STRUCTURAL ASPECTS OF ORDERED POLYMATROIDS

ULRICH KRÜGER

Abstract. This paper generalizes some aspects of polymatroid theory to partially ordered sets. The investigations are mainly based on Faigle and Kern, Submodular Linear Programs on Forests, Mathematical Programming

72 (1996).

A slightly modified concept of submodularity is introduced. As a consequence the main results do not require any assumptions concerning the underlying partially ordered groundset of the polymatroid. The partial orders are not required to be rooted forests.

We consider two different basis concepts for ordered polymatroids. These are Core(f ), the set of all elements with maximal cardinality and Max(f ), the set of all maximal feasible elements. Both concepts are equivalent for unordered polymatroids. The sets Core(f ) and Max(f ) are completely described by facet-inducing inequalities. Furthermore it is shown by an example that Max(f ) is in general not a polyhedral set.

1. Introduction and Notations

This paper studies some structural aspects of a class of polyhedra called ordered polymatroids. Ordered polymatroids are defined by submodular rank functions with respect to the set of all antichains of a finite partially odered set (poset).

Linear functions defined in the set of all feasible points of a polymatroid can be efficiently optimized by the greedy algorithm. Recently, this aspect of the theory of polymatroids and submodular polyhedra could be extended to the more general framework of partially ordered sets (see Faigle, Kern [3]).

Polymatroids provide a polyhedral abstraction of certain properties of matroids. All elements of the base polytope of a polymatroid are equicardinal. This is a polyhedral abstraction of the well-known fact that all bases of a matroid have the same number of elements. Polymatroids were introduced by Edmonds in 1970 (see [1]). The polymatroids form a subclass of the class of ordered polymatroids and are called unordered polymatroids for our purposes.

In this paper the question of feasibility of Greedy vectors in ordered polymatroids and the facial structure of ordered polymatroids are discussed.

Throughout this paper we work with the vector space R^E where E is a finite set. The set E is the groundset of the polymatroid. The vectors of R^E are indexed by the elements of E. In our model the set E is endowed with a partial order P = (E, ⪯), i.e. a reflexive, transitive and antisymmetric binary relation. A partial order P is trivial if there exist no order-relations between pairs of elements of E.

1991 Mathematics Subject Classification. 90C27.

Key words and phrases. polyhedron, face, polymatroid, base polytope, greedy algorithm, submodular, poset. 1

A subset I ⊆ E with property a ∈ I and b ≺ a =⇒ b ∈ I is called order-ideal. A subset I which consists of pairwise incomparable elements w.r.t. P is called antichain. An antichain is maximal if it cannot be augmented by an element e ∈ E such that A ∪ {e} is again an antichain. An antichain is called minimal if it contains only minimal elements of the groundset.

We denote by 2^{(E,⪯)} the set of all antichains of the poset P and by id(A) = {e ∈ E : e ⪯ a for some a ∈ A} the order-ideal generated by the antichain A. The symbol I^+ denotes the antichain of maximal elements of a subset I ⊆ E and x^+(I) := x(I^+) = ∑ e∈I+ x_e is used for vectors x ∈ R^E and subsets I ⊆ E. Similarly, I^− denotes the set of all minimal elements of a subset I ⊆ E. Especially, E^− describes the set of all minimal elements of the groundset E. By A ∨ B := (id(A) ∪ id(B))^+ A ∧ B := (id(A) ∩ id(B))^+ the two operations maximum and minimum of the antichains A and B are defined. Our definition of submodularity of a function uses the reduced minimum of the antichains A and B which is defined by A ⊓ B := (A ∧ B) ∩ (A ∪ B). A function f : 2^{(E,⪯)} −→ R is submodular if f(A) + f(B) ≥ f(A ∨ B) + f(A ⊓ B) (1) holds for all A, B ∈ 2^{(E,⪯)}. The polyhedron

P(f) = {x ∈ R^E : x(A) ≤ f(A) for all A ∈ 2^{(E,⪯)}}

is called ordered polymatroid. Unordered polymatroids are obtained from this definition if the underlying poset P = (E, ⪯) is chosen to be the trivial order on the groundset E.

2. Linear optimization in ordered polymatroids In order to prepare the greedy algorithm for solving linear optimization problems over ordered polymatroids primal Greedy vectors are introduced. Definition 2.1 (primal Greedy vectors). Let π = (e_1, e_2, . . . , e_n) be a linear extension of the poset P = (E, ⪯). Then the result of the procedure PRIMAL GREEDY

x_{e1} := f(e_1) x_{e2} := f({e_1, e_2}^+) − x^+({e_1} \ id(e_2)) . . x_{en} := f({e_1, e_2, . . . , e_n}^+) − x^+({e_1, e_2, . . . , e_{n−1}} \ id(e_n)) is called Greedy vector with respect to f and π.

