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Abstract

Splitting methods are a frequently used approach for the solution of large stiff initial value
problems of ordinary differential equations with an additively split right-hand side function.
Such systems arise, for instance, as method of lines discretizations of evolutionary partial
differential equations in many applications. We consider the choice of explicit Runge-Kutta
(RK) schemes in implicit-explicit splitting methods. Our main objective is the preservation of
positivity in the numerical solution of linear and nonlinear positive problems while maintaining
a sufficient degree of accuracy and computational efficiency. A �-stage second order explicit
RK method is proposed which has optimized positivity properties. This method compares well
with standard �-stage explicit RK schemes of order �, � � �� �. It has advantages in the low
accuracy range and this range is interesting for an application in splitting methods. Numerical
results are presented.
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1 Introduction

Splitting methods are a frequently used approach for the solution of large stiff initial value prob-
lems (IVPs) of ordinary differential equations (ODEs) with an additively split right-hand side func-
tion,

����� � ����� ����� � ����� ������� � � ��� ����� � ��� (1)

see e.g. [3, 8, 4]. Semi-discretizations of many evolutionary partial differential equations (PDEs)
by the method of lines (MOL) result in such problems. In this case the functions �� and �� often
correspond to the spatial discretization of terms of different type of a given PDE, e.g. advection
and diffusion/reaction.
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Splitting methods are based on splitting the right-hand side of a given ODE into a sum of two parts
which are each at least easier to handle in time integration schemes. In [4] an implicit-explicit
splitting scheme is considered of the form

���� � ��

��
�
� �� �

�

�

�
�� ��� ��� ��

��
�
� ��

�
��� (2)

Here, an approximation �� of ����� is advanced by a time step � to yield ���� as an approximation
of �������. �� and�� are approximate evolution operators of �� and ��, respectively, such that (for
� � �� �) � �� ����� 	��	 approximates the solution ��	�� �� of ����� � ����� ������ � � 	� with initial
condition ��	�� � 	. If the operators �� are at least second order accurate approximations of the
exact evolution operators associated with the �� then the order of consistency of the approximation
(2) is two.
The above scheme is applied to an ODE system with a right-hand side function which splits into a
part �� corresponding to advection and a part �� representing diffusion and reaction in [4]. There-
fore, in order to avoid a time step restriction by stability, the operator �� is chosen as an implicit
method, the linearly implicit trapezoidal splitting method [3, 8]. Further, the ODE system is of-
ten of a type such that a non-negative initial condition evolves in time without becoming negative
(e.g. [4, 9]). This is the case, for example, if a PDE models concentrations or densities and the
semi-discretization is done positivity preserving. This qualitative property of the exact solution
should carry over to the approximate numerical solution and because of the sequential character
of (2) we have to ensure it simply for both approximate evolution operators. Here we assume
that this property holds for ��. An explicit method is chosen for �� because �� stems from the
discretization of an advection operator in the application [4] and explicit methods are in general
more efficient for such problems. In this paper we are concerned with the selection of an effi-
cient explicit method (��) which is sufficiently accurate for an application in (2) and preserves
non-negative initial conditions of an IVP for reasonably large time step sizes.
In the remainder of this paper we consider the solution of the IVP

����� � ���� ������ � � ��� ����� � ��� (3)

where 
 � � � �� � � � �� � �
� and � � � � �

� � �
� are given. Let � has the property

� is continuous and (3) has a unique solution for all �� � � and all �� � �
� . (4)

The relations �� �, etc. are meant for each component of matrices or vectors throughout this
paper.

Definition 1 (positive ODE system, IVP)
The ODE system in (3) as well as the IVP (3) are called positive if � has the property (4) and
���� � 
 holds for all � � �� whenever �� � 
.

Lemma 1 ([6])
Let � satisfy condition (4). The IVP (3) associated with this function is positive if and only if for
all � and any vector � � �

� and all � � ����
, holds

�� � 
� �� � 
 for all � �� � � ����� �� � 
�
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We denote with � the set of functions � for which the corresponding IVP (3) is positive. For
 � � � �

� continuous and ��� � 
 for all � we denote with ��
� the subset of linear problems of

� where ���� �� � �� � ���� � � �
��� .

Corollary 1
Let  � � � �

� be a continuous function such that ��� � 
 for all �. � � ��
� if and only if

���� �� � �� � ���� � � �
��� and � 	 ���� � 
.

