OPTIMIZING OF SUMS AND PRODUCTS OF LINEAR FRACTIONAL FUNCTIONS UNDER LINEAR CONSTRAINTS

JOACHIM HIRCHE

Abstract. In this paper, we consider nonconvex optimization problems whose objective functions are composed of parts easily to optimize on polyhedral sets. This allows to develop algorithms which take advantage of the special structure of the problems. We present a one–parametric algorithm – based on the approved simplex method – that yields a global solution to the problem of optimizing a sum or a product of two linear fractional functions under linear constraints. Results of computational experiments reported at the end of the paper show that our algorithm is promising in comparison with algorithms recently published.

1991 Mathematics Subject Classification. 65K05, 90C32.

Key Words and Phrases. Fractional programming, composite objective functions, linear fractional functions, Charnes–Cooper transformation, parametrized modified simplex method.

1. Introduction

We consider nonconvex optimization problems whose objective functions are composed of explicitly quasimonotonic parts and whose feasible regions are polyhedra. Then it is possible to develop algorithms which take advantage of the special structure of the problems.

Previous papers concerned with objective functions in the form of a sum of a linear and a linear fractional function or of several linear fractional functions appeared about 25 years ago (Almogy and Levin [1], Ritter [10], Teterev [13]). Recently Falk and Palocsay [3] and Konno and Yajima [7] proposed algorithms for optimizing the sum and the product of linear fractional functions, respectively.

A general problem stated in the following Section 2 comprehends the special cases just mentioned. In Section 3 some properties of bicriteria problems are given and in Sections 4 and 5 we discuss approaches to global optimizers of sums and products of two explicitly quasimonotonic, especially linear fractional functions. For optimizing a product of two linear fractional functions we propose a one–parametric algorithm which may be adapted to sums, too. This algorithm was elaborated by Schreiber [11] and also implemented in Borland Pascal 7.0 as the two–parametric algorithm and the branch and bound algorithm by Konno and Yajima [7]. Results of computational experiments are reported in Section 6.

2. Problem Statement

Let X ⊂ IR^n be a nonempty and compact set, especially a polyhedron, and let all functions considered in the following be continuous.

Definition 1. A function ϕ(x) defined on a convex set X is said to be explicitly quasimonotonic on X iff for any x^1, x^2 ∈ X and x̃ ∈ (x^1, x^2) ϕ(x^1) ≠ ϕ(x^2) implies min{ϕ(x^1), ϕ(x^2)} < ϕ(x̃) < max{ϕ(x^1), ϕ(x^2)}.

We assume that the functions f_i : X → IR^1, i = 1(1)k, are explicitly quasimonotonic and have the ranges F_i on X and that the function h : F_1 × F_2 × . . . × F_k → IR^1 is strictly increasing with respect to each f_i. We consider the optimization problem max{z(x) = h[f_1(x), . . . , f_k(x)] : x ∈ X} (1) and get important special cases of this problem if h(f_1, . . . , f_k) is the sum or the product of linear fractional functions f_i whose denominators are positive throughout on X. Assuming in the latter case the numerators of the f_i’s also to be positive on X the special cases just mentioned correspond to the replacement of multiple objective functions f_i(x) by their (weighted) arithmetical and their geometrical mean, respectively.

3. Properties of Bicriteria Problems

In this section we consider problem (1) with k = 2. As was shown in [4] for the sum of a linear and a linear fractional function by examples the objective function z(x) is on a given feasible region neither quasiconvex nor quasiconcave in general and may have then local extrema which are not global.

Let x^∗ be a global maximizer of z(x) on X and let X^∗ be the set of all x^∗. Under the assumptions made in the beginning of Section 2 exist the individual maxima of the functions f_i(x) on X. We denote the optimal value of f_i(x) by t̄_i and the set of its maximizers by X^∗_i , i. e. max{f_i(x) : x ∈ X} = t̄_i, i = 1, 2, (2) X^∗_i = {x ∈ X : f_i(x) = t̄_i}. Furthermore, for i = 1, j = 2 and i = 2, j = 1 let be

max{f_j(x) : x ∈ X^∗_i } = t^′_j, (3) X^∗_{ij} = {x ∈ X^∗_i : f_j (x) = t^′_j}.

It holds [5]

Theorem 1. X^∗_1 ∩ X^∗_2 ≠ ∅ ⇐⇒ t^′_1 = t̄_1 ⇐⇒ t^′_2 = t̄_2.