Remark 2.1. Let us assume that the order P is trivial. Then we obtain {e_1, e_2, . . . , e_{i−1}}^+ \ id(e_i) = {e_1, e_2, . . . , e_{i−1}} \ {e_i} = {e_1, e_2, . . . , e_{i−1}} for all i ∈ {1, . . . , n} in Definition 2.1 and get back the well-known formula x_{ei} = f({e_1, e_2, . . . , e_i}) − f({e_1, e_2, . . . , e_{i−1}}) (i ∈ {1, . . . , n}) for the greedy algorithm applied to an unordered polymatroid P(f).

Recall that x = (x_{e1} , x_{e2} , . . . , x_{en} ) maximizes the linear function c^T x with c ∈

R^E_+ over the unordered polymatroid P(f) provided that the weight-coefficients ce_i

are ordered s.t. c_{e1} ≥ c_{e2} ≥ . . . ≥ c_{en} . For this fact we refer to Chapter 10 of Grötschel, Lovász and Schrijver [5, p. 307]. ♦ The following theorem is a consequence of contraction properties of ordered polymatroids (see Faigle, Kern [2, p. 9] or Krüger [7, chapter 4]). Theorem 2.1 (feasibility of Greedy vectors). Primal Greedy vectors are feasible elements of ordered polymatroids.

Proof. The proof is done by induction on the number of elements of the groundset E. Let x = (x_1, x_2, . . . , x_n) be the primal Greedy vector w.r.t. the linear extension π = (e_1, e_2, . . . , e_n) of P = (E, ⪯) and the ordered polymatroid

P(f). We assume that the vector x^′ = (x2, . . . , xn) is a feasible element of the

polyhedron P(f^′) which is defined by the function f^′ : 2^{(E\{e1},⪯)} −→ R f^′(A) = { f(A ∪ e_1) − f(e_1) if A ∪ e_1 is an antichain, f(A) otherwise on the groundset E \{e_1}. The polyhedron P(f^′) is an ordered polymatroid because f^′ is a submodular function w.r.t. the antichains of the reduced groundset E \{e_1}. It remains to prove x(A) ≤ f(A) for all A ∈ 2^{(E,⪯)}.

Therefore the following 3 cases are distinguished.

(1) e_1 ∈ A. By the induction assumption we have x^′(A \ e_1) ≤ f^′(A \ e_1) ≤ f(A) − f(e_1) = f(A) − x_1 which is equivalent to x(A) ≤ f(A).

(2) e_1 /∈ A and A ∪ e_1 is an antichain. Since f is submodular, we have x(A) = x^′(A) ≤ f(A ∪ e_1) − f(e_1) ≤ f(A).

(3) e_1 /∈ A and A ∪ e_1 is not an antichain. The inequality x(A) ≤ f(A) follows from x^′(A) = x(A) and f^′(A) = f(A). ♦ Remark 2.2. The proof of Theorem 2.1 is due to Faigle, Kern (see [2, p. 9]). They proved feasibility of Greedy vectors w.r.t. polymatroids defined on rooted forests (see also [3, p. 202, Theorem 4.1]). A poset P = (E, ⪯) is a rooted forest if each element of the groundset E has at most one upper neighbour. In [2] and [3] functions f : 2^{(E,⪯)} −→ R with the property f(A) + f(B) ≥ f(A ∨ B) + f(A ∧ B) (2) for all A, B ∈ 2^{(E,⪯)} are considered.

In contrast to (1) the minimum A ∧ B of two antichains A and B is used in the right side of (2) instead of the reduced minimum A ⊓ B. In [3, p. 204, Example 4.1] an example is given that a primal Greedy vector is not feasible if P(f) is defined w.r.t. a function with property (2).

The properties (1) and (2) are equivalent if the poset P = (E, ⪯) is a rooted forest. For rooted forests we have A ⊓ B = A ∧ B for A, B ∈ 2^{(E,⪯)}. The proof of Theorem 2.1 in general does not work for partial orders P which are not rooted forests. The function f^′ in the proof of Theorem 2.1 does not necessarily satisfy (2) if f satisfies (2). ♦

Krüger showed that primal Greedy vectors are exactly the vertices of the polyhedron P(f) (see [6, p. 4]).