Positive ODE systems arise in a great variety of applications, e.g. when modelling chemical reac-
tions, in the semi-discretization of air pollution [9] and biomathematical models [4]. The quantity
���� usually describes the concentration or density of some species. In such a situation we are
naturally interested in obtaining non-negative numerical approximations �� of the solution �����
at discrete time points �� by an appropriate numerical method. This requirement is not met in
general. We consider explicit Runge-Kutta (ERK) methods for the solution of (3) in this paper; for
multi-step methods see for instance [7, 1].
An �-stage Runge-Kutta (RK) method for the solution of (3) can be characterized by a coefficient
matrix � � �

��� (with ��� � 
 for all � � � for explicit methods), a weight vector � � �
� and a

knot vector � � �
� defined by �� ��

��
��� ���. In short, such a scheme is often represented by its

Butcher array
� �

�

or by the pair ��� �� and it advances a given approximation �� of ����� by a time step � via

����� � �� � �

��
���

������� � ���� �
�
����� � � ������

���� � �� � �

��
���

������ � ���� �
�
�����

Any explicit RK method can be written as a convex combination of forward Euler steps, [12].
Let ��� � 
 be given for � � ����� � � and � � ����� 	 � such that

����
��� ��� � � and denote

������ �� �� for � � �����. Then holds with ���� �� ��,

���� ��
����
���

�����
��� � �������� � ���� �

������ � � ������ �� (5)

that ���� � ������. Here ��� is defined as ��� �� ��� 	
����

����� ������ .

Definition 2 (positive method, [6])
Let there be given a one-step method,
 � � and 
 � � � . The method is called positive on

with threshold � if the numerical approximations obtained by the method are uniquely defined and
are non-negative whenever the method is applied to the IVP (3) with any � � 
 � �� � � � �� � 

and with step size at most � . If this holds with � � then the method is called unconditionally
positive, otherwise conditionally positive.
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In this paper we say that a method taken from a class of methods has optimal positivity on a certain
problem class if it is a positive method on this problem class with a step size restriction � and all
other methods from the given class have, for positivity on the problem class, a step size restriction
	� � � .
Results on positivity of numerical methods applied to linear problem sets ��

� can be found in [1],
regarding nonlinear problems we refer to [9, 6]. We present some of these results in Section 2. The
motivation for this work stems from the application of time-split methods (2) to IVPs (1) arising
as MOL discretization of coupled hyperbolic-parabolic PDE systems. The MOL approach already
introduces a spatial error in the solution process. Therefore and because (2) is at most second order
accurate, we are searching for explicit methods�� with low to modest order of accuracy only (order
� or �). More important are the positivity properties and in Section 3 we study a class of explicit
Runge-Kutta methods from this point of view. The method obtained and standard methods are
then compared and evaluated in Section 4. We use the linear, scalar advection equation and the
biomathematical model describing tumor angiogenesis from [4] as test cases. Finally, we discuss
our results and draw some conclusions in Section 5.

2 General results on positivity of ERK methods

Definition 3 (absolute monotonicity and threshold factor, [10])
A rational function ���� is said to be absolutely monotonic at a point � � � if � has no pole and
is non-negative in � and all its derivatives exist and are non-negative in �. The threshold factor
of ����, � ���, is defined as � ��� � ������� � 
 or �� � 
� � is absolutely monotonic �� �
�	�� 
���.

The application of an ERK method with step size � to a problem taken from class ��
� results in a

scheme of the form

���� � ���� ��� � �

��
���

����� ���� � ����� (6)

Here ���� is a polynomial approximation to �	 around � � 
 and it is called the stability function
of the method. The functions ����� are also polynomials.
We introduce subclasses of the problem class ��

� and define for � � 


��
� ��� �� �� � ��

� ����� �� � �� � ��� where ��� � 	�� � � ����
��

The theory of Bolley and Crouzeix in [1] leads us to the following theorem.

Theorem 1 ([1])
Let ���� and ����� be the polynomials in (6) of an ERK method, and assume that they are ab-
solutely monotonic on the interval �	�� 
� for a value � � 
. Then the method (6) is positive on
��
� ��� under the step size restriction �� � �.

Absolute monotonicity of the polynomials ���� and ����� of an ERK method is not sufficient to
guarantee positivity of the method when applied to more general problem classes. An important
quantity of RK methods with respect to nonlinear problems is the radius of absolute monotonicity
of a RK method, which we denote by � ��� ��where ��� �� is the RK method at hand (see Section 1).
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Definition 4 (Radius of absolute monotonicity of an RK method, [11])
Let an RK method ��� �� be given and denote �� � ��� �� � � � � ���. � ��� �� �� � where � � 
 is the
largest possible value such that for all � � �	�� 
� the RK scheme is absolutely monotonic in �,
that is

� 	 ����� exists�

���� � � � ��
 � 	 ������� � 
�

���� � �� 	 ����� � 
�

���� � �
 � 	 ����� � 
�

���� � � 	 ������� � 
�

If no such � exists then we set � ��� �� �� 
.

