∗∗}. Because of (28), (29), ∫ R Ω_{−m}(t, h)dσ_t = 0 (37) for every R = {z : r_1 ≤ |z| ≤ r_2} ⊂ G^∗_2. On the other hand, by (28), 1 |R| ∫ R Ω_{−m}(t, [c_{−m}t^{−m}]_{ν,μ} + g(t))dσ_t = mc_{−m}(1 − |b|^2) + 1 |R| ∫ R Ω_{−m}(t, g(t))dσ_t . (38) Observing (31) (with j = m) and (32) we obtain | | | | 1 |R| ∫ R Ω_{−m}(t, g(t))dσ_t | | | | ≤ m π(r^2 − r^2_1) ∫ R ( |χ_{1t} χ^{m−1}_1 | + |χ_{2t} χ^{m−1}_2 | ) |t|(1 + k)|g(t)|dσ_t ≤ m(1 + k) π(r^2 − r^2_1) ∫ R (|χ_{1t}| + |χ_{2t}|) κ^{m−1}|t|^m|g(t)|dσ_t ≤ m(1 + k)κ^{m−1} π(r^2 − r^2_1) (∫ R (|χ_{1t}| + |χ_{2t}|)^2dσ_t )_{1/2} (∫ R |t^mg(t)|^2dσ_t )_{1/2} . (39)

Let e.g. r_2 = 2r_1, r_1 > R^{∗∗}. By (33) and (36), 1 |R| ∫ R Ω_{−m}(t, g(t))dσ_t = O ( 1 r_1 ) . (40)

From (37), (38) we then obtain a contradiction to c_{−m} ≠ 0 by letting r_1 tend to ∞. Thus h(z) ≡ 0 in G^∗_2.

Now we come to the proof of (i). By [11] an expansion (i) with the properties mentioned in theorem 8 exists if additionally

lim_{z→0} ν(z) = ν(0) , lim_{z→0} μ(z) = μ(0)

is supposed. As indicated in [12] this condition can subsequently be eliminated. But it can be avoided, from the beginning, as we will now show.

f_1 as being the regular part of f with respect to G is a (ν, μ)-solution in G_1 = {|z| < ρ^∗}. If f_1 admits an expansion (i) with the properties asserted, then there exists an R = {z : r_1 ≤ |z| ≤ r_2} ⊂ G_1 such that ∫ R Ω_l(t, f_1)dσ_t = ∞∑ j=0 ∫ R Ω_l(t, [a_j t^j]_{ν,μ})dσ_t for every l ∈ Z, and 1 |R| ∫ R Ω_l(t, f_1)dσ_t is for each l ∈ Z independent of the above mentioned R ⊂ G_1. Due to (28) we obtain for these R and for R^∗ as in (29)

− j(1 − |b|^2)a_j = 1 |R| ∫ R Ω_j (t, f_1)dσ_t = 1 |R^∗| ∫ R^∗ Ω_j (t, f)dσ_t (41) for every j ∈ N (the latter on account of e.g. the expansion (ii) for f_2 already shown) and

a_0 = f_1(0) = 1 |R| ∫ R Ω_0(t, f_1)dσ_t = 1 |R^∗| ∫ R^∗

Ω_0(t, f)dσ_t (42)

because of (27) and theorem 3(ii).

Analogously with (30), (31) (with −j in place of j) we obtain the estimate

|a_j|(1 − k^2) ≤ 1 π(r^2 − r^2_1) ∫ R ( |χ_{1t} χ^{−j−1}_1 | + |χ_{2t} χ^{−j−1}_2 | ) |tΛ(t, f_1(t)|dσ_t (43) for j ≥ 1, where χ_1, χ_2 are again^{1+k}_{1−k} -quasiconformal mappings of C onto itself satisfying (32). This yields |a_j|(1 − k) ≤ 1 π(r^2 − r^2_1) ∫ R (|χ_{1t} | + |χ_{2t} |) κ^{j+1}|t|^{−j}|f_1(t)|dσ_t

≤ κ^{j+1}M(r_2, f_1)

π(r^2 − r^2_1) [(∫ R |χ_{1t} |^2dσ_t )_{1/2} + (∫ R |χ_{2t} |^2dσ_t )_{1/2}] (∫ R |t|^{−2j}dσ_t )_{1/2} . By (33) and (35) this obviously implies the absolute and uniform convergence of the series to the right of (i) in every compact subset of G^∗_1 := {z : |z| < ρ^∗κ^{−2}}. We still have to show that

h_1(z) = f_1(z) − ∞∑ j=0 [a_j z^j ]_{ν,μ} ≡ 0 in G^∗_1 .