Faigle and Kern developed a dual-primal greedy algorithm (see [3, p. 200]) for solving the linear optimization problem ∑ e∈E c_ex_e −→ max (3) x(A) ≤ f(A) for all A ∈ 2^{(E,⪯)}

with an abitrary vector c ∈ R^E_+ of weight coefficients and a submodular function f. The set of all vectors of the R^E which satisfy the restrictions of the problem (3) is an ordered polymatroid P(f) defined on the poset P . The greedy algorithm of Faigle and Kern first solves the dual program of (3) which is given by ∑ A∈2(^{E,}ˇ) f(A)y_A −→ min ∑ A+∋p_j y_A ≥ c_j (4) y_A ≥ 0. Notice that there is a variable y_A in (4) for each antichain A of the poset P . As a preparation for the dual part of the greedy algorithm we define

c_{min} = min{c(e) : e ∈ E^+}.

DUAL GREEDY

Initialize: y_A ← 0 for all A ∈ 2^{(E,⪯)} Iterate: WHILE E ≠ ∅ determine some e_{min} s.t. c_{emin} = c_{min} ȳ_E ← c_{min} c(e) ← (c_e − c_{min}) for all e ∈ E^+ E ← E \ {e_{min}}. The result of DUAL GREEDY is a feasible vector ȳ w.r.t. the constraints of (4) and a linear extension π = (e_1, e_2, . . . , e_n) of P . Each element e_i with i ∈ {1, . . . , n} occurs as a e_{min} in one iteration step of DUAL GREEDY. The order of the indizes in the permutation π is reversed, i.e. e_n = e_{min} where e_{min} is taken from the first iteration step.

The primal part of the greedy algorithm computes the primal Greedy vector x̄ w.r.t. f and π according to Definition 2.1 above. The optimality of the primal Greedy vector x̄ and of the vector ȳ determined in DUAL GREEDY w.r.t. the optimization problems (3) and (4), respectively, is proved by using Linear Programming Duality. For the vectors x and ȳ the following holds ∑ e∈E c_ex̄_e = ∑ A∈2(^{E,}ˇ) f(A)ȳ_A (see Faigle, Kern [3, p. 198, Lemma 2.1]).

3. A contraction theorem and some related lemmas

In following sections we make use of the dominance relation between pairs of vectors x, y ∈ R^E. A vector x ∈ R^E is dominated by another vector y ∈ R^E if the relations

x_e ≤ y_e for all e ∈ E x_e < y_e for at least one e ∈ E

hold. Then we write x � y.

An element x of an ordered polymatroid P(f) is maximal if it is not dominated by another y ∈ P(f). The set of all maximal elements of P(f) is denoted by Max(f) and is included in Core(f) as a subset. The Core polytope Core(f) consists of all elements which have maximal cardinality in the polyhedron P(f). The cardinality of a vector x ∈ R^E is the sum x(E) = ∑ e∈E x_e of all components of x. For unordered polymatroids both concepts are equivalent, i.e. Max(f) = Core(f) holds. For a proof of this fact see Fujishige [4, p. 28, Theorem 2.3].

The contraction operation reduces the groundset of an ordered polymatroid and is useful for induction proofs. Let P(f) be an ordered polymatroid and let M ⊆ E^− be an antichain which only contains minimal elements of the groundset. Now, we choose a vector x̄ ∈ R^M such that

x̄(A) ≤ f(A) for all A ⊆ M (5) holds. Since M is an antichain, the inequalities in formula (5) define an unordered polymatroid. The unordered polymatroid defined by (5) is called reduction of

P(f) by the antichain M and is denoted by P(f)|^M.

Next, we define the contraction polyhedron w.r.t. x̄ by P(x̄,·)(f) := {x ∈ R^{E\M} : (x̄, x) ∈ P(f)} and the set

Max_{(x̄,·)}(f) := {x ∈ R^{E\M} : (x̄, x) ∈ Max(f)}. Obviously

Max_{(x̄,·)}(f) ⊆ P_{(x̄,·)}(f).

We want to show that contraction polyhedra again are ordered polymatroids. Therefore, the contraction function f_{(x̄,·)} : 2^{(E\M,⪯)} −→ R f_{(x̄,·)}(A) := min {f(A ∪ T ) − x̄(T ) : T ⊆ M und (6) A ∪ T is an antichain} is introduced. This function assigns a real value to each antichain M of the reduced groundset E \ M .

Figure 1. The definition of the contraction function. The black points illustrate the vector x̄.

Lemma 3.1. The contraction function f_{(x̄,·)} is a submodular function w. r. t. the lattice 2^{(E\M,⪯)} of antichains.