The first condition is always satisfied for ERK schemes.
This radius is used by Kraaijevanger [11] in the study of contractivity of RK methods and also
used in the nonlinear positivity theory for RK methods by Horvath [6]. It holds that the threshold
factor of the stability function ���� of an RK method is greater than or equal to the radius of
absolute monotonicity of this method, � ��� � � ��� ��. Further, � ��� �� � 
 is necessary for
contractivity resp. positivity of the RK method when applied to certain subclasses of dissipative
problem sets. We give the following lemma with statements from [11]; for concepts of reducibility
of RK methods we refer to [2].

Lemma 2 ([11])
For irreducible RK methods ��� �� holds:

1. � ��� �� � 
 � � � 
� � � 
 and ��� ����
�� �� 
� ��� �� 
�.

2. Let � � 
. Then � ��� �� � � � ��� �� is absolutely monotonic in 	� and � � 
.

In [9] the positivity of ERK methods is studied using the reformulation of the method as convex
combination of forward Euler steps, see (5).

Lemma 3 (see also [9])
Let ��� �� be a given ERK scheme and assume that the coefficients ��� in (5) are non-negative.
Consider a positive ODE ����� � ���� �����. If 	 � ����� 	� � 
 for all 	 � 
, all � and all step
sizes 
 � � � �� then the ERK method ��� �� is positive for the given ODE under the step size
restriction

� � ���
���������

���

���
��� where ���

��
�� � for ��� � 
. (7)

Proof We show that 		 �� ���	 � �������� � ���� 	� � 
 for all step sizes � satisfying the
condition of the lemma. If ��� � 
 then this is obviously true, so assume henceforth ��� � 
. If
��� � 
 then there exists no � � 
 satisfying the conditions of the lemma and if ��� � 
 then

		 � ���

�
	� �

���

���
���� � ���� 	�

�
� 


if � ��
���
� ��, i.e. � � ���

��
��. �

We will refer to ���
���������

���
��

as the positivity factor of a given ERK method ��� �� in this paper.
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3 Positivity of �-stage ERK methods

The absolute monotonicity of the stability polynomial of an ERK method is crucial with respect
to the allowable time step size in order to guarantee positivity of the method when applied to the
problem class ��

� ���. This can be seen from Theorem 1. The absolute monotonicity of polynomi-
als is studied in [10] and it is stated that �-stage ERK methods of order � have a threshold factor
� ��� � �, whereas �-stage ERK methods of order �	 � have a threshold factor of at most �. This
means that, at the cost of just one matrix-vector product, the allowable time step size with respect
to positivity of the method is doubled. Further, [10] gives the optimal stability polynomials in these
two cases.
We are interested in second or third order methods here. Numerical experiments in [10] demon-
strate that (on a linear test problem) the �-stage method of order two performs more efficient with
respect to positivity compared to the �-stage methods of order � for � � �� � (optimal stability poly-
nomial for positivity on ��

� ��� in each case). Therefore we consider �-stage explicit Runge-Kutta
methods of order two with optimal stability polynomial for positivity on ��

� ��� in this section. We
will use the free parameters in this class of methods to satisfy nonlinear positivity conditions and
further order conditions.
Consider a �-stage ERK method ��� ��. The conditions for order two are

�
� �� � � and

�
� ���� �

�
�
. The stability polynomial of a �-stage ERK method of order two is ������� � � � � � �

�
�� �

���������
�. On the other hand, the optimal stability polynomial for �-stage ERK methods of order

two with respect to positivity on the problem class ��
� ��� is ��

������ � �� �� �
�
��� �

��
��. Hence,

beside the two order conditions, the parameters of the method have to satisfy �������� � �
��

.
Solving for these three conditions results in the methods given by the Butcher array in Figure 1
(left); denote ! �� �����.



�

���



�

��

�
�

�
	

��

���
	 !
�

�

��



�	 �� 	 �� �� ��

�����������
���� ����



�

���



�

��

�
�

�
	

��

���
	 !
�

�

��



�	 �� 	 �� ��
�	������


������

��������
� ���� �� ��	��

�� ��
����

Figure 1: Butcher array of a general �-stage, second order ERK method with optimal positivity on the class
��
� ��� (left) and the same but with an additional order three condition satisfied (right).

We will further restrict the range of values for the parameters in Figure 1 (left) in Subsection 3.1.
The aim is to satisfy the conditions of Lemma 2 for � ��� �� � 
. Following this we construct
the method with � ��� �� � �, and find the optimal method with respect to Lemma 3. It will turn
out that both methods are identically. Finally, we consider positivity of the methods on the class
��
� ���.