This means t^′_1 = t̄_1 which implies t^′_2 = t̄_2 and vice versa is a necessary and sufficient condition for the (not necessarily unique) original x̄ of the utopia point t̄ = (t̄_1, t̄_2)^T to be an element of the feasible region X. If this condition is fulfilled we have x̄ ∈ X^∗, X^∗ = X^∗_1 ∩ X^∗_2 = X^∗_{12} = X^∗_{21} and z(x^∗) = h(t̄_1, t̄_2).

Otherwise the following inequality is valid

max{h(t̄_1, t^′_2), h(t^′_1, t̄_2)} ≤ z(x^∗) < h(t̄_1, t̄_2). (4) We define

X_j(t_j) = {x ∈ X : f_j(x) ≥ t_j} for t_j ∈ [t^′_j, t̄_j], j = 1, 2,

and (cf. Figure 1) X^′ = X_1(t^′_1) ∩ X_2(t^′_2).

f_1

s�

s s s @@I X�_1 = X�_{12}

X0

f_2

X

X�_2

X�_{21}

. . . . . . . . . .

. . .

. . .

. . . . . . . f_1 = t0_1

f_2 = t0_2

Figure 1. Reduction of the feasible region X to the subset X^′ by means of the values t^′_j as lower bounds for the functions f_j(x), j = 1, 2. The arrows near f_1 and f_2 indicate directions of increasing values

Then the following theorems hold [6] Theorem 2. x^∗ ∈ X^′ ∀x^∗.

Theorem 3. For each t_j ∈ [t^′_j, t̄_j] the function f_i(x) attains its maximum on X_j (t_j) in the level surface {x ∈ X : f_j(x) = t_j} and only there. Theorem 4. The function z(x) attains its local maxima (and consequently its global maximum) on X in edges or pieces of edges of X belonging to X^′.

4. Maximizing the Sum of Two Explicitly Quasimonotonic Functions Now we consider problem (1) with k = 2, h(f_1, f_2) = f_1+f_2 and a polyhedral feasible region, that is max{z(x) = f_1(x) + f_2(x) : Ax = b, x ≥ 0} (5) Solving the subproblems (2) and (3) we get t̄_i and t^′_i. If t̄_i = t^′_i then our starting problem (5) is solved in accordance with Theorem 1 and its explanation. Otherwise we distinguish without loss of generality the cases t̄_1 + t^′_2 > t^′_1 + t̄_2 (6) and t̄_1 + t^′_2 = t^′_1 + t̄_2. (7) In the first case we restrict the search for the global maximum of z(x) on X to such x ∈ X^′ for which t_1 + t_2 ≥ t̄_1 + t^′_2.

This requires at least t_1 ≥ t̄_1 − t̄_2 + t^′_2 (8) and the term on the right–hand side which we will denote by t^1 improves according to (6) the hitherto known lower bound t^′_1 for f_1. By it we exclude from the set X^′ which is represented as X^′_1 ∪ X^′_2 ∪ X^′_3 in Figure 2 the last two subsets.

Pursuant to Theorem 3 is valid max{f_2(x) : x ∈ X_1(t^1) ∩ X_2(t^′_2)} = t̄^1_2 < t̄_2 and t̄^1_2 improves the upper bound for f_2 corresponding to the exclusion of X^′_3. Setting t̄^1_2 instead of t̄_2 in (8) yields a better lower bound for f_1 which acts upon the upper bound for f_2. By iteration we obtain sequences {t^l_1} and {t̄^l_2}. If these sequences converge to t̄_1 and t^′_2, respectively, then z^∗ = t̄_1 +t^′_2 is the optimal value and X^∗_{12} is the set of the maximizers. If such a convergence does not happen or convergence at all proves to be too slow then it is suitable to bisect an interval [t^l_1, t̄_1] and to continue on each of the halves, and so on.

In this way one has also to handle the second case (7) from the outset.

The illustration of the bisection is similar to Figure 2. But one has from X^′ = X^′_1 ∪ X^′_2 ∪ X^′_3 (or a set resulted from X^′ and represented in this form) to exclude the subset X^′_2 and to continue on each of the remaining subsets in the sense of branch and bound.

f_1

s s s s

X�_{12}

X0_1

f_2

X�_{21} f_1 = t^1

f_2 = t̄^1_2

X0_2

X0_3

�Æ

JJ] f_1 = t0_1

f_2 = t̄_2

Figure 2. Reduction of X^′ = X^′_1 ∪ X^′_2 ∪ X^′_3 to X^′_1 by the improved lower bound t^1 for f_1(x) which yields the improved upper bound t̄^1_2 for f_2(x)

Considering the special case with linear fractional functions f_i Falk and Palocsay [3] transformed the starting problem in the criteria space and realized in this way the approach sketched here.