Proof. In order to show submodularity of the contraction function let us consider two antichains A, B ∈ 2^{(E,⪯)} and let us assume that the minima in (6) applied to f_{(x̄,·)}(A) and f_{(x̄,·)}(B) are achieved by the antichains T_A and T_B, respectively. Now let two antichains P, Q ⊆ M be defined by P := {e ∈ T_A ∪ T_B : ̸∃ē ∈ A ∪ B mit e ≺ ē} Q := {e ∈ T_A ∪ T_B : ∃ē ∈ A ∪ B mit e ≺ ē} ∪ (T_A ∩ T_B ). This choice of P and Q yields (A ∪ T_A) ∨ (B ∪ T_B ) = (A ∨ B) ∪ P (A ∪ T_A) ⊓ (B ∪ T_B ) = (A ⊓ B) ∪ Q (7) and x(T_A) + x(T_B) = x(P ) + x(Q). (8) Using (7) and (8) we obtain

f_{(x̄,·)}(A) + f_{(x̄,·)}(B) = f(A ∪ T_A) − x̄(T_A) + f(B ∪ T_B ) − x̄(T_B ) ≥ f((A ∪ T_A) ∨ (B ∪ T_B)) − x̄(P ) + f((A ∪ T_A) ⊓ (B ∪ T_B )) − x̄(Q) = f((A ∨ B) ∪ P ) − x̄(P ) + f((A ⊓ B) ∪ Q) − x̄(Q) ≥ f_{(x̄,·)}(A ∨ B) + f_{(x̄,·)}(A ⊓ B). ♦

Theorem 3.1 (Contraction). The contraction polyhedron P_{(x̄,·)}(f) is an ordered polymatroid with groundset E \ M and rank function f_{(x̄,·)}, i.e. P(x̄,·)(f) = P(f(x̄,·)). (9) The equality Max_{(x̄,·)}(f) = Max(f_{(x̄,·)})

(10) holds for the maximal elements of the contraction polyhedron.

Proof. Since f_{(x̄,·)} is submodular it remains to prove (9) and (10). Equality (9) holds because the conditions

x(A) + x̄(T ) ≤ f(A ∪ T ) for all T ⊆ M such that A ∪ M is an antichain and x(A) ≤ f_{(x̄,·)}(A) are equivalent for any fixed x ∈ R^{E\M} and arbitrary antichains A ⊆ E \ M .

For the proof of (10) consider an element x ∈ Max_{(x̄,·)}(f), i.e. (x̄, x) ∈ Max(f). Assume that there is a y ∈ P_{(x̄,·)}(f) s.t. y � x. Then we have (x̄, y) ∈ P(f) and (x̄, y) � (x̄, x). This contradicts (x̄, x) ∈ Max(f).

Conversely, let x ∈ Max(f_{(x̄,·)}). Especially we have (x̄, x) ∈ P(f). Assume that there is a (ȳ, y) ∈ P(f) s.t. (x̄, x) � (ȳ, y). Since each basis of the unordered polymatroid P(f)|^M is a maximal element of P(f)|^M, the dominance relation x̄ � ȳ between x̄ and ȳ is impossible. Therefore we have x̄ = ȳ and x � y. This is a contradiction to the maximality of x in the contraction polyhedron P_{(x̄,·)}(f) = P(f(x̄,·)). ♦ In the sequel we will frequently use the following lemma, which simplifies the computation of values of the contraction function.

Lemma 3.2. Let x̄ in (6) be a basis of the reduction P(f|^M), i.e. x̄(M ) = f(M ). Then f_{(x̄,·)}(A) = f(A ∨ M ) − x̄(M \ (A ⊓ M )) holds for arbitrary antichains A ⊆ E \ M . Especially, one obtains f_{(x̄,·)}(A) = f(A) for maximal antichains A with respect to P = (E, ⪯).

Proof. Let us assume that the minimum in (6) is obtained for T ⊆ M . Therefore we have f_{(x̄,·)}(A) = f(A ∪ T ) − x̄(T ). By the submodularity of f we get f_{(x̄,·)}(A) = f(A ∪ T ) − x̄(T ) − x̄(M ) + f(M ) ≥ f(A ∨ M ) + f((A ⊓ M ) ∪ T ) − x̄((A ⊓ M ) ∪ T ) − x̄(M \ (A ⊓ M )) ≥ f(A ∨ M ) − x̄(M \ (A ⊓ M )). On the other hand we have the converse inequality f_{(x̄,·)}(A) ≤ f(A ∪ (M \ (A ⊓ M ))) − x̄(M \ (A ⊓ M )) = f(A ∨ M ) − x̄(M \ (A ⊓ M )) by the definition of the contraction function. ♦

Theorem 3.2. For a minimal antichain M ⊆ E^− the statements

(i) (u, v) is a vertex of P(f) and u is a basis of P(f)|^M (ii) u is a vertex of P(f)|^M and v is a vertex of P_{(u,·)}(f) are equivalent. Furthermore, for a linear extension π = (e_1, e_2, . . . , e_m, e_{m+1}, . . . , e_n) of P such that π|^M = (e_1, e_2, . . . , e_m) is a permutation of M the statements (iii) x = (u_1, u_2, . . . , u_m, v) is a Greedy vector in P(f) w.r.t. π (iv) u = (u_1, . . . , u_m) is a Greedy vector in P(f)|^M w.r.t. π^M and v is a Greedy vector in P_{(u,·)}(f) w.r.t. (e_{m+1}, . . . , e_n) are equivalent.