It is also possible to use the free parameters ��� �� and ! in the methods of Figure 1 (left) to
satisfy one order three condition. The third order condition

�
��� ������� � �������� � �

	
cannot

be satisfied because of the condition on the stability polynomial. However, the other third order
condition

�
� ���

�
� � �

�
can be satisfied. We have ���� � �

�
	 ����. Substituting this in the third
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order condition yields �
�
� ���

�
� �

�
��

�
�
�
	 ����

��
. Employing �� � �

���
, we arrive after some

calculations at the methods given in Figure 1 (right). In Subsection 3.2, we state some results
concerning positivity properties of this class of methods.
Finally, in Subsection 3.3 we consider the linear stability properties of the methods from Figure 1.

3.1 Nonlinear positivity of the methods from Figure 1 (left)

The radius of absolute monotonicity � ��� ��

Lemma 4
Let ��� �� be an irreducible scheme from Figure 1 (left). It holds � ��� �� � 
 if and only if

�� � �
� ��� �� �

�

�

�

�

�
� �� � �� � �� and ! �

	
�

�
	



�

��
	

��

��
�
�

�
�



�

��
	

��

��

�
�

Proof By Lemma 2 holds � ��� �� � 
 � � � 
� � � 
 and ��� ����
�� �� 
 � ��� �� 
�� We

show that the latter holds if and only if the conditions given in the lemma hold.
�
� � 
� �� � �	 �� 	 ��� ��� �� � 
� ��� �� � � and �� � �� � �.
! �� 
 and ��� � 
� ! � 
� ��� � 
 and with �� � 
 also ��� � 
. Further ��

�� �� 
 only for
� � �� � � �, that is ��

�� � ������ �� 
, and this implies that also ��� � 
 holds.

��� � 
� !� 	 �
�
! � ��

��
� 
� �� � �



and ! �

�
�


	
�

�
�	
	 ��

��
� �


�
�

�
�	
	 ��

��

�
.

�
The conditions on the �� imply � � 
. �� � �



� ! � 
� ��� � 
 and ��� � 
. Further, ��� � 


follows with the conditions on !. �

Remark 1 We see that all schemes satisfying the conditions of Lemma 4 are irreducible because
� � 
 and the subdiagonal part of � is positive.

For �-stage ERK methods ��� �� we obtain

� 	 ����� �


� � 
 

	���� � 

	���� 	���� �

�
�
��

�


� � 
 


���� � 

���� � �������� ���� �

�
� �

We already know that � ��� �� � � for the methods under consideration because that is the thresh-
old factor � ��� of the stability function ����. Let ��� �� be an irreducible �-stage ERK method
with � ��� �� � 
. Then ��� �� is absolutely monotonic in � (� � �	�� 
�) if and only if the
following conditions are satisfied (see Definition 4):

���� � "���� �� ��� � ������� � 
�
���� � "���� �� �� � ������� � ������ � ���������� � 
�

"���� �� �� � ������ � 
�
���� � "
��� �� � � ���� � 
�

"���� �� � � ����� � ���� � �������� � 
�

(8)
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Lemma 5
Let ��� �� be a scheme from Figure 1 (left) satisfying the conditions of Lemma 4. Then ��� �� is
absolutely monotonic in � (� � �	�� 
�) if and only if "���� � 
, � � �����, and this is the case if
and only if

� � ��! 	 � �
��

!
�


 � �	 �� 	 �� �

�
�

�
	 !

�
� �

�

��
���

� � 	
��

!
�

� � 	��!�


 � �� �

�
�	

��

!

�
� � �����

Proof The statement follows by simplifying and rearranging the conditions "���� � 
, � �
�����, by using the method coefficients given in Figure 1 (left). �

Theorem 2
Let ��� �� be an irreducible scheme from Figure 1 (left). Then � ��� �� � � if and only if �� � �� �
�
�

and ! � �
	
.

Proof Let � ��� �� � �. Then the conditions of Lemma 4 are satisfied and ��� �� is absolutely
monotonic in � � 	�. Hence the conditions of Lemma 5 are satisfied for � � 	�. The third
condition implies ! � ��

�
and the fourth condition ! � �

	
. These two bounds on ! make �� �

�
�

necessary. The first condition of Lemma 5 for � � 	� implies


 � !� 	
�

�
! �

��

��
�� ��!��

It is ��
� � 
 and the discriminant is given by # � �
�	
	 ��

��
. In order to have the condition satisfied

for some ! we need # � 
 and this is the case only for �� �
�
�
. Hence �� � �

�
is necessary and

this immediately implies ! � �
	
. The fifth condition of Lemma 5 for � � 	� now implies �� �

�
�

whereas the second condition requires �� �
�
�
. Hence we need �� �

�
�

On the other hand, if ��� �� is the scheme from Figure 1 (left) with �� � �� � �
�

and ! � �
	

then
��� �� is irreducible and satisfies the conditions of Lemma 4. We already know that � ��� �� � �.
With Lemma 2 holds � ��� �� � � if ��� �� is absolutely monotonic in � � 	� and this is the case
if the conditions of Lemma 5 are satisfied for � � 	�. By inspection we see that this is the case.
�

The positivity factor

We will investigate the positivity factor (appearing in Lemma 3) of the class of ERK methods
��� �� from Figure 1 (left) with � ��� �� � 
 (see Lemma 4). Our aim is to construct methods with
factor � and therefore we have to show that ���

��
� � for all � � � � � � �, see also Equation (5).
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We have ��� � � and ��� � �
���

� 
. Hence ���
��

� �� ! � �
	
. It is ��� � ��� � �

��
� 
 and

hence ���
��

� �� ��� �
��
��

. Using ��� � � this implies �� � �! � �
�
.

It is �
� � �� � 
 and ���
��

� �� �
� � ���. Using �
� � � implies �� �
�
�

and hence ! � �


.

It is �
� � �� 	 �
�
�
��
� 
� �
� �

����
�

. This implies �! � �� and hence �� �
�
�

and �� �
�
�
.

It is ��� � ��� 	 ������ � 
 � ��� �
���
���

� �
��
��! 	 ��!� 	 ���. Using �� � �! implies

��� �
��
��
��	 �!� and ! � �

	
leads to ��� �

��
��

. Hence we need ��� � ��
��

. Now we can simplify

��� �
�
��

�
�
�
	 ��

���
	 !
�
.

Case 1: ��� � 

This is only possible for ! � �

	
and �� � �

�
because we already know �� �

�
�
. Now we have

����
�

� ��� and therefore �
� � ���. This also gives �
� � 
. It is �
� � �� 	 ����
� 	 ����
� �
�
�
	 �� 	

���
�
� 
� �� �

�
�
	 ���

�
. Using �� �

�
�

leads to �� � �
�

and �
� � 
. Hence we obtain
the method ���� ��� !� �

�
�
�
� �
�
� �
	

�
.

Case 2: ��� � 

This is only possible if �� � �

�
and this is in contradiction with �� �

�
�
.

Hence the only method ��� �� from Figure 1 (left) with � ��� �� � 
 and positivity factor � is given
by

���� ��� !� �

�
�

�
�
�

�
�
�

�

�
� with ��� � �� ��� � 
� ��� � �� �
� �

�

�
� �
� � 
� and �
� �

�

�
�

Positivity on ��
� ���

We will apply the class of ERK methods ��� �� from Figure 1 (left) with � ��� �� � 
 (see
Lemma 4) to the problem class ��

� ���. The polynomials �����, � � �� �� � in (6) of a �-stage
ERK method are given by

����� � �� � ������ � ������� � ���������
�� ����� � �� � ������� ����� � ��� (9)

and simplify for methods from Figure 1 (left) to

����� � �	 �� 	 �� �

�
�

�
	 !

�
� �

�

��
��� ����� � �� � !�� ����� � ���

For optimal positivity of the methods applied to problems from ��
� ��� we need, according to

Theorem 1, that the threshold factor � ���� of the polynomials ����� is as large as possible. It is
� ��� � � and therefore we are interested in methods with � ���� � �. For the method derived
above (���� ��� !� �

�
�
�
� �
�
� �
	

�
) it is easily shown that Theorem 1 applies with � � � (and this is

optimal).

3.2 Nonlinear positivity of the methods from Figure 1 (right)

The class of methods in Figure 1 (right) compared to the class in Figure 1 (left) satisfies additionally
one of the order three conditions. We were able to identify the admissible range of the parameters
���� !� such that � ��� �� � 
 holds for this class. Within this parameter range we determined
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numerically the method which maximizes � ��� ��. This is the method with �� � 
������ ! �

��
�� leading to � ��� �� � ������. Figure 3.2 gives a plot of � ��� �� as a function of the free
parameters �� and !.

Figure 2: The radius of absolute monotonicity � ��� �� of the schemes ��� �� in Figure 1 (right) as a function
of the free parameters �� and �.