In any case h_1 is a (ν, μ)-solution in G^∗_1 and h_1(0) = 0. If h_1 ≢ 0 then h_1 were to possess at 0 an asymptotic expansion

h_1(z) = c_m(z + bz̄)^m − bc_m(z̄ + bz)^m + O(|z|^{m+α}) where b is (like b) an algebraic expression of ν(0), μ(0) with |b| ≤ k, α a constant > 0, m an integer ≥ 1 and c_m ≠ 0, cf. [6], p. 70. Hence h_1(z) − [c_mz^m]_{ν,μ} =: g_1(z) is a (ν, μ)-solution in G^∗_1, g_1(z) = O(|z|^{m+α}), and therefore even g_1(z) = O(|z|^{m+1}). Analogously with (37), (38) we have 0 = 1 |R| ∫ R Ω_m(t, h_1)dσ_t =

− mc_m(1 − |b|^2) + 1 |R| ∫ R Ω_m(t, g_1(t))dσ_t . (44)

Further, analogously with (39), | | | | 1 |R| ∫ R Ω_m(t, g_1(t))dσ_t | | | | ≤ m(1 + k)κ^{m+1} π(r^2 − r^2_1) (∫ R (|χ_{1t}| + |χ_{2t}|)^2dσ_t )_{1/2} (∫ R |t^{−m}g_1(t)|^2dσ_t )_{1/2} . If we put, e.g., r_1 =^1_2 r_2, then we have analogously with (40) that (as r_2 → 0) 1 |R| ∫ R Ω_m(t, g_1(t))dσ_t = O(r_2) . (45)

Thus the assumption h_1 ≢ 0 leads to a contradiction.

Concerning the remaining assertions on the a_j in theorem 8 only observe (29), (41), (42), (24), (25) and theorem 2 above as well as the fact that for the regular part F_1 and the principle part F_2 of F ≡ 0 with respect to G it must hold F_1 ≡ 0 and F_2 ≡ 0.

6. Proof of theorem 1

To prove (I) we first fix an open set B^∗ such that B ⊂⊂ B^∗ ⊂⊂ B_0 . Further let ν^∗(z) = ν(z), μ^∗(z) = μ(z) ∀z ∈ B^∗, ν^∗(z) = μ^∗(z) = 0 otherwise in C .

By convolution of ν, μ and ν^∗, μ^∗ with appropriate mollifiers ω_n(·) we obtain sequences of ν_n, μ_n and ν^∗_n, μ^∗_n satisfying (a)-(d) each and, moreover, ν^∗_n(z) = ν_n(z), μ^∗_n(z) = μ_n(z) ∀z ∈ B and for all n ≥ n_0 (where n_0 depends only on the choice of the ω_n and the choice of B^∗).

Let U, U_n be the integral transformations belonging to ν^∗, μ^∗ and ν^∗_n, μ^∗_n, respectively, according to [6], theorem IV.1.9. There exists a function g(·) uniquely defined in B_0 and analytic in B^∗ such that

Ug(z) = f(z) in B_0 .

From the properties of U, U_n (cf. [6], [9]) it almost immediately follows that f_n(z) := U_ng(z) are (ν_n, μ_n)-solutions in B tending uniformly to f(z) in every compact subset of B_0 as n → ∞, which proves (I) of theorem 1.

As to the proof of (II), by [6], IV.1 and IV.3 it holds

H_n(t, z) = log(t − z) + 1 π ∫ F_n(ζ, z) ζ − t dσ_ζ where F_n(·, z) is the unique solution of F_n(t, z) = − ν_n(t) t − z − μ_n(t) t − z + ν_n(t)T F_n(·, z)(t) + μ_n(t)T F_n(·, z)(t) (46) in L_s(C ) with an s satisfying kC(s) < 1 , 1 < s < 2 ; here C(s) means the norm of the complex Hilbert transformation T : L_s(C ) → L_s(C ).

The L_s-norm of the inhomogeneous term in (46) is uniformly bounded for every z ∈ C and for every n ∈ N; obviously the bound depends only on k, R^∗ and s ∈ (1, 2). Therefore, there exists a bound K_0 depending also only on k, R^∗ and s such that ‖F_n(·, z)‖_{Ls(C)} ≤ K_0 . Due to (c) and (10), F_n(t, z) = 0 ∀|t| > R^∗ + 1 . Further, P_Gh(t) := − 1 π ∫ G h(ζ) ζ − t dσ_ζ is a bounded operator on L_s(G) into L_s(G) for each s ∈ (1, 2), if G is a bounded domain, cf. [20], p. 40, and its norm depends only on s and G. Hence, if G = G_t is a domain with the properties required in theorem 1(II), then ‖H_n(·, z)‖_{Ls(Gt)} ≤ K_1 ∀z ∈ D_z with a constant K_1 depending only on k, R^∗, G_t, D_z, s and the choice of the branch of arg(t − z) for (t, z) ∈ G_t × D_z.