Proof. The proof relies on the definition of a primal Greedy vector (Definition 2.1), on the definition of a contraction polyhedron P_{(x̄,·)}(f) of an ordered polymatroid P(f) and on Lemma 3.2. ♦

4. Faces of Ordered Polymatroids The non-equivalence of the basis concepts Max(f) and Core(f) is an important difference between ordered and unordered polymatroids. The set Max(f) is not a polyhedral set in general. A first interesting fact concerning the structure of the set Max(f) is:

Theorem 4.1. The set Max(f) is the union of all bounded faces of the polyhedron

P(f).

Proof. The recession cone of the polyhedron P(f) contains its directions to “infinity” and is equal to

R^E_− = {x ∈ R^E : x ≤ 0}.

Using the recession cone of P(f) one easily shows that

• A maximal element cannot belong to the interior of an unbounded face of the polyhedron P(f).

• All elements of a bounded face of P(f) are maximal. ♦ In the following facet-inducing inequalities for all bounded faces of P(f) are derived. These results were obtained in Krüger [7, chapter 5].

First we need a definition.

Definition 4.1 (active antichains). For a given x ∈ P(f) an antichain A is called active if x(A) = f(A) holds. The set of all active antichains with respect to x is denoted by T (x). More formal this set is described by T (x) = {A ∈ 2^{(E,⪯)} : x(A) = f(A)}. Lemma 4.1. The set T (x) with respect to an element x ∈ P(f) is closed with respect to the operations maximum and reduced minimum of antichains.

Proof. Let A, B ∈ T (x). Because x is a feasible element of P(f), we have f(A) + f(B) ≤ x(A) + x(B) = x(A ∨ B) + x(A ⊓ B) ≤ f(A ∨ B) + f(A ⊓ B). On the other hand f is a submodular function and the converse directions of the inequalities also hold. This is only possible if x(A ∨ B) = f(A ∨ B) and x(A ⊓ B) = f(A ⊓ B). ♦ For the description of the set Max(f) a special kind of partitions of the poset P into antichains is considered.

Definition 4.2 (laminar partitions into antichains). The set P = {P^1, P^2, . . . , P^l} of antichains is called a laminar partition of the poset P = (E, ⪯) if the following two conditions hold:

(i) E = P^{1 ·}∪ P^{2 ·}∪ . . .^·∪ P^l (the symbol^·∪ denotes the disjoint union) (ii) e_i ∈ P^i, e_j ∈ P^j und e_i ≺ e_j =⇒ i < j.

A laminar partition P is called irreducible if there exists no pair P^i, P^{i+1} ∈ P such that P^{i ·}∪ P^{i+1} ∈ 2^{(E,⪯)}.

Remark 4.1. Let h = max{|C| : C is a chain of P }.

Then the recursive definition S^h := E^+ S^i := (E \ {S^{i+1 ·}∪ . . .^·∪ S^h})^+ (i ∈ {1, . . . , h − 1}) yields the standard partition S = {S^1, S^2, . . . , S^h} of the poset P .

The standard partition of a poset P is a special case of a laminar partition of P into antichains. ♦ We say that a primal Greedy vector x follows the laminar partition P of P if for i < j each element p of the antichain P^i precedes each element q of the antichain P^j in the permutation π.

Using the following two lemmas we can construct a laminar partition from a given vector x ∈ Max(f).

Lemma 4.2. For maximal elements of ordered polymatroids we have x(E^+) = f(E^+ ).

Proof. Due to the maximality of x there is an antichain X_e such that e ∈ X_e and x(X_e) = f(X_e). Since T (x) is closed with respect to “∨” the antichain X := ⋁ e∈E+ Xe also satisfies x(X) = f(X). As X contains each e ∈ E

+ the equality X = E^+ holds. ♦ Lemma 4.3. If x is a maximal element of P(f) then there exists a nonempty antichain M ⊆ E^− such that x(M ) = f(M ).

Proof. Because of Lemma 4.2 we know x(E^+) = f(E^+). If E^+ only consists of minimal elements of the groundset the proof is complete.