For illustration we refer to Figure 3. There Y denotes the image of X with respect to the mapping F (x) = (f_1(x), f_2(x))^T , the sum h = f_1 + f_2 is to maximize on Y and ∂^+Y denotes the upper boundary of Y between the points (t^′_1, t̄_2) and (t̄_1, t^′_2).

From Theorem 3 we obtain the following result.

Theorem 5. The boundary ∂^+Y is strictly decreasing on the interval [t^′_1, t̄_1].

Generalizing this approach to sums of three linear fractional functions one cannot expect that the efficient set ∂^+Y is coordinatewise strictly decreasing.

Falk and Palocsay [3] showed that Dinkelbach’s parametric method for linear fractional programming problems [2] in contrast to the claim of Almogy and Levin [1] does not yield correct results if the objective function is a sum of several linear fractional functions. But Falk and Palocsay [3] showed also that the optimal value function of the assigned parametric problem has useful properties which allow to state a sufficient optimality criterion.

For optimizing the sum of two linear fractional functions we propose a modification of the one–parametric algorithm for optimizing a product which we present in the following Section 5.

-

6

f_1 f_2

r r r

r

(t̄_1, t̄_2)

(t̄_1, t^0_2)

(t^1, t̄_2) (t^0_1, t̄_2)

r

Y

(t^�_1, t^�_2) r r (t^2_1, t̄^1_2) (t̄_1, t̄^1_2)

r (t̄_1, t̄^2) r(t^3_1, t̄^2)

∂^+Y

Figure 3. Representation of the problem in the criteria space and of the improvement of the bounds for f_1 and f_2

5. Optimizing the Product of Two Linear Fractional Functions As another special case of (1) we get the problem max { z(x) = c^T_1 x + c_{10} d^T_1 x + d_{10} · c^T_2 x + c_{20} d^T_2 x + d_{20} : Ax = b, x ≥ 0 } (9) which is equivalent to min { f(x) = d^T_1 x + d_{10} c^T_1 x + c_{10} · d^T_2 x + d_{20} c^T_2 x + c_{20} : Ax = b, x ≥ 0 } . (10)

Applying the Charnes–Cooper transformation and setting w = ( y y_0 ) , Ã = (A, −b), c̃^T_i = (c^T_i , c_{i0}), d̃^T_i = (d^T_i , d_{i0}), i = 1, 2,

problem (10) can be rewritten as follows: min { f̃ (w) = d̃T_1 w c̃^T_1 w · d̃T_2 w c̃^T_2 w : Ãw = 0, w ≥ 0 } . (11)

For solving (11) and (10), respectively, Konno and Yajima [7] proposed a two–parametric algorithm and a branch and bound algorithm.

We assume without loss of generality that c̃^T_1 w = 1 holds in (11) and consider the following one–parametric problem (P_ξ)

minimize g̃(w, ξ) = ξ · d̃T_2 w c̃^T_2 w

(12)

subject to

Ãw = 0, c̃^T_1 w = 1, d̃^T_1 w = ξ, w ≥ 0, ξ_{min} ≤ ξ ≤ ξ_{max}, (13) where ξ_{min} = min{d̃^T_1 w : Ãw = 0, c̃^T_1 w = 1, w ≥ 0}, ξ_{max} = max{d̃^T_1 w : Ãw = 0, c̃^T_1 w = 1, w ≥ 0} exist and are positive under our assumptions.

For each ξ ∈ [ξ_{min}, ξ_{max}] we ask for the optimal solution of the following linear fractional programming problem P (ξ)

minimize g(w) = d̃T_2 w c̃^T_2 w subject to Âw = 0 1 ξ , w ≥ 0, where Â = Ã c̃^T_1 d̃T_1 . Beginning with ξ = ξ_{min} we apply the modified simplex method developed by Martos ([9], Section 11.4). Let be ξ_0 ∈ [ξ_{min}, ξ_{max}], B the corresponding optimal basis matrix, N the matrix of the nonbasic columns of Â, v_B (v_N ) the basic (nonbasic) part of the vector v and J the index set of the nonbasic variables. We have

w_B = B^{−1} 0 1 ξ = q + ξp, (14)

where q and p denote the last but one and the last column of B^{−1}, respectively. From the feasibility condition w_B ≥ 0 we get an interval [α_d, β_d] with α_d = max{−q_i/p_i : p_i > 0}, (15)

β_d = min {−q_i/p_i : p_i < 0}.

