The Kolmogorov Complexity of Liouville Numbers^�

Ludwig Staiger

Institut für Informatik Martin-Luther-Universität Halle-Wittenberg

Abstract

We consider for a real number α the Kolmogorov complexities of its expansions with respect to different bases. In the paper it is shown that, for usual and self-delimiting Kolmogorov complexity, the complexity of the pre�xes of their expansions with respect to different bases r and b are related in a way which depends only on the relative information of one base with respect to the other.

More precisely, we show that the complexity of the length l � log_r b pre�x of the base r expansion of α is the same (up to an additive constant) as the log_r b-fold complexity of the length l pre�x of the base b expansion of α.

Then we use this fact to derive complexity theoretic proofs for the base independence of the randomness of real numbers and for some properties of Liouville numbers.

∗appeared in: ŞKomplexität, Graphen und AutomatenŤ, Gerd Wechsung zum 60. Geburtstag, Würzburg, pp. 91 Ű 101.

Contents

1 Notation and Preliminaries 3

2 Base independence 5

3 The complexity of real numbers 8 3.1 Random reals . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 3.2 The Kolmogorov complexity of Liouville numbers . . . . . . . . 9 3.3 The Hausdorff dimension of Liouville numbers . . . . . . . . . . 11 3.4 Disjunctive Liouville numbers . . . . . . . . . . . . . . . . . . . 12

Kolmogorov Complexity is mainly attributed to ^nite strings over a ^nite alphabet. As a function or, more coarsely, as a limit it measures the complexity of in^nite strings.

Real numbers are described by their (in^nite) r-ary expansions. Thus, choosing the base r, we may attribute Kolmogorov complexity also to real numbers, however, relative to the chosen base. Consequently, it might happen that the Kolmogorov complexity of a real number depends on the chosen base r. Particular cases, where a property of a real number depends an the base r are disjunctiveness and Borel normality. An in^nite r-ary expansion ξ of the real number ν_r(ξ) := 0.ξ is called disjunctive provided every ^nite r-ary string appears as an in^x of ξ. Borel normality is de^ned in a similar way, taking into account also the relative frequencies of the in^xes. For more detailed information see, e. g. , [Ca94, He96]. It was already shown in [Cs59, Sc60] that Borel normality and disjunctiveness are not invariant under changes of the base r. On the other hand, it was shown in [CJ94], and in another context in [HW98], that the property of randomness of an in^nite expansion of a real number is invariant under base change. Besides that it was claimed in [CH94] that the Kolmogorov complexity (as a limit) does not depend on the chosen base r.

In this note we investigate in more detail the Kolmogorov complexities, K_r(ξ/n) of expansions ξ of a real number with respect to different bases r. We show that, if a real number is expanded in the scales of r and b, respectively, then complexity of the length l · log_r b pre^x of the base r expansion of is the same (up to an additive constant) as the log_r b-fold complexity of the length l pre^x of the base b expansion.

This result provides a third proof of the fact that randomness is base invariant for real numbers. Next we investigate the complexity of Liouville numbers, a kind of real numbers famous for an elegant and constructive proof of the existence of transcendental real numbers. Finally, utilizing our complexity theoretic arguments, we calculate the Hausdorff dimension of the set of Liouville numbers and investigate disjunctive Liouville numbers.

1 Notation and Preliminaries

By IN = {0,1,2,...} we denote the set of natural numbers. In order to treat the Kolmogorov complexities for arbitrary alphabets we let X_r := {0,...,r − 1} be our alphabet of cardinality cardX_r = r, r ∈ IN,r ≥ 2. By X^∗_r we denote the set of ^nite strings (words) on X_r, including the empty word e. We consider also the space X^ω_r of in^nite sequences (ω-words) over X_r. For w ∈ X^∗_r and η ∈ X^∗_r ∪ X^ω_r let w · η be their concatenation. This concatenation product extends in an obvious way to subsets W ⊆ X^∗_r and F ⊆ X^∗_r ∪ X^ω_r .