Otherwise there is at least one element e ∈ E such that e ≺ E^+ . As x is maximal there is an antichain X_e such that e ∈ X_e and x(X_e) = f(X_e). Since T (x) is closed with respect to “⊓”, the antichain X^1 := E^+ ⊓ X_e also satisfies x(X^1) = f(X^1). Furthermore X^1 ≺ E^+ holds. This reasoning can be repeated and results in a minimal antichain M ⊆ E^− with x(M ) = f(M ) because of the finiteness of the groundset E. ♦ Because the groundset E is the disjoint union of the antichains P^i each vector

x ∈ R^E can be written as x = (x^1, x^2, . . . , x^l) such that x^i ∈ R^{P i} for all i ∈

{1, . . . , l}. The components of each x^i correspond to the elements of the antichain P^i in the partition P. Now, by the recursion f^1 := f, E^1 := E f^i := (f^{i−1})_{(x}i�1_{,·)}, E^i := E^{i−1} \ P^{i−1} (i = 2, . . . , l) l contraction functions are introduced. Each contraction function is defined with respect to the antichains of the reduced groundset E^i. Each of these E^i’s can also be written as E^i = E \ {P^{1 ·}∪ P^{2 ·}∪ . . .^·∪ P^{i−1}}. All functions f^i are submodular by Lemma 3.1. The corresponding ordered polymatroids P(f^i) on the groundsets E^i will be useful in the proofs of our main results.

Lemma 4.4. Let P = {P^1, P^2, . . . , P^l} be a laminar partition with respect to P and let x = (x^1, x^2, . . . , x^l) ∈ R^E be a vector. Then the following statements are equivalent:

(i) Each x^i is a basis of P(f^i)|^{P i} , i.e. x^i(P^i) = f^i(P^i) for all i ∈ {1, . . . , l}. (ii) The equalities (x^1, x^2, . . . , x^i)(P^1 ∨ P^2 ∨ . . .∨ P^i) = f(P^1 ∨ P^2 ∨ . . .∨ P^i) hold for all i ∈ {1, . . . , l}. Proof. For a fixed i ∈ {1, . . . , l} the equivalence of the equalities x^i(P^i) = f^i(P^i) and (x^j, . . . , x^i)(P^j ∨ . . . ∨ P^i) = f^j (P^j ∨ . . . ∨ P^i) for any j ∈ {1, . . . , i − 1} is proved. Then, the equivalence of (i) and (ii) follows by choosing j = 1.

We apply Lemma 3.2 to f^i(P^i) and obtain

f^i(P^i) = f^{i−1}(P^i ∨ P^{i−1}) − x^{i−1}(P^{i−1} \ (P^i ⊓ P^{i−1})).

(11) Additionally, we consider (x^{i−1}, x^i)(P^{i−1} ∨ P^i) = x^{i−1}(P^{i−1} \ (P^i ⊓ P^{i−1})) + x(P^i).

(12) Formula 12 is a consequence of the definition of a laminar partition (Definition 4.2). Putting (11) and (12) together one obtains (x^{i−1}, x^i)(P^{i−1}, P^i) = f^{i−1}(P^{i−1} ∨ P^i).

This reasoning is repeated i-j-1 times. ♦ Theorem 4.2 (facet inducing inequalities). For each laminar partition P = {P^1, P^2, . . . , P^l} of the poset P = (E, ⪯) the inequality x(P^1) + x(P^1 ∨ P^2) + . . . + x(P^1 ∨ P^2 ∨ . . . ∨ P^l) ≤ f(P^1) + f(P^1 ∨ P^2) + . . . + f(P^1 ∨ P^2 ∨ . . . ∨ P^l)

(13)

induces a face B (P) of the polyhedron P(f). The face B(P) consists of maximal elements of the polyhedron P(f).

Conversely, for each maximal x ∈ P(f) there exists a laminar partition P of the poset P = (E, ⪯) such that x ∈ B (P).

Proof. First we show that (13) is a valid inequality for the polyhedron P(f) and for each laminar partition P. For each x ∈ P(f) the inequalities x(P^1 ∨ P^2 ∨ . . . ∨ P^i) ≤ f(P^1 ∨ P^2 ∨ . . . ∨ P^i)

(14) hold (i ∈ {1, . . . , l}). If we sum up over all inequalities (14) we obtain (13).

Now we show that B (P) is non-empty. Therefore let x = (x^1, x^2, . . . , x^l) be a Greedy vector which follows the laminar partition P. By the equivalence of (iii) and (iv) in Theorem 3.2 we conclude that x(P^1) = f(P^1) and that (x^2, . . . , x^l) is a Greedy vector w. r. t. P(f^2) which follows the laminar partition P^{2 ·}∪ . . .^·∪ P^l of the reduced groundset E \ P^1. The same arguments yield x^i(P^i) = f^i(P^i) for all i ∈ {1, . . . , l} which is equivalent to x(P^1 ∨ P^2 ∨ . . . ∨ P^i) = f(P^1 ∨ P^2 ∨ . . . ∨ P^i) for all i ∈ {1, . . . , l} by Lemma 4.4 and to x(P^1) + x(P^1 ∨ P^2) + . . . + x(P^1 ∨ P^2 ∨ . . . ∨ P^l) = f(P^1) + f(P^1 ∨ P^2) + . . . + f(P^1 ∨ P^2 ∨ . . . ∨ P^l).