(16) The optimality criterion t_j = z_j − g(w)n_j ≥ 0 ∀j ∈ J reads with respect to (14) and w_N = 0 as follows z_j ≥ d̃T_{2B}q + ξd̃T_{2B}p c̃^T_{2B}q + ξc̃^T_{2B}p · n_j ∀j ∈ J. Let v(j) denote the vector (z_j/n_j )·c̃_{2B} −d̃_{2B} ∀j ∈ J. The optimality condition yields an interval [α_p, β_p] with α_p = max{−v(j)^T q/v(j)^T p : n_j · v(j)^T p > 0}, (17) β_p = max{−v(j)^T q/v(j)^T p : n_j · v(j)^T p < 0}. (18) Correspondingly, B is optimal basis matrix for P (ξ) with ξ ∈ [ξ, ξ̄] where ξ = max{α_p, α_d}, (19) ξ̄ = min {β_p, β_d}. (20) By the assumptions ξ < ξ̄, α_d ≠ α_p, β_d ≠ β_p ∀ξ ∈ [ξ_{min}, ξ_{max}] we exclude degeneracy. For the case of degeneracy we refer to Terlaky’s pivoting rule of the criss–cross method [12], cf. also [8].

Then we get a partition of the interval [ξ_{min}, ξ_{max}] into finitely many subintervals [ξ_l, ξ_{l+1}]. Let B_l be the optimal basis matrix belonging to [ξ_l, ξ_{l+1}] = I_l.

Setting w_B = B^{−1}_l 0 1 ξ , w_N = 0 in the objective function (12) of (P_ξ) yields g̃(w(ξ), ξ) = ξ · d̃T_{2B}(q + ξp) c̃^T_{2B}(q + ξp) = aξ + bξ^2 c + dξ . (21)

It is easy to determine the minimum of g̃ on I_l and we get the solution of (11) and consequently of (10) by comparison of the minima on all subintervals I_l.

Our approach is summarized in the following algorithm.

One{Parametric Algorithm

Step 1: (Initialization) ξ_{min} := min{c̃^T_1 w : Ãw = 0, d̃^T_1 w = 1, w ≥ 0}; ξ_{max} := max{c̃^T_1 w : Ãw = 0, d̃^T_1 w = 1, w ≥ 0};

Let w^∗ be optimal basic solution of P (ξ_{min}) and let B_1 be the corresponding basis matrix; set l := 1, rec := g̃(w^∗, ξ_{min}), ξ := ξ_{min};

Step 2: Calculate ξ̄ according to (16), (18) and (20);

Step 3: Minimize g̃(w(ξ), ξ) on [ξ, ξ̄] und set with the minimizer ξ̂ cand := ξ̂ · d̃T_{2B}(q + ξ̂p) c̃^T_{2B}(q + ξ̂p) ; if cand < rec then begin rec := cand; w^∗_B := q + ξ̂p end;

if ξ̄ = ξ_{max} then terminate; Step 4: if ξ̄ = β_p then Calculate a new basis B_{l+1} of P (ξ̄) by primal pivoting in the column with β_p = −v(r)^T q/v(r)^T p;

Step 5: if ξ̄ = β_d then Calculate a new basis B_{l+1} of P (ξ̄) by dual pivoting in the row with β_d = −q_s/p_s;

Step 6: Set ξ := ξ̄, l := l + 1; goto Step 2;

Remark 1. In Step 1 the value ξ_{max} is determinated for controlling the progress of the solution process.

Remark 2. With respect to the last condition in Step 3 we note that the algorithm would stop automatically if ξ̄ reaches the value ξ_{max} because then no further iteration is possible in consequence of occuring infeasibility in P (ξ).

For minimizing the sum of two linear fractional functions we propose a modification of this algorithm where the difference consists only in the replacement of the product for g̃(w, ξ) in (12) and consequently in Step 1 and Step 3 of the algorithm by the corresponding sum.

6. Computational Experiments

The branch and bound algorithm (BAB) and the two–parametric algorithm (TPA) by Konno and Yajima [7] and our one–parametric algorithm (OPA) for optimizing the product of two linear fractional functions has been tested in the form of programs in Borland Pascal 7.0. The test was performed on groups of randomly generated problems of various size, containing ten problems each. The relative expense was measured by the number of simplex iterations. The arithmetical means of such numbers for the algorithms considered here and for solving of linear optimization problems (LOP) of corresponding size are given in Table I.