By w ⊑ η we denote the pre^x relation, that is, w ⊑ η if and only if there is an η^′ such that w · η^′ = η.

For η ∈ X^∗_r ∪X^ω_r we denote by ν_r(η) := 0.η the real number with (^nite or in^nite) base r expansion η.

We will consider the self-delimiting as well as the non self-delimiting complexity (cf. [Ca94, LV93]). To this end we ^x for every r ∈ IN a universal algorithm U_r : X^∗_r → X^∗_r and a universal self-delimiting algorithm C_r : X^∗_r → X^∗_r , the domain of the latter is a pre^x-free subset of X^∗_r . Moreover we ^x a recursive standard bijection between IN and X^∗_r , r-string : IN → X^∗_r . For the sake of convenience we agree that r-string(n) is the nth string in the quasilexicographical order of X^∗_r . Then |r-string(n)| = ⌊log_r(n(r − 1) + 1)⌋ ≤ 1 + log_r max{n,1}. The Kolmogorov complexity of a word w ∈ X^∗_r is de^ned as K_r(w) := inf{|π| : π ∈ X^∗_r ∧ U_r(π) = w}. Accordingly, the self-delimiting Kolmogorov complexity of a word w ∈ X^∗_r is H_r(w) := inf{|π| : π ∈ X^∗_r ∧C_r(π) = w}.

In order to prove our results we need the following slight modi^cations of Theorem 5.1.b.ii in [Ca94] and Theorem 3.5 in [CC96]. We call a function f : M → M^′ of bounded ambiguity provided there is a k ∈ IN such that for every m ∈ M^′ the preimage f^{−1}(m) has no more than k elements, and we call a function h : IN → IN semi-computable from above if the set M_h := {(n, j) : h(n) ≤ j} is recursively enumerable.

Theorem 1 1. Let f : IN → X^∗_r be a recursive function of bounded ambiguity.

Then ∑_{n∈IN} r^{−Hr( f (n))} < ∞ .

2. If g : IN → X^∗_r is recursive and h : IN → IN is semi-computable from above such that ∑_{n∈IN} r^{−h(n)} < ∞ then

∃c(c ∈ IN ∧ ∀n(n ∈ IN → H_r(g(n)) ≤ h(n) + c)) .

Proof. 1. It is well-known that the self-delimiting complexity satis^es the inequality ∑_{w∈X} �_r r^{−Hr(w)} < ∞ (see [Ca94, LV93]). Let card f^{−1}(w) ≤ k for every w ∈ X^∗_r . Then

∑_{n∈IN}^{r−Hr( f (n)) =} ∑_{w∈X �r}^{card f −1(w) · r−H(w) ≤ k ·} ∑_{w∈X �r}^{r−Hr(w) <} ∞^.

2. If ∑_{n∈IN} r^{−h(n)} < ∞ then also ∑_{n∈IN} ∑_{j≥h(n)} r^{− j} =^r_{r−1} · ∑_{n∈IN} r^{−h(n)} < ∞. Conse-

quently, there is an m ∈ IN such that ∑_{n∈IN} ∑_{j≥h(n)} r^{−h(n)−m} ≤ 1. Let f_h : IN → X^∗_r ×IN be a recursive function enumerating the recursively enumerable set M_h := {(r-string(n), j) : j ≥ h(n) + m}. Above we derived the inequality

∑_{(r-string(n); j)∈Mh} r^{− j} ≤ 1. Thus, according to the Kraft-Chaitin Theorem (Theorem 4.17 in [Ca94]) there is a mapping C : X^∗_r → X^∗_r with pre^x-free domain such that C(w_{n; j}) = r-string(n) for some word w_{n; j} ∈ X^j_r whenever (r-string(n), j) ∈ M_h.