Thus, we have shown that x ∈ B (P).

In order to prove the converse direction of the Theorem assume that a feasible x = (x^1, x^2, . . . , x^l) is maximal. By Lemma 4.3 there exists an antichain P^1 ⊆ E^− s.t. x(P^1) = f(P^1). Then, the vector (x^2, . . . , x^l) is a maximal element of the contraction polyhedron P_{(x}1_{,·)}(f) by formula 10 in Theorem 3.1. Again, we can find an antichain P^2 ⊆ (E^2)^− s.t. x(P^2) = f^2(P^2). Repeatedly applying this argument we get x(P^i) = f^i(P^i) for i ∈ {1, . . . , l} where the P^i’s are the antichains of a laminar partition. We obtain x(P^1 ∨ P^2 ∨ . . . ∨ P^i) = f(P^1 ∨ P^2 ∨ . . . ∨ P^i)

(15) for i ∈ {1, . . . , l} by Lemma 4.4. Taking the sum over all equalities (15) we conclude that x ∈ B (P). ♦ Remark 4.2. Each B (P) is the intersection of P(f) with the hyperplane H = {x ∈ P(f) : x(P^1) + x(P^1 ∨ P^2) + . . . + x(P^1 ∨ P^2 ∨ . . . ∨ P^l) = f(P^1) + f(P^1 ∨ P^2) + . . . + f(P^1 ∨ P^2 ∨ . . . ∨ P^l)}.

Since feasible elements of the polyhedron P(f) satisfy x(P^1 ∨ . . . ∨ P^i) ≤ f(P^1 ∨ . . . ∨ P^i) for all i ∈ {1, . . . , l} the elements of B (P) are exactly those elements of P(f) which satisfy x(P^1 ∨ . . . ∨ P^i) = f(P^1 ∨ . . . ∨ P^i)

(16) for all i ∈ {1, . . . , l}. ♦ Theorem 4.3. The vertices of each face B (P) are exactly those Greedy vectors which follow the partition P of the poset P = (E, ⪯).

Proof. In the proof of Theorem 4.2 we have already shown that each Greedy vector x = (x^1, x^2, . . . , x^l) which follows the partition P is an element of the face

B(P). Therefore we only need to prove the converse direction of the Theorem.

As a consequence of Remark (4.2) each vertex of the face B (P) satisfies the conditions (ii) in Lemma 4.4 which are equivalent to the conditions (i) in Lemma 4.4, i.e.

(x^1, x^2, . . . , x^i)(P^1 ∨ P^2 ∨ . . . ∨ P^i) = f(P^1 ∨ P^2 ∨ . . . ∨ P^i) for all i ∈ {1, . . . , l}. By the equivalence of (i) and (ii) in Lemma 3.2 we conclude that each x^i is a vertex of the unordered polymatroid P(f^i)|^{P i} . Thus each x^i is a Greedy vector in P(f^i)|^{P i} w.r.t. a permutation π^i of the elements of the antichain P^i ∈ P. Applying the equivalence of (iii) and (iv) in Lemma 3.2 we show that x is a Greedy vector in the ordered polymatroid P(f) w.r.t. the concatenation π = (π^1, π^2, . . . , π^l).

If (x^{i+1}, . . . , x^l) is a Greedy vector w.r.t the linear extension (π^{i+1}, . . . , π^l) of (E^{i+1}, ⪯) and x^i is a Greedy vector w.r.t. the permutation π^i of the antichain P^i then (x^i, x^{i+1}, . . . , x^l) is a Greedy vector w.r.t. the linear extension (π^i, π^{i+1}, . . . , π^l) of (E^i, ⪯). The proof of the converse direction of the Theorem is obtained by choosing i = 1. ♦

At the end of the paper the question is answered whether laminar partitions completely describe the structure of the set Max(f). A crucial observation concerning this question is that each face B (P) w.r.t. a laminar partition P of P is a subset of another face B (P^′ ) where P^′ is irreducible. This observation is now stated as a Lemma.

Lemma 4.5. Let P = {P^1, . . . , P^i, P^{i+1}, P^l} be a laminar partition s.t. B (P^′ ) = {P^1, . . . , P^i ∨ P^{i+1}, . . . , P^l} again is a laminar partition then

B (P) ⊆ B (P^′ ).