Rewriting the ERK method from Figure 1 (right) with �� � 
����� and ! � 
��
�� as a convex
combination of forward Euler steps (see formula (5)) with ���� � 
������ �
�� � 
��� and �
�� �

�



��� results in a positivity factor of � ������ (see Lemma 3).
These numerically obtained values (optimal � ��� ��, positivity factor) for the methods from Fig-
ure 1 (right) are slightly better than those which hold for �-stage methods of order � (all values
equal one) but they are worse than the values for the optimal method from Figure 1 (left) where
all values equal two. Further, the methods from Figure 1 (right) are still of second order only and
the advantage of having one of the third order conditions satisfied is expected to be marginal. The
numerical performance of the optimized method (with an additional third order condition satisfied)
is almost the same as for the optimized method devised in the previous subsection (Figure 1 (left)
with ���� ��� !� �

�
�
�
� �
�
� �
	

�
).

Therefore we will omit the results of this method in our numerical tests.

3.3 Linear stability

Compared with �-stage ERK methods of order �, the stability functions of the 3-stage methods in
Figure 1 have a twice as large absolute monotonicity interval allowing for twice as large time steps
with regard to positivity of the method when applied to the problem class ��

� ���.
We now turn our attention to the linear stability of the 3-stage ERK methods of order 2 with
optimal positivity on the problem class ��

� ���. The linear stability region is given in Figure 3. For
comparison, we also print the linear stability regions of the �-stage ERK methods of order � for
� � �� �.
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Figure 3: Linear stability regions for the 3-stage ERK methods given in Figure 1 and the �-stage ERK
methods of order � for � � � and � � � (largest to smallest).

The region of the 3-stage methods from Figure 1 is stretched by a factor of about two in the
real direction compared with the regions of the �-stage methods of order �. With respect to the
imaginary direction, there is only little stretching compared to the �-stage, second order methods
and a slight disadvantage near the imaginary axis compared to the �-stage, third order methods.
Altogether, the �-stage, 2nd order methods from Figure 1 have also favourable linear stability
properties.

4 Numerical experiments

In the previous section we have constructed �-stage ERK methods of order � with optimal pos-
itivity on ��

� ���. Using additional conditions which are sufficient for positivity of the methods
on other problem sets (non-autonomous, non-linear) we have identified a method with favourable
properties. This is the method from Figure 1 (left) with �� � �� � �! � �

�
, which we will refer to

as RK32, see Figure 4.

We compare this method with the following schemes: modified Euler (ME, two stages, second
order) and Runge-Kutta-Fehlberg method 2(3) (RKF2(3), three stages, third order, see [9, 5]).
Both methods have � ��� � � ��� �� � �, and positivity factor �.

We have selected two test examples. Firstly, the performance of the ERK methods is evaluated
with respect to accuracy, positivity and efficiency on a MOL approximation of the scalar, linear
advection equation in Section 4.1. Here the ERK methods are applied with constant time step
sizes. Secondly, in Section 4.2 we consider the solution of a coupled hyperbolic-parabolic PDE
system from [4] with an implicit-explicit splitting scheme of the form (2). The ERK methods are
used for the explicit part of this scheme. A time step size control is used in the splitting scheme.
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Figure 4: Butcher arrays for ME, RKF2(3), and RK32 (from left to right). The last row of each array
defines an embedded method.

4.1 Scalar, linear advection equation

We consider the scalar, linear advection equation in one space dimension

	���� $� � 	���� $� � 
 for $ � �
� ��� � � 
�

	�
� $� � 	��$� for $ � �
� ���

	��� 
� � 	��
� for � � 
�

We use two different initial conditions, a block and a smooth profile:

	��$� �

�
� for 
�� � $ � 
��

 otherwise

� and 	��$� � �����%$��

Our final time is �� � �



and we discretize the spatial derivative on an equidistant spatial grid with
mesh width �$ � �

���
employing the positive, �rd order upwind discretization with van Leer flux

limiter as described in [9, 4]. The result of this discretization is a nonlinear, positive, autonomous
ODE system.
We test the methods with fixed time step sizes � and perform & � ��� �
� � � � � �
� �
 steps. This
leads to values of � � 
�
��� � � � � 
�

� and Courant (CFL) numbers ' �� �

�
� ��

�
� ���� � � � � 
��.

The �-stage methods require � right-hand side evaluations per time step and the �-stage method
only �.
In Table 1 we give the scaled (�-norm (���� � � �

�

��
��� �

�
� �

��� for � � �
� ) and the -norm

(���� � ��������� ���� for � � �
� ) of the errors of the numerical approximations with respect to

a high accuracy solution of the ODE (obtained with the code DOPRI5 (see [5]), time discretization
error) and with respect to the exact solution of the PDE (full time-space error). Further, in order
to characterize positivity, the value of the smallest component of the solution is given. The spatial
error of the semi-discretization (estimated by the difference between exact solution of the PDE and
high accuracy solution of the ODE) is approximately �
�� in the scaled (�-norm and �
����	 in the
-norm for the block profile and �
���� and �
����, respectively, for the smooth profile.
We call an approximate solution positive if the smallest component is greater than 	�
��. In the
tables this is marked by a horizontal line.
The CFL threshold for positivity is � for ME and � 
�� for the three stage, third order method
RKF2(3). RK32 has a CFL limit of � ���� for the block profile and of � ��� for the smooth
profile), and hence larger steps are possible.
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� ����� ����� ����� ����� ���� ��

ME
�� 5.96 5.96 6.44 6.44 ��� 6.4

�� 2.49 2.49 2.92 2.92 ��� 2.9

�� �1.04 �0.81 �0.55 �0.30 �

�� �1.48 �0.94 �0.90 �0.27 �

�� �1.84 �1.00 �1.21 �0.31 ��� -30.4

	� �2.02 �1.01 �1.36 �0.32 ��� -30.4

�� �2.22 �1.03 �1.55 �0.34 ��� -30.6

RKF3(2)
�� 5.37 5.37 5.84 5.84 ��� 5.8

�� �1.06 �0.84 �0.44 �0.32 ��� -1.4

�� �1.96 �1.01 �1.31 �0.36 ��� -3.3

�� �2.56 �1.03 �1.92 �0.36 ��� -5.4

�� �2.81 �1.04 �2.17 �0.36 �

	� �3.00 �1.04 �2.36 �0.36 ��� -30.4

�� �3.32 �1.04 �2.69 �0.36 �

RK32
�� �1.13 �0.84 �0.60 �0.31 ��� -6.8

�� �1.72 �0.98 �1.06 �0.29 ��� -30.2

�� �1.93 �1.01 �1.28 �0.31 ��� -30.3

�� �2.08 �1.02 �1.42 �0.33 ��� -30.2

�� �2.21 �1.03 �1.54 �0.33 ��� -30.2

	� �2.32 �1.03 �1.65 �0.34 ��� -30.3

�� �2.51 �1.03 �1.84 �0.35 ��� -30.5

� ����� ����� ����� ����� ���� ��

ME
�� 2.98 2.98 3.59 3.59 ��� 3.6

�� 0.67 0.67 1.05 1.05 ��� 1.0

�� �1.87 �1.87 �1.40 �1.40 ��� -12.2

�� �3.00 �2.81 �2.43 �2.29 ��� -13.5

�� �3.49 �3.01 �2.93 �2.45 ��� -14.9

	� �3.60 �3.04 �3.03 �2.47 ��� -16.2

�� �3.79 �3.07 �3.21 �2.48 ��� -18.0

RKF3(2)
�� 3.00 3.00 3.52 3.52 ��� 3.5

�� �1.58 �1.58 �0.93 �0.93 ��� -4.3

�� �3.73 �3.13 �3.08 �2.51 ��� -5.1

�� �4.20 �3.17 �3.48 �2.54 ��� -7.5

�� �4.34 �3.16 �3.61 �2.53 ��� -31.1

	� �4.47 �3.16 �3.75 �2.52 ��� -29.9

�� �4.74 �3.15 �4.04 �2.51 ��� -26.4

RK32
�� �2.04 �2.03 �1.45 �1.45 ��� -10.7

�� �3.29 �2.94 �2.73 �2.37 ��� -13.4

�� �3.48 �3.00 �2.88 �2.43 ��� -14.9

�� �3.64 �3.05 �3.05 �2.47 ��� -17.1

�� �3.78 �3.07 �3.18 �2.48 ��� -18.8

	� �3.89 �3.09 �3.29 �2.49 ��� -20.1

�� �4.09 �3.11 �3.51 �2.49 ��� -21.7

Table 1: Results for the scalar, linear advection equation with block initial condition (left) and smooth initial
condition (right). � denotes the number of time steps, �	
�� the scaled ��-norm of the time discretization
error (�	
�� the corresponding ��-error), ��
�� and ��
�� the norms of the full time-space error, and
���� the value of the minimal component in the approximate solution at final time. The norm values are
given as logarithms to the base 	
.

The space-time error of the solution should balance with the spatial error introduced by approx-
imating the spatial derivatives. Hence we require that the approximations have space-time errors
which are smaller than �
���� and �
���� for the block solution and �
�� and �
���
 for the smooth
solution (scaled (�- and (�-error, respectively). In order to obtain this, we have to limit the CFL
number to 
�� for ME and to � for RK32. No further reduction of the CFL number is necessary for
RKF2(3).