Then C^′ := g∘r-string^{−1} ∘C : X^∗_r → X^∗_r is a partial recursive function with the same pre^x-free domain as C and C^′(w_{n; j}) = g(n) for all n, j ∈ IN. Since H_r(g(n)) ≤ H_C0 (g(n))+c where H_C0 (w) := inf{|π| : π ∈ X^∗_r ∧C^′(π) = w}, we have H_r(g(n)) ≤ h(n) + m + c.

The next theorem relates the complexities K_r and H_r to their counterparts for alphabets of different size cardX_b = b, K_b and H_b, respectively. To this end we denote by trans_{b;r} := b-string ∘ r-string^{−1} : X^∗_r → X^∗_b the standard bijection between r-ary and b-ary words.

Theorem 2 Let f : IN → X^∗_b be a recursive function of bounded ambiguity, and let g : IN → X^∗_r be a recursive function. Then there is a constant c > 0 such that for all n ∈ IN the following inequalities hold true

K_r(g(n)) ≤ log_r b · K_b( f (n)) + c and H_r(g(n)) ≤ log_r b · H_b( f (n)) + c .

Proof. Let card f^{−1}(w) ≤ k for all w ∈ X^∗_b . We de^ne a function ϕ : X^∗_r → X^∗_r in the following way:

If |π| ≤ k let ϕ(π) := e (the empty word). Otherwise split the input π ∈ X^∗_r in two parts π_1 · π_2 such that |π_1| = k.

Set m := (|r-string^{−1}(π_1)| (mod k)) ∈ {1,...,k}.

Then translate π_2 via the standard bijection trans_{b;r} : X^∗_r → X^∗_b into a program σ := trans_{b;r}(π_2) ∈ X^∗_b . Compute U_b(σ) for a universal computer w.r.t. X^∗_b . If U_b(σ) is de^ned then take from the set {i : f (i) = U_b(σ)} the m-th element, n (say), and compute g(n).

Thus, if f (n) = U_b(σ) then card f^{−1}( f (n)) ≤ k and there is a pre^x π_1 such that we have ϕ(π) = g(n) for π := π_1 · trans_{r;b}(σ). Finally observe that K_ϕ(g(n)) ≤ |π| ≤ k + ⌈|σ| · log_r b⌉. In the case of self-delimiting complexity, the assertion follows from the previous theorem, because ∑_{n∈IN} r^{−logr b·Hb( f (n))} < ∞ .

2 Base independence

In this section we consider expansions of real numbers with respect to different bases. It is well known that the mappings converting real numbers from scale r to scale b are not continuous functions mapping the r-ary expansion ξ ∈ X^ω_r of a real number α ∈ [0,1] to a b-ary expansion Φ(ξ) ∈ X^ω_b of the same number. For instance, in the case r = 3 and b = 2 for α =^1_2 , that is, ξ = 111... ∈ {0,1,2}^ω we do not know the ^rst bit of the ω-word Φ(ξ) ∈ {0,1}^ω until we know the whole in^nite ω-word ξ. For a more detailed account see [We92].

Despite this fact, we can show that the Kolmogorov complexities of the expansions of the same real number α do not differ too much. To this end we denote by K_r(ξ/l) (H_r(ξ/l)) the (self-delimiting) Kolmogorov complexity of the pre^x of length l of the ω-word ξ ∈ X^ω_r , that is, K_r(ξ/l) := K_r(w) (H_r(ξ/l) := H_r(w)) where w @ ξ and |w| = l.

The aim of this section is to prove the following theorem.

Theorem 3 Let α ∈ [0,1] be a real number, and let ξ ∈ X^ω_r and β ∈ X^ω_b be its base r and base b expansions, respectively.

Then there is a constant c such that for every l ∈ IN the following equations hold true:

|K_r(ξ/⌊l · log_r b⌋) − log_r b · K_b(β/l)| ≤ c , and |H_r(ξ/⌊l · log_r b⌋) − log_r b · H_b(β/l)| ≤ c .