Since H_n(·, z) is (i.e. can be defined to be) a (ν_n, μ_n)-solution in G_t for every z ∈ D_z, lemma I.3.21 from [6] yields |H_n(t, z)| ≤ K ∀(t, z) ∈ D_t × D_z where K depends only on k, R^∗, G_t, D_z, s, the choice of the branch of arg(t − z) for (t, z) ∈ G_t × D_z, and the distance of ∂D_t from ∂G_t, which proves (II)(i).

The remaining assertions in theorem 1(II) follow from H_{nt}(t, z) = 1 t − z − T F_n(·, z)(t) , H_t(t, z) = 1 t − z − T F (·, z)(t) (where F (·, z) is the solution of (46) with ν_n, μ_n replaced by ν, μ) by means of (46) and the corresponding equation for F (·, z) under using the properties of the norm of the Hilbert transformation T in L_s (namely C(2) = 1 and the continuity of C(·) in (1, ∞)) and the properties of the sequences ν_n, μ_n.

References

[1] L. Bers, Partial differential equations and generalized analytic functions. Proc.

Nat. Acad. Sci. U.S.A. 36 (1950), 130-136; second note, ibid. 37 (1951), 42-47. [2] - , Formal powers and power series. Comm. Pure Appl. Math. 9 (1956), 693- 711.

[3] - , An outline of the theory of pseudoanalytic functions. Bull. Amer. Math.

Soc. 62 (1956), 291-331.

[4] B. V. Bojarski, Generalized solutions of a system of differential equations of first order and elliptic type with discontinuous coefficients. Mat. Sb. (N.S.) 43(85) (1957), 451-503 (in Russian).

[5] G. N. Polozhii, Theory and Application of p-Analytic and (p, q)-Analytic Functions. 2nd ed. Kiev: Naukova Dumka 1973 (in Russian).

[6] H. Renelt, Elliptic Systems and Quasiconformal Mappings. Wiley 1988. [7] - , Generalized powers in the theory of (ν, μ)-solutions. Ann. Univ. Mariae Curie-Skłodowska Sect. A 40 (1986), 217-235.

[8] - , An integral formula for the derivatives of solutions of certain elliptic systems. Ann. Polon. Math. 54 (1991), 45-57.

[9] - , Smooth approximation of solutions of Cauchy-Riemann systems. Ann.

Univ. Mariae Curie-Skłodowska Sect. A 50 (1996), 191-199.

[10] - , Mean value properties of solutions of Cauchy-Riemann systems. Ann. Univ.

Mariae Curie-Skłodowska Sect. A 50 (1996), 201-211.

[11] - , Reihenentwicklungen für Lösungen Cauchy-Riemannscher Differentialgleichungssysteme. Mitt. Math. Sem. Giessen 228 (1996), 31-38.

[12] - , On the growth of generalized powers. Ann. Univ. Mariae Curie-Skłodowska Sect. A 52.1 (1998), 157-167.

[13] - , Some integral transformations with reproducing properties. Zap. Nauchn.

Sem. S.-Peterburg. Otdel. Mat. Inst. Steklov (POMI) 270 (2000), 292-308 (in Russian).

[14] K. Rödel, Fundamentallösungen für Cauchy-Riemann-Systeme. Preprint Nr.

07(2000), Martin-Luther-Universität Halle-Wittenberg, Fachbereich Mathematik und Informatik, 2000.

[15] - , Verallgemeinerte Potenzen für Cauchy-Riemann-Systeme. Preprint Nr.

16(2000), Martin-Luther-Universität Halle-Wittenberg, Fachbereich Mathematik und Informatik, 2000.

[16] - , Verallgemeinerte Potenzen und Fundamentallösungen für Cauchy-Riemann- Systeme mit rotationssymmetrischen Koeffizienten. Preprint Nr. 01(2001), Martin-Luther-Universität Halle-Wittenberg, Fachbereich Mathematik und Informatik, 2001.

[17] B. V. Shabat, Cauchy’s theorem and formula for quasiconformal mappings of linear classes. Dokl. Akad. Nauk SSSR (N.S.) 49 (1949), 305-308 (in Russian).

[18] J. Spitzner, Generalized powers for Cauchy-Riemann systems with radially symmetrical coefficients. Ann. Univ. Mariae Curie-Skłodowska Sect. A 52.2 (1998), 137-147.

[19] - , Parameterabhängigkeit bei Cauchy-Riemannschen Differentialgleichungssystemen. Dissertation Martin-Luther-Universität Halle-Wittenberg, Fachbereich Mathematik und Informatik, 2000. Shaker Verlag 2000.

[20] I. N. Vekua, Verallgemeinerte analytische Funktionen. Berlin: Akademie- Verlag 1963.

Martin-Luther-Universität Halle-Wittenberg, Fachbereich Mathematik und Informatik, D-06099 Halle/S.