With the obtained CFL limits for positivity and sufficient accuracy we require at least �
 right-
hand side evaluations with ME, �
� with RKF2(3) and �� with RK32. Therefore, the methods
ME and RK32 are equally efficient for this example. However, considering the larger CFL limit
of RK32, this method allows for larger time steps. This may pay off if it is employed in time
splitting methods, especially in the low accuracy range (because larger time steps are possible for
the expensive implicit part of the splitting). This will be discussed in the following section.
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4.2 Application in the context of implicit-explicit splitting

Here we apply the ERK methods ME, RKF2(3) and the optimized method RK32 as part of an
implicit-explicit time stepping scheme for the solution of the ODE system arising after semi-
discretization of a hyperbolic-parabolic system of PDEs describing the process of tumor angio-
genesis. We refer to [4] for details of the PDE, the spatial discretization and the employed time
splitting method. We present numerical results obtained on a ��
� ��
 and on a �

� �

 spatial
grid resulting in ODE systems of dimension approximately �



 and �



, respectively.
We expect an improved performance of the splitting scheme if the explicit method RK32 instead
of ME or RKF2(3) is used within the splitting, at least for low accuracy requirements. The reason
is that – although RK32 and ME perform comparable for the linear advection equation considered
in the previous section – the larger time steps allowed by RK32 should pay off because we have to
solve less linear systems in the implicit part of the splitting scheme in order to reach a given final
time.
We use a time step size selection strategy based on estimating the local error of the approximate
solution. The local error after each part of a time split step is estimated (and we reject the step if
the required local accuracy is not reached for one part). We can use embedding for error estimation
in the explicit schemes (explicit Euler for ME, the last stage of RK32 provides a first order em-
bedding, and modified Euler for RKF2(3), see Figure 4). We use, as stated in the introduction, the
linearly implicit trapezoidal splitting method as implicit solver in the splitting scheme. There is no
obvious and cheap embedded solution provided by this scheme and therefore we use Richardson
extrapolation to estimate the local error in this part of the splitting.
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Figure 5: Accuracy vs. computation time plots for the hyperbolic-parabolic example and time splitting
with step size control . The grid spacing is 	�	�
 (left) and 	��

 (right). The required accuracy ranges
from 	
��� 	
���� to 	
�
. The method RKF2(3) returns no solution for accuracies 	
�� and 	
���� in
acceptable time.

Figure 5 gives accuracy vs. computation time plots for this example at final time 
�� (the bio-
logical assumptions in the model hold only up to this time). The accuracy of the approximate
solution is measured against a high accuracy solution of the ODE system (computed with the code
DOPRI5). Hence, only time discretization and splitting errors are considered, no spatial errors.
Table 2 contains the values of the most negative component of the numerical solution at time 
��.
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M=150 M=200
� ���(tol) ME RKF2(3) RK32 ME RKF2(3) RK32
-2 -12 � -7 -9 � -7
-2.5 -4 � -3 -6 � -4
-3 -7 -6 -7 -6 -7 -5
-3.5 -20 -7 -20 -14 -6 -8
-4 -21 -20 -21 -22 -20 -22

Table 2: Values of the most negative component in the numerical solution of the hyperbolic-parabolic
problem at 	 � 
�� for the different methods and required accuracies. These values are all negative and
we give the logarithm to the base 	
 of the absolute value in the table; a � indicates that no solution was
returned in acceptable time.

We see that there are no significant differences in the efficiency of the considered methods for
high accuracy demands. However, for low demands, the optimized method RK32 demonstrates
a better performance. The third order scheme fails to produce an acceptable solution in the low
accuracy range. The positivity results of RK32 and ME are very similar, with a slight advantage
for RK32 (compare the positivity of solutions which are computed with about the same amount of
CPU time).

There should be an even greater advantage of employing the optimized method compared to the
standard methods if the computations in the implicit part of the splitting get more involved because
of the potentially larger time steps which can be taken.

5 Conclusions

We have discussed the choice of �-stage ERK methods in Strang-type implicit-explicit splitting
methods for the solution of MOL discretizations of evolutionary PDEs. Our main objectives were
the positivity of the methods for as large as possible time steps and computational efficiency while
maintaining a sufficient degree of accuracy in the solution. As a result we propose the method
RK32. This method compares well with standard second or third order ERK methods.

The method RK32 allows for larger time steps in the solution of the scalar, linear advection equa-
tion compared to the other methods in order to obtain comparable accuracy and positivity in the
solution.

If RK32 is applied in the more complex situation of implicit-explicit splitting methods then there
is an efficiency gain compared to the standard methods in the low accuracy range. This efficiency
gain is expected to be even larger if the implicit part of the splitting becomes computationally more
expensive. We note especially that an acceptable solution can be obtained in less computation time
by employing the devised optimized method in the splitting approach than by using the standard
methods. This is important in large scale simulations or for parameter estimation. Altogether,
RK32 appears to be a very reliable choice as explicit method in implicit-explicit splitting schemes.
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