In order to prove Theorem 3, it suf^ces to show the inequalities

K_r(ξ/⌊l · log_r b⌋) ≤ log_r b · K_b(β/l) + c , and (1) H_r(ξ/⌊l · log_r b⌋) ≤ log_r b · H_b(β/l) + c . (2)

To this end we derive the following facts establishing some connections between the pre^xes of an r-ary expansion and a b-ary expansion of the same real number.

Fact 4 Let 0 ≤ a_1 < a_2 ≤ 1 for some real numbers a_1,a_2 ∈ IR and let r ∈ IN, r ≥ 2. Then there is at least one a ∈ IN such that the interval [a_1,a_2] is contained in the interval

[_{a−1}

r^m , a+1 r^m ] where m := ⌊log_r^1_{a2−a1} ⌋.

This fact is illustrated in the following picture.

a−1 r^m a+1 r^m a r^m

a_1 a_2 0 1

Remark. Observe that for a_2 − a_1 ≤ r^{−m} it is not always possible to cover the interval [a_1,a_2] by a single r-ary interval

[_a

r^m , a+1 r^m ] . Fact 4 shows that, however, it is possible to cover [a_1,a_2] by two adjacent r-ary intervals. We note still that for 0 ≤ a < r^m every real α ∈

[_a

r^m , a+1 r^m ] has an r-ary expansion which starts with the same pre^x w(a,m) of length m, that is, has an expansion between w(a,m) · 0^ω and w(a,m) · (r − 1)^ω. Here w(a,m) is obtained by writing the integer a ∈ IN in r-ary notation and ^lling with leading zeros up to the length m provided a < r^m.

The following fact summarizes our considerations about the containment of real intervals in r-ary intervals. To this end let Cov_r(a_1,a_2;a) denote the above illustrated fact that [a_1,a_2] ⊆

[_{a−1}

r^m , a+1 r^m ] where m := ⌊log_r^1_{a2−a1} ⌋.

Fact 5 The relation

R_r := {(a_1,a_2,a) : a_1,a_2 ∈ Q ∩ [0,1] ∧ a ∈ IN ∧ Cov_r(a_1,a_2;a)}

is recursive and contains for every pair a_1,a_2 ∈ Q ∩ [0,1] such that a_1 < a_2 at least one triple (a_1,a_2,a) where a ∈ IN.

As a consequence of Fact 5 we obtain that the functions h_r, r ≥ 2 de^ned by

h_r : (Q ∩ [0,1])^2 → IN where

h_r(a_1,a_2) = { ţa(a ∈ IN ∧ Cov_r(a_1,a_2;a)), if a_1 < a_2 0, otherwise (3)

are computable and satisfy the following properties.

Property 6 Let 0 ≤ a_1 < a_2 ≤ 1 and m := ⌊log_r^1_{a2−a1} ⌋. Then

h_r(a_1,a_2) ≤ r^m and (4)

[a1,a2] ⊆ [ h_r(a_1,a_2) − 1 r^m , h_r(a_1,a_2) + 1

r^m ] . (5)

Proof of Theorem 3. Let v = β(1) ...β(l), that is, |v| = l. Then 0 ≤ ν_b(β) − ν_b(v) ≤ b^{−|v|}.

According to Fact 4 and Property 6 the numbers

a(v) := h_r ( ν_b(v),ν_b(v) + b^{−|v|} ) and m(v) := ⌊log_r b^{|v|}⌋ satisfy ν_b(β) ∈

[_{a(v)−1}

r^{m(v)} , a(v)+1 r^{m(v)} ] . Thus there is an r-ary expansion of ν_b(β) starting with w(a(v) − 1,m(v)) or with w(a(v),m(v)).