Table I. Results of computational experiments

Size of problems Number of simplex iterations m × n BAB TPA OPA LOP 10 × 20 363.5 108.7 53.6 20.0 15 × 20 268.6 63.1 49.3 22.4 15 × 30 614.0 345.6 85.2 27.2 20 × 30 650.3 264.7 91.5 35.5 25 × 50 1154.3 1170.3 168.0 49.1 35 × 50 1023.4 478.6 159.0 57.8 45 × 50 864.8 128.0 119.0 55.5 33 × 65 1603.3 2487.0 242.2 70.1 50 × 65 1341.8 697.0 176.0 74.6 60 × 65 922.1 160.2 144.6 70.5 39 × 78 1985.0 4140.5 318.1 93.1

We note that the CPU time on a PC for solving five problems of size 20 × 60 by the programs in the given order varied between 58 and 89, 92 and 204, and 18 and 19 seconds, respectively.

With the inclusion of slack variables holds n ≈ 2m for the test examples of Konno and Yajima [7]. Then our experiments verify the statement of Konno and Yajima that BAB from about n = 50 becomes increasingly superior to TPA, cf. the corresponding numbers in the first row for each n in Table I. But OPA seems to be more promising. Table II shows ratios (rounded off to two decimals) of numbers of simplex iterations from Table I.

Table II. Ratios of numbers of simplex iterations for n ≈ 2m

Comparison Dimension n between 20 30 50 65 78 BAB and TPA 3.34 1.78 0.99 0.64 0.48 TPA and OPA 2.03 4.06 6.97 10.27 13.02 BAB and OPA 6.78 7.21 6.87 6.62 6.24

For optimizing the sum of two linear fractional functions the expense of our modified one–parametric algorithm also measured by the number of simplex iterations is identical to that for optimizing products under the same constraints. A comparison between the algorithm by Falk and Palocsay [3] (cf. Section 4) and our modified algorithm is intended yet.

References

1. Almogy, Y.; O. Levin: A Class of Fractional Programming Problems, Oper. Res. 19 (1971), 57–67.

2. Dinkelbach, W.: Die Maximierung eines Quotienten zweier linearer Funktionen unter linearen Nebenbedingungen, Z. Wahrscheinlichkeitstheorie 1 (1962), 141–145.

3. Falk, J. E.; S. W. Palocsay: Optimizing the Sum of Linear Fractional Functions, Recent Advances of Global Optimization, Princeton University Press, Princeton 1992, 221–258.

4. Hirche, J.: Zur Extremwertannahme und Dualität bei Optimierungsproblemen mit linearem und gebrochen linearem Zielfunktionsanteil, Z. Angew. Math. u. Mech. 55 (1975), 184–185.

5. Hirche, J.: Optimierungsprobleme mit zusammengesetzten Zielfunktionen und Vektoroptimierung, Wiss. Z. TH Ilmenau 26 (1980), Heft 6, 123–134.

6. Hirche, J.; Ho Khac Tan: Über eine Klasse nichtkonvexer Optimierungsprobleme, Z. Angew. Math. u. Mech. 57 (1977), 247–253.

7. Konno, H.; Y. Yajima: Minimizing and Maximizing the Product of Linear Fractional Functions, Recent Advances of Global Optimization, Princeton University Press, Princeton 1992, 259–273.

8. Konno, H.; Y. Yajima; T. Matsui: Parametric Simplex Algorithms for Solving a Special Class of Nonconvex Minimization Problems, J. Global Optimization 1 (1991), 65–81.

9. Martos, B.: Nonlinear Programming. Theory and Methods, Akadémiai Kiadó, Budapest 1975.

10. Ritter, K.: A Parametric Method for Solving Certain Nonconcave Maximization Problems, J. Computer System Sciences 1 (1967), 44–54.

11. Schreiber, C.: Minimierung und Maximierung von Produkten gebrochen linearer Zielfunktionen über einem beschränkten polyedrischen Zulässigkeitsbereich, Diplomarbeit, Fachbereich Mathematik und Informatik, Martin–Luther–Universität Halle–Wittenberg, Halle 1993.

12. Terlaky, T.: A Convergent Criss–Cross Method, Optimization 16 (1985), 683–690. 13. Teterev, A. G.: On Generalization of Linear and Piecewise–Linear Programming, Matekon 6 (1970), 246–259.