Proof. According to Remark 4.2 the face B(P) is defined by the equalities

x(P^1 ∨ . . . ∨ P^i) = x(P^1 ∨ . . . ∨ P^i)

(17)

for all i ∈ {1, . . . , n}. If the equality

x(P^1 ∨ P^2 ∨ . . . ∨ P^i) = x(P^1 ∨ P^2 ∨ . . . ∨ P^i) is left out in the system (17) a system of l − 1 equalities is obtained which defines

B(P^′ ). ♦

We summarize our results concerning the facial structure of ordered polymatroids in the following theorem.

Theorem 4.4. The set Max(f) of all maximal elements of an ordered polymatroid

P(f) is described by

Max(f) = ⋃ {B(P) : P is an irreducible laminar partition of P = (E, ⪯)},

i.e. Max(f) is the union of all faces B (P) with respect to an irreducible laminar partition of the poset P = (E, ⪯) into antichains.

Remark 4.3.

(i) For the Core polytope of an ordered polymatroid P(f) we have Core(f) = B (S), if S is the standard partition of the poset P .

(ii) From the Theorem 4.4 we can get back the equivalence of the two basis concepts Core(f) and Max(f) for an unordered polymatroid P(f) (see Section 1). The only laminar partition of a trivial poset P is S = {E}. According to Theorem 4.4 we have Max(f) = {x ∈ R^E : x(E) = f(E)}.

Thus, the sets Max(f) and Core(f) coincide with the base polytope of P(f). ♦

Figure 2. Example of an ordered polymatroid P(f). The polyhedron P(f) is restricted to the positive orthant R^E_+.

Example 4.1. Let us consider the poset P = (E, ⪯) on three elements E = {a, b, c} with one relation a ≺ c. Let the function f be defined by f(a) = f(b) = f(c) = 3 f({a, b}) = 5 f({b, c}) = 4. The corresponding polyhedron P(f) is shown in Figure 2. The set Core(f) is the connecting line of the vertices v^1 and v^2 and is a subset of Max(f) = conv({v^1, v^2}) ∪ conv({v^2, v^3}). (18) The set Max(f) is not a polyhedral set as Figure 2 shows.

The poset P has two irreducible laminar partitions. These are the partitions P = {a} ∪ {b, c} Q = {a, b} ∪ {c}. Applying Theorem 4.2 to P and Q we get two inequalities x_a + x_b + x_c ≤ 7 x_a + 2x_b + x_c ≤ 9.

These inequalities induce two faces B (P) = Core(f) = conv({v^1, v^2}) and B (Q) = conv({v^2, v^3}). The set Max(f) is completely described by (18) since Theorem 4.4 holds.

Now, Theorem 4.3 is verified for the polyhedron P(f). The linear extensions π^1 = (a, c, b) and π^2 = (a, b, c) of P follow the partition P. The vertices v^1, v^2 of

P(f) are Greedy vectors with respect to π^1, π^2. Indeed, v^1, v^2 are the vertices of B(P). Similarly, the vertices v^2, v^3 of B (Q) are exactly those Greedy vectors which

follow the partition Q.

References

[1] J. Edmonds. Submodular functions, matroids, and certain polyhedra. In R. Guy, H. Hanani, N. Sauer, and J. Schönheim, editors, Proceedings of the Calgary International Conference on Combinatorial Structures and Their Applications, pages 69–87. Gordon and Breach, New York, 1970.

[2] U. Faigle and W. Kern. Partition games and the core of hierarchically convex cost games.

Working Paper, University of Twente, May 1995.

[3] U. Faigle and W. Kern. Submodular linear programs on forests. Mathematical Programming, 72:195–206, 1996.

[4] S. Fujishige. Submodular Functions and Optimization, volume 47 of Annals of Discrete Mathematics. Elsevier Science Publishers B.V., 1991.

[5] M. Grötschel, L. Lovász, and A. Schrijver. Geometric Algorithms and Combinatorial Optimization. Algorithms and Combinatorics 2. Springer-Verlag Berlin, second corrected edition, 1993.

[6] U. Krüger. An extreme point theorem for ordered polymatroids on chain orders. Séminaire Lotharingien de Combinatoire, 36, 1996, http://cartan.u-strasbg.fr:80/¸slc.

[7] U. Krüger. Verallgemeinerte Polymatroide auf teilweise geordneten Mengen. Dissertation, Martin-Luther-Universität Halle-Wittenberg, 1997.

Universität Halle, FB Mathematik und Informatik, Institut für Optimierung und Stochastik, Theodor-Lieser-Str. 5, D-06099 Halle/Saale

E-mail address: krueger@mathematik.uni-halle.de