Summarizing the preceding discussion, we obtained recursive functions h_−,h_+ : X^∗_b → X^∗_r such that h_−(v) := w(a(v) − 1,m(v)) and h_+(v) := w(a(v),m(v)).^1 The proof is now ^nished by applying Theorem 2 in the following way:

w(a(v),m(v)) g ←− 2n w(a(v) − 1,m(v)) g ←− 2n + 1 f −→ v = b-string(n) ,

that is, we associate with every word v ∈ X^∗_b two natural numbers 2n,2n + 1 via

f (2n) := f (2n + 1) := b-string(n) ,

and, on the other hand, the function g maps the natural numbers 2n and 2n + 1 to the words w(a(v) − 1,m(v)) ∈ X^∗_r and w(a(v),m(v)) ∈ X^∗_r , respectively:

g(2n) := h_−(b-string(n)) and g(2n + 1) := h_+(b-string(n)) .

It is obvious that f is of bounded ambiguity, so Eqs. (1) and (2) follow from Theorem 2.

3 The complexity of real numbers

In this section we consider the Kolmogorov complexity of real numbers with certain properties: the ^rst class is the mentioned in the introduction class of random real numbers, and the second is the class of Liouville numbers, well-known as constructive examples of transcendental numbers.

To this end we introduce the lower and upper limit of the relative complexity of an ω-word ξ ∈ X^∗_r .

κ(ξ) := liminf_{n→}∞

K_r(ξ/n) n and κ(ξ) := limsup_{n→} ∞ K_r(ξ/n) n (6) 1The choice between the two functions h_−;h_+ provides the missing information which prevented us, in the general case, from a continuous conversion between b-ary and r-ary expansions of real numbers. Observe, that the information we need to accomplish the choice between w(a(v) − 1;m(v)) and w(a(v);m(v)) is only one bit.

Since |H_r(ξ/n) − K_r(ξ/n)| ≤ o(n) it is of no importance whether we use the usual or self-delimiting complexity.

From Theorem 3 above we conclude that for a real number α ∈ [0,1] we can de^ne its lower and upper limit of complexity in the same way as in Eq. (6): κ(ν_r(ξ)) := κ(ξ) and κ(ν_r(ξ)) := κ(ξ) .

3.1 Random reals

It was widely believed that the notion of randomness of a real number α is independent of the base of the expansion in which α is represented. Sound proofs of this fact were given only recently by different means [CJ94, HW98]. Here we give a third proof relying on the following de^nition of random sequences by self-delimiting Kolmogorov complexity (cf. [Ca94, Ch87, LV93]).

De�nition 1 An ω-word ξ ∈ X^ω_r is called random provided

lim_{l→} ∞ H_r(ξ/l) − l = ∞ .

Now from Theorem 3 the proof of the independence result is immediate.

Lemma 7 Let α ∈ [0,1] be a real number which is random in the scale of r. Then for b ∈ IN, b ≥ 2 the ω-word β ∈ X^ω_b with ν_b(β) = α is random.

3.2 The Kolmogorov complexity of Liouville numbers

The real numbers we deal with in this section are named after Liouville who invented them to demonstrate the existence of transcendental numbers. They are characterized by the fact that they have, although in a nonconstructive way, very tight rational approximations.

De�nition 2 A real number α ∈ IR is called a Liouville number provided

1. α is irrational.

2. ∀n(n ∈ IN → ∃p,q(p,q ∈ IN ∧ q > 1 ∧ |α −^p_q | <^1_{qn} )).

It should be noted that every Liouville number is transcendental (see [Ox71]).^2 We obtain our ^rst result.

2Moreover, since n ≥ l · (log_2 k + 1) and |α −^p_q | ¡^1_{qn} imply |(α +^m_k ) − (^p_q +^m_k )| ¡^1_{(q·k)l} , the sum of a Liouville number and a rational number is again a Liouville number, whereas, as we shall see below, every real is the sum of at most two Liouville numbers.

Lemma 8 If α ∈ [0,1] is a Liouville number then κ(α) = 0.

Proof. We show that for the binary expansion η ∈ {0,1}^ω of α for every n ∈ IN there is an l ≥ n such that K_2(η/l) l ≤ log_2 n n . Let |α −^p_q | <^1_{qn} , where 0 ≤ p ≤ q. We use the function h_2 de^ned in Eq. (3). Since α ∈

(_p q −^1_{qn} ,^p_q +^1_{qn} ) , we obtain for a := h_2(^p_q −^1_{qn} ,^p_q +^1_{qn} ) the restriction a < r^M where m := log_2^{qn}_2 = n · log_2 q − 1. As in the discussion following Fact 4 we de^ne words w(a − 1,m) and w(a,m) of length m = ⌊n · log_2 q⌋ − 1, one of them being a pre^x of η.

Both words w(a − 1,m) and w(a,m) can be speci^ed by the numbers n, p,q. Utilizing a pre^x-free binary encoding code : IN → {0,1}^∗ of the natural numbers, where |code(n)| ≤ 2 · log_2 n for n ≥ 4, we obtain programs of the form

π_{n; p;q}(i) := i · code(n) · code(p) · code(q), i ∈ {0,1} ,

and a computable function ψ : {0,1}^∗ → {0,1}^∗ such that

ψ(π_{n; p;q}(0)) = w(a − 1,m) and ψ(π_{n; p;q}(1)) = w(a,m) .

Consequently, K_ψ(w(a − 1,m)),K_ψ(w(a,m)) ≤ 1 + 2log_2 n + 2log_2 p + 2log_2 q ≤ 1 + 2log_2 n + 4log_2 q, and hence K_2(w(a − 1,m)),K_2(w(a,m)) ≤ c + 2log_2 n + 4log_2 q for all triples (n, p,q) such that |α −^p_q | <^1_{qn} and n,q ≥ 4. Now, observe that in view of De^nition 2 the values of the denominator q grow with the value of the exponent of precision n. Thus

K_2(η/⌊n · log_2 q − 1⌋) ⌊n · log_2 q − 1⌋ ≤ log_2 n n if n (and hence q) is large enough. In connection with De^nition 1 we obtain the following.

Corollary 9 No Liouville number is a random real.

Though Liouville numbers are not random, we show that the upper limit of complexity reaches its maximum value κ(α) = 1 also for certain Liouville numbers α. We consider the following set constructed in a similar way as the one in Example 3.18 of [St93].

Example 10 De^ne

F := X_r · ∏

i∈IN

X^{2i·(2i)!} r · 0^{(2i+1)·(2i+1)!} .

It is interesting to note that the set of ^nite pre^xes of F, A(F) := {w : w ∈ X^∗_r ∧ ∃ξ(ξ ∈ F ∧ w @ ξ)}, is recursive.

If we consider ω-words β = 0 · ∏_{i∈IN} w_i · 0^{(2i+1)·(2i+1)!} where |w_i| = 2i · (2i)! and K_r(w_i) ≥ |w_i| − c for some c ∈ IN then Daley’s [Da74] diagonalization argument shows κ(β) = 1. Since the set {w : w ∈ X^∗_r ∧ K_r(w) ≥ |w| − 2} contains at least two elements, F contains uncountably many ω-words β having κ(β) = 1. The following consideration veri^es that the set of numbers {ν_r(ξ) : ξ ∈ F} \ Q consists entirely of Liouville numbers:

Let ξ ∈ F, n ∈ IN and consider the pre^x w @ ξ of length (2n + 1)! = 1 + ∑^{2n}_{i=0} i·i!. Then ν_r(w) = p · r^{−(2n+1)!} for some p ∈ IN and w · 0^{(2n+1)·(2n+1)!} @ ξ.

Consequently, 0 ≤ ν_r(ξ) − ν_r(w) = ν_r(ξ) − p r^{(2n+1)!} < 1 r^{(2n+2)!−1} ≤ 1 (r(2n+1)!)n . Thus, either ν_r(ξ) is rational or a Liouville number.

Remark. In the same way one proves that F^′ := {0} · ∏_{i∈IN} 0^{2i·(2i)!} · X^{(2i+1)·(2i+1)!}_r contains only rational or Liouville numbers. It is readily seen that every number α = ν_r(ζ) ∈ [0,1] can be represented as the sum ν_r(ζ) = ν_r(ξ) + ν_r(ξ^′) where ξ ∈ F and ξ^′ ∈ F^′ are the letter-by-letter projections of ζ onto F or F^′, respectively. The numbers ν_r(ξ) and ν_r(ξ^′) in the above sum are rational or Liouville numbers, thus according to Footnote 2 ν_r(ζ) is a Liouville number or the sum of two Liouville numbers.

In the subsequent parts, we use the results obtained so far to give a complexitytheoretic proof of Theorem 2.4 in [Ox71] and to prove the existence of disjunctive Liouville numbers.

3.3 The Hausdorff dimension of Liouville numbers

First we consider the Hausdorff dimension of the set of Liouville numbers, L ⊆ [0,1]. It was mentioned in [MS94] that the Hausdorff dimension of a subset M ⊆ [0,1] coincides with the one of {ξ : ξ ∈ X ωr ∧νr(ξ) ∈ M}. The latter can be de^ned as follows (see, e.g., [St93, St98]).

De�nition 3 The Hausdorff dimension of a set F ⊆ X^ω_r , dimF, is the smallest real number α ≥ 0 such that for all γ > α it holds

∀ε(ε > 0 → ∃W (W ⊆ X^∗_r ∧ F ⊆ W · X^ω_r ∧ ∑ w∈W ( r^{−γ} )_{|w|} < ε)) . From the de^nition it is evident that Hausdorff Dimension is monotone with respect to set inclusion and that dim{ξ} = 0. We mention still that Hausdorff Dimension is also countably stable.

dim [_{i∈IN Fi = supi∈IN dimFi (7)}

Thus every countable subset F ⊆ X^ω_r has dimF = 0. For further properties of the Hausdorff dimension see, e.g., [Fa90].

We are going to give a complexity-theoretic proof of the fact (cf. [Ox71, Theorem 2.4 ]) that the set of Liouville numbers L is an uncountable set of Hausdorff dimension dimL = 0.

In the papers [Ry86, St93, St98] close connections between Hausdorff dimension and Kolmogorov complexity are derived. We need here the following one (see [Ry86, Theorem 2 ] or [St93, Corollary 3.14 ]).

Lemma 11 For every F ⊆ X^ω_r the following bound is true.

dimF ≤ sup{κ(ξ) : ξ ∈ F}

Now Lemmas 8 and 11 yield the announced result.

Corollary 12 The set of Liouville numbers L ⊆ [0,1] has Hausdorff dimension dimL = 0.

3.4 Disjunctive Liouville numbers

In this last part we turn to disjunctive ω-words. As it was mentioned above, an ω-word ξ ∈ X^ω_r is called disjunctive provided every word w ∈ X^∗_r appears as an in^x of ξ, that is, ∀w(w ∈ X^∗_r → ∃v(v @ ξ ∧ v · w @ ξ)).

Proposition 8 of [JT88] proves that for every r ≥ 2 there are uncountably many disjunctive ξ ∈ X^ω_r such that ν_r(ξ) is a Liouville number. The paper [He96] presents examples of Liouville numbers whose expansions are disjunctive with respect to one base, but not to with respect to all bases (e.g. ∑∞_{i=1} r^{−i!−i} which is not disjunctive in the scale of r). We prove the existence of Liouville numbers disjunctive with respect to all bases.

Lemma 13 There are uncountably many Liouville numbers α such that for every r ∈ IN, r ≥ 2 the ω-word ξ ∈ X^ω_r with ν_r(ξ) = α is disjunctive.

Proof. Eq. (5.3) of [St93] shows that an ω-word ξ ∈ X^ω_r with κ(ξ) = 1 is disjunctive. In fact, if ξ ∈ X^ω_r does not contain a word w ∈ X^∗_r of length |w| = l as in^x then κ(ξ) ≤ l^{−1} · log_r(r^l − 1) < 1. Now Example 10 yields the existence of Liouville numbers which are disjunctive in every scale r.

References

[CH94] J.-Y. Cai and J. Hartmanis, On Hausdorff and topological dimensions of the Kolmogorov complexity of the real line. J. Comput. System Sci. 49 (1994) 3, 605 Ű 619.

[Ca94] C. Calude, Information and Randomness. An Algorithmic Perspective.

Springer-Verlag, Berlin, 1994.

[CC96] C. Calude and C. Câmpeanu, Are Binary Codings Universal ?, Complexity 1 (1996) 15, 47 Ű 50.

[CJ94] C. Calude and H. Jürgensen, Randomness as an invariant for number representations. In: Results and Trends in Theoretical Computer Science (H. Maurer, J. Karhumäki, G. Rozenberg, Eds.), Lecture Notes in Comput. Sci., Vol. 812, Springer-Verlag, Berlin, 1994, 44 Ű 66.

[Cs59] J.W.S. Cassels, On a problem of Steinhaus about normal numbers. Colloquium Math. 7 (1959), 95 Ű 101.

[Ch87] G. J. Chaitin, Information, Randomness, & Incompleteness. Papers on Algorithmic Information Theory. World Scienti^c, Singapore, 1987.

[Da74] R.P. Daley, The extent and density of sequences within the minimalprogram complexity hierarchies. J. Comput. System Sci. 9 (1974), 151 Ű 163.

[Fa90] K.J. Falconer, Fractal Geometry. Wiley, Chichester, 1990.

[He96] P. Hertling, Disjunctive ω-words and Real Numbers, Journal of Universal Computer Science 2 (1996) 7, 549 Ű 568.

[HW98] P. Hertling and K. Weihrauch, Randomness Spaces. in: Automata, Languages and Programming, Proc. 25^{th} Int. Colloq. ICALP’98, (K. G. Larsen, S. Skyum and G. Winskel, Eds.), Lecture Notes in Comput. Sci., Vol. 1443, Springer-Verlag, Berlin, 1998, 796 Ű 807.

[JT88] H. Jürgensen and G. Thierrin, Some structural properties of ωlanguages. in: Sbornik 13^{th} Nat. School ŞApplications of Mathematics in TechnologyŤ, So^a, 1988, 56 Ű 63.

[LV93] M. Li and P.M.B. Vitányi, An Introduction to Kolmogorov Complexity and its Applications. SpringerŰVerlag, New York, 1993.

[MS94] W. Merzenich and L. Staiger, Fractals, dimension, and formal languages. RAIROŰInform. Théor. 28 (1994) 3Ű4, 361 Ű 386.

[Ox71] J.C. Oxtoby, Measure and Category. Springer-Verlag, Berlin 1971.

[Ry86] B.Ya. Ryabko, Noiseless coding of combinatorial sources, Hausdorff dimension and Kolmogorov complexity. Problemy Peredachi Informatsii 22 (1986) 3, 16 Ű 26 (in Russian; English translation: Problems of Information Transmission 22 (1986) 3, 170 Ű 179)

[Sc60] W.M. Schmidt, On normal numbers. Pac. J. Math. 10 (1960), 661 Ű 672.

[St93] L. Staiger, Kolmogorov complexity and Hausdorff dimension. Inform.

and Comput. 103 (1993) 2, 159 Ű 194.

[St98] L. Staiger, A tight upper bound on Kolmogorov complexity and uniformly optimal prediction. Theory of Computing Systems 31 (1998), 215 Ű 229.

[We92] K. Weihrauch, The Degrees of Discontinuity of some Translators Between Representations of the Real Numbers. Informatik-Bericht 129, FernUniversität Hagen 1992.